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lim,_,. f = 00 <= Va > 03¢ such that for all z € (0, 00) with |[x—¢| < ¢
then |f(z)] > @ > 0 <= Va > 036 such that for all z € (0,00) with
|x — ¢| < ¢ then ﬁ < 1' taking « big enough makes é very small, so

it might be a good idea to call 1 7€’ so we can get exactly the definition

for the limit; so let’s rewrite the last statement:Ve > 03¢ such that for all
x € (0,00) with |z — ¢| < § then |ﬁ| <€ = limxﬂcﬁ = 0.

i S = i ()= i (VB

But /zr — 0 as z — 0T, so we have to see what happens to the second term.

Take a > 0, and construct §(«) = %. Then, if x = |z| = |z — 0] < % =

|%| > QQT = 2 = a = (by definition)
% a

lim — =
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hence the whole limit is 0 + oo = oo.

Divide top and bottom by z:
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Taking now numerator and denominator separately we get:
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where we used limxﬂm% 0 < Ve do = d(e) = eiz such that, if

r>6=1%[f() - 0= L < e =

€2

= €.
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Hence,
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(by Th. 4.2.4 - since the limit of the bottom, namely 1, is not zero), so we
end up getting
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If lim, o0 g = 00 we're done (since co is "bigger” than any number).

Let now the limit be finite, lim, .o, ¢ = L. Proof by contradiction: as-
sume lim, . f(x) > L = 3 (o > 0 such that, V ¢ 3 x5 with x5 > § and
flas) > L+ ¢t

But then, since g(x) — L = 3 6 such that |g(z) — L| < CO NVx>0=
g(x) < L—i—%o < L+¢,V x>06=g(xs) < L+ < f(zs), for the particular
x5 > 0 given by the above affirmation, which leads to the contradiction (f(x)
is supposed to be < g(z) for all x. Hence

Jim £(2) < Jim o(c)
9]

xlgr;o:z:f(x) =L <~

V €,3 6 = d(¢), such that if z > ¢ then |z f(x) — L| < €, which inequality is
equivalent to (note z #0 and z > 0) L —e < zf(x) < L+ € < % <
fla) < <.

Let now 41 (€) =max(d(e), Lje, Le_e). Ifex>06 =

first: > § the above inequality is true

secondx> L“ =xe>L+e= L“ <

third x > —=== :>—:1:e<L—e:>—e<

Putting all inequalities together (you notice that the second inequality
patches the right-hand side, and the third the left-hand side), and consider-
ing in what conditions they happen, we get:

V €,3 d1(¢) such that = > ¢; implies |f(z)| < e <=
< lim f(z)=0

INote that the opposite affirmation would have stated that, for every ¢ there exists a value
& such that for all z > § we get f(x) < L + ¢ - which means that the limit, if it exists, is less
that L 4+ ¢, V ¢ > 0; but this would imply that the limit is < L - imagine making ¢ smaller and
smaller
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Since lim f(x) = L > 0 :> 3 8 = do(L) such that |f(z) — L| < £ which
inequality is equivalent to flx) < %, or all x > do.

Let a > 0; we know that 3 61 = d61(a) such that g(z) > 22 for all
x>0 = f(x)g(z )>§27a—a

Let’s write down again the conditions and the final inequality: V o >
0,3 6 = 0(a) =max(dp(L),01(x)) such that f(x)g(z) > « for all x > §
(remember, L is fixed! hence dy is fixed ... so the last ¢ is just a function of
Q) <=

<~ lim f(z)g(r) = 0
r— 00

As a counterexample for the case L = 0 (by the way, did you see where we
used the fact that L # 07 .. there’s a fraction involving L as a denominator
at some point ...) just take g(z) = z and f(z) = 1. g(z) = z — oo and
f(z) = 0as x — oo, but f(zx)g(x) =1—1asz — oo.

If we could find such functions we would have the following:

fim L= tim 29I oy L9 i 9
—llmg+1—0<:> hmg——l

But g(z) — o0 = é — 0 and (f — g)(z) — 0 hence their product (by Th.
4.2.4) has the property

lim 279 = lim ()L = (tim (f — ¢))(lim 1) =0
so it can never be -1! the answer is NO.
As a last observation: how does one get the above result for %? We
have that Ve, there exists 6 = (e) = 6(%) such that for z > § we get

glz) > 1= ( ;<€ (look at problem 4!!).




