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Quadratic fusion categories

Definition
A fusion category is called quadratic if it has exactly 2 orbits of
simple objects under the action of the group of invertible objects.

» Simples G U {gp}q4eq, G a finite group
» Quadratic fusion relation:

pRp= someg's & some hp's

This says that FPdim(p) lies in a quadratic field extension of Q.



Examples of quadratic fusion categories

Example: Fib
Simples are {1} U{7} with T@ 7= 1® 7.

Example: Ising
Simples are {1,9}U{o} withy @ ¢ =Z1ando @0 X 1@ 9.

Example: TY
Simples are AU {p} with A an abelian group and p® p = P, 4 a-

Example: near group of type A + k|A|
Simples are AU {p} with A an abelian group and

pPRp = k’A‘p@@a.
acA
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Classifying fusion categories by rank

Definition
The rank of a fusion category is the number of isomorphism classes
of simple objects.

> To date, fusion categories are classified up to rank 2 [Ost03].

» To date, unitary fusion categories are classified up to rank 3
[Ost13]. (This article classifies pseudounitary fusion categories
up to rank 3.)

» Rank 4 appears out of reach at this time.

» In her high school research project [Larl4], Hannah Larson
gave a finite list of possible rank 4 fusion rings for
pseudounitary fusion categories with a dual pair of simples,
i.e., there is a simple ¢ such that ¢ 2 ¢".



Classification of Z/2Z-quadratic UFCs [EMIP21]

Rank 3:
» 2 UFCs TY(Z/2Z, x,=+) [Jon83, TY98]
» 3 UFCs with Rep(S3) fusion rules [lzul7]
> 2 Ad(Es) UFCs [BNO1, 1zu01, HHOO]
Rank 4:
> 8 pointed UFCs Hilb(Z/4Z,w) and Hilb(Z/2Z x Z/2Z,w)
> 2 UFCs Fib X Hilb(Z/2Z, w) for w € H3(Z/2Z,U(1))
> Ad(SU(2)6) = Ad(Ar)
| 2

2 even parts of the &' = ‘—<C§—‘ PAs [LMP15, Izu18]
> even part of 2D2 = ——+_ > PA [MP15, Izu18].

This completes Larson's fusion ring classification to the
classification of rank 4 UFCs with a dual pair of simple objects.



Step 1 of the proof

An associativity argument gives 3 cases for the fusion ring for a
7/ 27-quadratic fusion category

1. simple objects: 1, «, p; fusion rules determined by:
PPE1empda.

2. simple objects: 1, «, p, ap, p not self-dual; fusion rules
determined by: p? =2 mp ® nap @ a.

3. simple objects: 1, a, p, ap, p self-dual; fusion rules determined
by: p? = 1@ mp ® nap.
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Step 1 of the proof

An associativity argument gives 3 cases for the fusion ring for a
7/ 27-quadratic fusion category

1. simple objects: 1, «, p; fusion rules determined by:
PE1Omp®a.

Status: classified in pivotal setting [Ost13, Thm. 4.1].

2. simple objects: 1, «, p, ap, p not self-dual; fusion rules
determined by: p? = mp ® nap @ «.

Status: in pseudounitary setting, m = n < 2 [Larl4].

3. simple objects: 1, «, p, ap, p self-dual; fusion rules determined
by: p?> = 1@ mp ® nap.

Status: at 2014 AMS MRC, a group! adapted [Larl4] in the

pseudounitary setting to show m =n < 2.
1Ryan Johnson, Siu-Hung Ng, David Penneys, Jolie Roat, Matthew
Titsworth, and Henry Tucker. This calculation is included as an appendix.




Step 2 of the proof

TODO: Classify case 2 and 3 in unitary setting for
m=n € {1,2}.

> Step 2: We give a generalization of Ostrik’s theorem on
formal codegrees [Ost09, Ost13].

Definition
Given a fusion category C and an irreducible representation V' of
K((C), the element

ay = Z Try (c)e’ € Ko(C)
c€lrr(C)

lies in the center of Ky(C). It acts by a scalar fi on V called the
formal codegree of V', and it acts by zero on any other irreducible
representation V' 2 V.



Ostrik’s theorem on formal codegrees

For a spherical fusion category C, given an irrep V of Ky(C),
Ko(Z(C)) acts on V via the forgetful map K¢(Z(C)) = Ko(C).
The image of Ko(Z(C)) lies in Endg,c)(V) = C, giving a
character of Ky(Z(C)), which corresponds to a unique simple
I'y € Irr(Z(0)).

Theorem [Ost13]

The assignment V +— T'y is an embedding

Irr(Rep(Ko(C))) < Irr(Z(C)). The image is the simples

I' € Irr(Z(C)) which lie under Z(1¢), where Z: C — Z(C) is the
induction functor adjoint to the forgetful functor F : Z(C) — C.
Moreover,

dim C

dim(Ty) = v

and dim Hom(Z(1) — T'y) = dim(V).

This theorem is used in essential ways in the classification of pivotal
fusion categories of rank 3 [Ost13] and Larson’s results [Lar14].



Generalization of formal codegrees

Theorem [EMIP21, Thm. C]

Let C be a spherical fusion category, and let A be the tube algebra
of C. Fix X € Irr(C). There is a bijective correspondence between
equivalence classes of irreducible representations (V,7) of Ax. x
and isomorphism classes of simple subobjects I'yy C Z(X) € Z(C).
The formal codegree fi of (V, ) with respect to Trx is a scalar,
and the categorical dimension of I'y/ is given by

, _ dim(C)
dim(Ty) = v dim(X)’

Moreover, if Y € Irr(C) and xmy is the action of Ax, x on
Ax vy, then

dim(C(Y — F(I'y))) = dim(Hom(my — x7y)).



Step 3 of the proof
Use skein theory to perform the classification.
Example

Consider the fusion rules for m =1, 2:

a@a=1 PRPpELDmpdmap.

Generating vertices for 0 < 7 < m:

P «@ P
ﬂ €Cnlp®p—p) >< €Cmlp®p— ap)
p P PP

Generating isomorphisms, with Frobenius-Schur indicators Ay, A,:

e} P

€ Clp — 7) >< € C(p®a — a2p).
P a

€ Cp(a—a)

L »< 2l
T <



Basic semisimplicity relations

PR P=1Hmpdmap.

a®@a=1



Frobenius relations

Theorem
There exist orthonormal bases of C(pp — p) and C(pp — ap) such
that

ad e

for some scalars (definitions omitted).



Jellyfish relations

Lemma 3.5 (o Jellyfish). We have the local relations

1 NS
Phoow oy e DO S
ap p ap P

where X2 i = Aa, and Xm = 1. This data satisfies the relations x1,; = )\qul~ and Xai = )\auxa;.

Lemma 3.7 (p Jellyfish). There exist scalars
A B Ok Dl 8 B Gl Dy € C 0<4,4,kt<m

such that the following local relations hold in Cp,:

r )
H:%ﬂJrZA;‘ P o 2

P

P

)\"'w .
%A Ao \‘f mﬂ*z” A B Yo W oen
ik

PP

Plus lots of tetrahedral symmetries!



6j symbols

The scalars A;fg, e Ck ka Z’fé, K Ck , Dy7, for
0<i,5,k, ¢ <m are 6J—symbo|s for the UFC.

Remark 3.9. Recall that the associator F-tensors of a unitary fusion category are determined by
the formula

w
k
U =
¢ >
Uelrr(C)
0<i<dim Hom(X®Y —V)
XY Z  0<j<dimHom(V®Z—W) XY z

We have the following identification between the above 8m* complex scalars and certain F-tensors
of the category Cr,:

AZJ _ (Fp,p,p)(Pv 23) B’ic,i _ (F;:,p,p) (ep3i.g) C;:]é _ (Fp,p,p)(ﬂv %)) D;‘c’;’é _ (Fp,p,p)(aﬂv 23)

2 ok ) (pik,0) a0 ) (pik f) a0 ) (pik )
Aid — (poppp)(Piid)  Bid _ 0\ (@pid)  FLG _ (papep)(P3d)  Pid YXNCTI))
Bm (gl Bi= (o5l Ofim (o)l Difm (570,

In the name of readability, we will not use this F-tensor notation in this article.



Example evaluation in 2 ways

Now evaluate lots of diagrams in two ways to solve for the scalars!

i
i
— 5146 Wity + 3 A A, *+Bwa b
K, £0k ¢ 245 2 et Ak g ke Pri g
w
.
= | O.e0r [‘*’IJ’W%,Z' JrX:A”jA"J + BB +
= L0k £ AR g Vo
245 2 b Ak PN
2
w1 gwy pr
= [ Gredp oL

. + AP A+ (—1)H w2 DI DY
Y %:,uw (=1)* w1, o DI DIy

w1, 5 " 5 5
(6k €Okt 00 \;é +wi,wf Z A7 kAZ,’f/ + (=14 wy e 1’DﬁDJ=k' ) qp°

A Y
ij




Thank you for listening!

Slides available at:
https://people.math.osu.edu/penneys.2/talks/
PenneysJMM2022. pdf

Cain Edie-Michell, Masaki lzumi, and David Penneys.
Classification of Z/27Z-quadratic unitary fusion categories. 2021.
arXiv:2108.01564

Synoptic chart video available at:
https://people.math.osu.edu/penneys.2/Synoptic.mp4

Animator: undergraduate researcher Quinn Kolt, Spring 2022
arXiv:2108.01564


https://people.math.osu.edu/penneys.2/talks/PenneysJMM2022.pdf
https://people.math.osu.edu/penneys.2/talks/PenneysJMM2022.pdf
http://arxiv.org/abs/2108.01564
https://people.math.osu.edu/penneys.2/Synoptic.mp4
http://arxiv.org/abs/2108.01564

Jocelyne Bion-Nadal, An example of a subfactor of the hyperfinite 11,
factor whose principal graph invariant is the Coxeter graph Fg, Current
topics in operator algebras (Nara, 1990), World Sci. Publ., River Edge,
NJ, 1991, MR1193933, pp. 104-113. MR MR1193933 (94a:46085)

Cain Edie-Michell, Masaki Izumi, and David Penneys, Classification of
7,/ 27-quadratic unitary fusion categories, 2021, arXiv:2108.01564.

Tobias J. Hagge and Seung-Moon Hong, Some non-braided fusion
categories of rank three, Commun. Contemp. Math. 11 (2009), no. 4,
615—-637, MR2559711 DOI:10.1142/50219199709003521
arXiv:0704.0208. MR 2559711

Masaki lzumi, The structure of sectors associated with Longo-Rehren
inclusions. 1. Examples, Rev. Math. Phys. 13 (2001), no. 5, 603-674,
MR1832764 DOI:10.1142/50129055X01000818.

Masaki lzumi, A Cuntz algebra approach to the classification of near-group
categories, Proceedings of the 2014 Maui and 2015 Qinhuangdao
conferences in honour of Vaughan F. R. Jones’ 60th birthday, Proc. Centre
Math. Appl. Austral. Nat. Univ., vol. 46, Austral. Nat. Univ., Canberra,
2017, MR3635673 arXiv:1512.04288, pp. 222-343. MR 3635673

, The classification of 3" subfactors and related fusion categories,
Quantum Topol. 9 (2018), no. 3, 473-562, MR3827808
D0I:10.4171/QT/113. MR 3827808



http://www.ams.org/mathscinet-getitem?mr=MR1193933
http://arxiv.org/abs/2108.01564
http://www.ams.org/mathscinet-getitem?mr=MR2559711
http://dx.doi.org/10.1142/S0219199709003521
http://arxiv.org/abs/0704.0208
http://www.ams.org/mathscinet-getitem?mr=MR1832764
http://dx.doi.org/10.1142/S0129055X01000818
http://www.ams.org/mathscinet-getitem?mr=MR3635673
http://arxiv.org/abs/1512.04288
http://www.ams.org/mathscinet-getitem?mr=MR3827808
http://dx.doi.org/10.4171/QT/113

@ Vaughan F. R. Jones, Index for subfactors, Invent. Math. 72 (1983),
no. 1, 1-25, MR696688, DOI:10.1007/BF01389127.

@ Hannah K. Larson, Pseudo-unitary non-self-dual fusion categories of rank
4, J. Algebra 415 (2014), 184-213, MR3229513,
D0I:10.1016/j.jalgebra.2014.05.032. MR 3229513

@ Zhengwei Liu, Scott Morrison, and David Penneys, 1-Supertransitive
Subfactors with Index at Most 6%, Comm. Math. Phys. 334 (2015), no. 2,
889-922, MR3306607, arXiv:1310.8566,
D0I:10.1007/s00220-014-2160-4. MR 3306607

@ Scott Morrison and David Penneys, 2-supertransitive subfactors at index

3+ /5, J. Funct. Anal. 269 (2015), no. 9, 2845-2870, MR3394622
D0I:10.1016/j.jfa.2015.06.023 arXiv:1406.3401. MR 3394622

@ Viktor Ostrik, Fusion categories of rank 2, Math. Res. Lett. 10 (2003),
no. 2-3, 177-183, MR1981895 arXiv:math.QA/0203255. MR MR1981895
(2004¢:18015)

@ Victor Ostrik, On formal codegrees of fusion categories, Math. Res. Lett.
16 (2009), no. 5, 895-901, arXiv:0810.3242, MR 2576705. MR 2576705
(2011a:18005)

@ Victor Ostrik, Pivotal fusion categories of rank 3, 2013, (with an Appendix
written jointly with Dmitri Nikshych), arXiv:1309.4822.


http://www.ams.org/mathscinet-getitem?mr=MR696688
http://dx.doi.org/10.1007/BF01389127
http://www.ams.org/mathscinet-getitem?mr=MR3229513
http://dx.doi.org/10.1016/j.jalgebra.2014.05.032
http://www.ams.org/mathscinet-getitem?mr=MR3306607
http://arxiv.org/abs/1310.8566
http://dx.doi.org/10.1007/s00220-014-2160-4
http://www.ams.org/mathscinet-getitem?mr=MR3394622
http://dx.doi.org/10.1016/j.jfa.2015.06.023
http://arxiv.org/abs/1406.3401
http://www.ams.org/mathscinet-getitem?mr=MR1981895
http://arxiv.org/abs/math.QA/0203255
http://arxiv.org/abs/0810.3242
http://www.ams.org/mathscinet-getitem?mr=MR 2576705
http://arxiv.org/abs/1309.4822

@ Daisuke Tambara and Shigeru Yamagami, Tensor categories with fusion
rules of self-duality for finite abelian groups, J. Algebra 209 (1998), no. 2,
692-707, MR1659954. MR MR1659954 (2000b:18013)


http://www.ams.org/mathscinet-getitem?mr=MR1659954

