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Today’s talk focuses on the following recent articles:

I The Extended Haagerup fusion categories
(with Grossman, Morrison, Peters, and Snyder)
arXiv:1810.06076

I The module embedding theorem via towers of algebras
(with Coles*, Huston, and Srinivas*)
*graduating undergraduate researcher. Highly recommended!
arXiv:1810.07049

I Unitary dual functors for unitary multitensor categories
arXiv:1808.00323

http://arxiv.org/abs/1810.06076
http://arxiv.org/abs/1810.07049
http://arxiv.org/abs/1808.00323


Planar algebras and tensor categories

Definition/Folklore Theorem

The following are equivalent mathematical objects:

1. Finite depth subfactor planar algebras P•,
2. Pairs (C, A) with C a unitary fusion category and A ∈ C a

unitary Frobenius algebra object, and

3. Unitary 2× 2 multifusion categories D such that
1D = 1+ ⊕ 1− is a decomposition into simples and a choice of
generating object X = 1+ ⊗X ⊗ 1−.

1→ 2 Take C = Projeven(P•) and A = with multiplication

2→ 3 Take D =

(
C ModA

AMod AModA

)
and X = A ∈ ModA.

3→ 1 Take Pn,+ := End(Xalt⊗n) and Pn,− := End(X
alt⊗n

)



Graph planar algebra embedding theorem

Given a bipartite graph Γ, there is a combinatorial object called the
graph planar algebra [Jon00] which should be viewed as a target
for planar algebra representations.

Theorem [JP11]

Every finite depth subfactor planar algebra embeds in the graph
planar algebra of its principal graph.

Many exotic subfactors and fusion categories have been
constructed by finding them inside graph planar algebras:

I Extended Haagerup [BMPS12]

Question (V.F.R. Jones ∼2001)

For which Γ does P• embed into GPA(Γ)•?



The module embedding theorem

Theorem [GMP+18]

A finite depth subfactor planar algebra P• embeds in the graph
planar algebra of a connected bipartite graph Γ if and only if Γ is
the fusion graph for the generator X ∈ D acting on some module
C∗ category M, where D is the corresponding 2× 2 unitary
multifusion category of P•.

We use this theorem to construct 2 new unitary fusion categories
Morita equivalent to the Extended Haagerup fusion categories.



The EH fusion categories

Theorem [GMP+18]

The Extended Haagerup subfactor planar algebra embeds exactly
into the graph planar algebras of the following four graphs:

Γ1 = Γ2 =

Γ3 = Γ4 =

By the module embedding theorem, these embeddings correspond
to modules for the 2× 2 unitary multifusion category D
corresponding to the EH subfactor planar algebra.

I Γ1 and Γ2 correspond to the two columns of D as modules.

I Γ3 and Γ4 give EH3 and EH4 (as in Noah’s talk).



Cayley’s theorem

In fact, the module embedding theorem is a categorification of
Cayley’s theorem from group theory:

Theorem (Cayley)

A group action G y X is equivalent to a group homomorphism
G→ Aut(X).

Cayley’s Theorem for multifusion categories

A module category M for C is equivalent to a tensor functor
C → End(M).

Cayley’s Theorem for unitary multifusion categories

A module C∗ category M for C is equivalent to a dagger tensor
functor C → End†(M).
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Pivotal modules for pivotal categories

When C is equipped with a pivotal structure ϕ, compatibility
between a module M and ϕ is witnessed by a family of compatible
traces on the endomorphism spaces of M [Sch13]
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Cayley’s theorem revisited

Facts [GMP+18]

I Traces on M (up to uniform scaling) correspond to pivotal
structures on End(M).

I A trace on M is compatible if and only if the corresponding
tensor functor C → End(M) is pivotal.

Cayley’s Theorem for pivotal multifusion categories

A pivotal module category (M,TrM) for (C, ϕC) is equivalent to a
pivotal tensor functor (C, ϕC)→ (End(M), ϕTrM).



Dual functors vs. pivotal structures

Non-unitary case

Picking evc, coevc for every c ∈ C gives a dual functor C → Cmop.
All dual functors are uniquely monoidally naturally isomorphic. If C
has a pivotal structure, then all pivotal structures form a torsor
over

Aut⊗(idD) ∼= Hom(U → C×)

where U is the universal grading groupoid of C [EGNO15, Pen18].

Unitary case [Pen18]

Each unitary dual functor gives a canonical unitary pivotal structure

ϕc := (coev†c⊗ idc∨) ◦ (idc⊗ coevc∨) : c→ c∨∨.

Not all unitary dual functors are unitarily naturally isomorphic.
Unitary dual functors form a torsor over Hom(U → R>0).

I The trivial hom gives the unique unitary spherical structure.
[LR97, Yam04, BDH14]
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Unitary planar algebra correspondence

Fact [Pen18]

Unitary shaded planar algebras correspond to triples (D, X,∨)
where:

I D is unitary multifusion,

I 1D = 1+ ⊕ 1− is a decomposition (1± need not be simple!)
and X = 1+ ⊗X ⊗ 1− is a generator, and

I ∨ is a unitary dual functor on D.

Example

Suppose Γ = (V+, V−, E) is a finite connected bipartite graph.
Form M = Hilbfd(V+)⊕ Hilbfd(V−), and observe Γ gives a dagger
endofunctor of M. The graph planar algebra of Γ corresponds to
End†(M) with generator Γ and unitary dual functor induced from
the Frobenius-Perron vertex weighting of Γ.



The module embedding theorem

Module embedding theorem [GMP+18]

Suppose P• is a finite depth subfactor planar algebra and let D be
its 2× 2 unitary multifusion category of projections with generator
X. Equip D with its canonical spherical structure ϕD. The
following are equivalent:

I A pivotal module C∗ category (M,TrM) for (D, ϕD)

I A pivotal tensor functor (D, ϕD)→ (End†(M), ϕTrM)

I A planar algebra embedding P• ↪→ GPA(ΓX).

The original embedding theorem [JP11] was proved using towers of
algebras. Summer 2018, I supervised some undergraduate
researchers (Desmond Coles and Srivatsa Srinivas) to prove part of
the above theorem using towers of algebras [CHPS18].
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Thanks for listening!
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