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Proof. 1t’s quite clear that the sequence is made out of continuous functions
and that the limit itself is continuous. To check that the limit is right,
namely that

lim f,=f=0
n—oo

notice that for a fixed z, if n > % then f,(z) = 0 for all following n-s; so
the limit is clearly 0. About non-uniformity ... as in the previous chapter
we just need a value that’s keeping f,, fixed, or (which will go better here)

which will bring f,,(x,) even farther away from its limit of 0 (the only thing

that should not happen is that f,(x,) gets closer to 0!). Notice that z,, = %

does the trick, since f,(z,) = n which definitely goes away from 0, and
hence kills the uniform norm, by not allowing it to approach 0. U

Proof. We have to prove the following assertion:
Ve > 0,3N = N(e)such that Vn > N, |fn(zn) — f(z0)| < €

and we use a very common trick, namely we try to break the difference in
a sum of differences, which each, independently, can be made less than a
fraction of €, and by adding them back together it will give us the desired
result. We have to use the fact that f, —* f and that f,, is continuous, Vn.

|fa(Tn) = f(wo)| = [falzn) — f(zn) + f(zn) — fz0)] <

< [ fnl@n) = flzn)] + [f(2n) = f(20)]
Since f, —" f = IN* = N*(e) such that |f,(z) — f(z)] < {,Vn > N*=

[Fal@a) = fea)] < 3.¥0 2 N°
Using again the above assertion we get that
|f(zn) = f(@o)| = [f(zn) = e (zn) + e (zn) = [+ (20) + five(20) — f(0)] <
< |f(@n) = fn= (@) + [fne (@n) = f=(20)| + | v+ (20) — f(0)] <
< 3+ v (@) = fa(@0)] + 5
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But fy=+ is continuous, hence, since x,, — xg, IN** = N**(¢) such that
|fne(zn) — fne(mo)| < §, Vn > N**.

Take now N = N(e) = max(N*, N**)(= max(N*(e), N**(¢))). Combin-
ing the above inequalities we get:

Fn) = F@o)l < &+ |fwe(an) = e (o) |+ 5 < £+ 5= 5F

which, if we now combine it with the very first inequality, will give us:

| fa(@n) = f(wo)| < [falzn) — flzn)] + | f(zn) — f(20)]| <
3
< 2 + ZE =e,Vn>N
Notice that N depends only on € - which is the way it should be! (should
not depend on a particular n, e.g.). Hence f,(x,) — f(x¢) (compare with
the proof of Theorem 8.2.2).

Proof. Since f is uniformly continuous it means that Ve > 0 3§ = d(e) > 0
such that, Vz,y € R with |z —y| < 4, |f(x) — f(y)| < € (in other words,
closeness of two values of f is insured by closeness of the two inputs ...
counterexample would be f = %, e.g. - for this function, if you’re close
enough to 0, even if distance between = and y is really small you can have
huge distance between f(z) and f(y)!)

Let now € > 0 and we have to show that 3N = N(e) such that |f,(x) —
f(@)| <eVn>N <= |f(zx+21)— f(z)| < eVn > N. But if we choose
N = N(e) such that 1 < d(e) <= N > 1 we have that [z + 1 — 2| =1 <
% < 8 hence |fy(z) — f(z)| = | f(x+ 1) — f(z)| < e (by uniform continuity)
Vn > N. Done! O

sin(nz)’ < 1 1

Proof. % —" 0 on [a,7], since [— | < -- < =~ — 0. So we can
interchange, by Theorem 8.2.4 the limit with the integral, and we get:

lim/wd:p:/(limw)du@:/Odm:O
nx nx

If @ = 0 the limit is no longer uniform: the actual limit is going to be

O

0, >0
f= {1, =0
(since f,(0) = lim,_o SIT) — Jime g Sinrgzx) =1).

Choose now a value less than 1, let’s say %:

i 1
Lnrgzx) =5 sin(nz) = n_;
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which has a certain solution z, between 0 and = (why? take the function
g =sin(nz) — %; ¢’ = n(cos(nz) — 1) is positive up to z = 3, and negative

up to 7, hence g is increasing first, from g(0) = 0 up to g(s;;) =sin(§)—§ =

@ — % > 0.1 >0, and then decreases up to g(7) = sin(7) — § = —3; but
g is continuous, so it must pass through zero, and we call that value zy,).
Therefore the limit is no longer uniform. In this case we cannot use the
above mentioned theorem.

We can try to use the boundedness of % take a = %; since —1 <
in(nx)
LU <1 =
o .
(=1) * (a —0) g/ sin(na) dr < 1% (a—0) <
0 nx

Since we already know that for our a we get that

T .
. sin(nx
n—oo Ja n

= IN = N(e) such that |faﬂ%dx] < §Vn>N.
Hence, if we take n > N we have that

’/’T sin(nz) dz| < ‘/a sin(nz) dz| + | /’T sin(nx) da| < €L,
0 nx 0 nx o nx 2 2

hence o
lim / M dr =0
0 nx

still ... but not due to uniform convergence, which is not present here. [J

Proof. If x = 0= f,(0) =0= f(0) =0

fz#0= fo(z) =5 = L1+1 — 1. Hence we have

(@) = {0’ .

1, >0

It’s clear that f is integrable, and that fol flx)dx = 1.

1 U 1 1
/0 fn(@) dx /0 14+ nx v /0( 1+m:) v

In(n +1)
n

1
1 1
=1- dr=1— =In(1 L=1-
/01+nx x nn( + nx)lp
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1
.1 1 ; ot i
But lim —H(T_ ) _I'Hospital Jjyy =41 — () hence

1
lim/lfn(a:)dx:1—O:1:/1f(a;)dx
0 0

Again, we have equality, but not due to uniform convergence - again, not
applicable here - and it’s not actually a bad idea to look upon this equality
as a coincidence, rather. O



