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INTEGRAL POINTS ON SYMMETRIC VARIETIES
AND SATAKE COMPATIFICATIONS

By ALEXANDER GORODNIK, HEE OH, and NIMISH SHAH

Abstract. Let V be an affine symmetric variety defined over Q. We compute the asymptotic dis-
tribution of the angular components of the integral points in V. This distribution is described by a
family of invariant measures concentrated on the Satake boundary of V. In the course of the proof,
we describe the structure of the Satake compactifications for general affine symmetric varieties and
compute the asymptotic of the volumes of norm balls.
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1. Introduction. Let V = {x € R": fi(x) = --- = fi(x) = 0} with f; €
Z[xy, - ..,x,] be an affine variety. It is a fundamental problem of Diophantine
geometry to understand the set of integral points V(Z) in V. In particular, when
the number of integral points is infinite, one may ask

Question 1.1. Given a norm ||-|| on R”, determine the asymptotic of
Nr(V) = #{x € V(Z): ||x|| < T}

as T — oo.
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2 A. GORODNIK, H. OH, AND N. SHAH

We are interested in a more refined question:
Question 1.2. For a radial cone C in R” centered at the origin, determine the
asymptotic of

Nr(V,C) = #{x e V(Z)NC: ||x| < T}

as T — oo.

One can also state an analogous question in terms of convergence of measures.
We define a probability measure 7 on the unit sphere §"~! in R”:

Z 67r (x)s

xeV(Z): 0<||x||<T

1
M= Nr(V)

where 7: R"\ {0} — §"~! denotes the radial projection, and &, denotes the Dirac
measure at z. As T — o0, these measures characterize the asymptotic distribution
of the angular components of points of V(Z).

Question 1.3. Determine the weak™ limits of the measures ur as T — oo.

Recall that a sequence of measures {;;} on S"~! converges to p in weak*
topology if [gu1 ¢dp; — [eu-1 ¢ dp for every ¢ € C(S"™1).

In this paper we give a complete solution to Questions 1.2 and 1.3 when V
is an affine symmetric variety. In this case, Question 1.1 was answered by Duke,
Rudnick, Sarnak [DRS] and Eskin, McMullen [EM], though explicit asymptotics
in terms of 7" were not computed in general. Later Eskin, Mozes and Shah de-
veloped an approach using the ergodic theory on homogeneous spaces, based on
the work of Dani, Margulis ([DM1], [DM2]) and Ratner [Ra] on unipotent flows.

We note that the method of [EM] shows that N7(V,C) is asymptotic to the
volume of the set Cr := {x € VNC: ||x|| < T}, provided the family {Cr} satisfies
the so-called well roundedness property. However it is a highly nontrivial task
to check whether the sets Cr are well rounded, and this is precisely where the
main technical difficulties of this paper lies (see section 1.2 for more discussion
on this point).

The above questions 1.2 and 1.3 are motivated by the conjectures of Manin
[BM, FMT], Peyre [P], and Batyrev, Tschinkel [BT], which describe the distri-
bution of rational points on projective Fano varieties (see Remark 1.13 and [Ts]).
Recently, Chambert-Loir and Tschinkel [Ts] proposed an analogous conjecture
for integral points. We expect that our results will support this conjecture (see
Section 8).

We illustrate our main results by the following example of a quadratic surface.
We refer to Section 2 for further examples.

Example 1.4. Fix n > 4 and k € Z\ {0}. Let Q be an integral nondegenerate
indefinite quadratic form in » variables such that Q(x) = k has at least one integral
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solution. Let Q be a Borel subset of $*~! such that the interior of Q intersects

{Q = 0}, and the boundary of Q has measure zero with respect to a smooth
measure on {Q =0} N S"~!. Then setting C = R* - Q, we have

NT({Q = k}’ C) ~T—o0 Vol ({x c C: Q(x) = k, H_x” < T}) ~NT 00 dc . Tnfz,

where the volume is computed with respect to a suitably normalized SO (Q)-
invariant measure on {Q =k} and d¢ > 0 is a computable constant.

Q(x)=k

Qx)=0
Figure 1.

We denote by v the unique SO (Q)-invariant measure on {x € R"\{0}: O(x) =
0} normalized so that

v{x e R"\ {0}: O(x)=0,|x|| < 1})=1.
Define the measure ; on S"~! by

pi= 7 (v|p,)
where B; = {x € R": ||x|| < 1}. Then pur — pas T — oo.

1.1. Main results. Let G be a connected QQ-simple algebraic Q-group
isotropic over R with a given R-irreducible Q-rational representation ¢: G —
GL (W). Suppose that there exists 7y € W(Q) such that Gy is Zariski closed
and that V := G(R)°¢y is an affine symmetric (real) variety, that is, the stabilizer
H of up in G is the set of fixed point of an involution o of G. Examples of affine
symmetric varieties are provided by Proposition 3.16.
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Notation. G = G(R)°, W = W(R), and H = HR) N G. Then V = G/H. We
assume that V(Z) # () and that H has no nontrivial Q-characters.

We fix a basis, say B, of W, and define

(1.5) S(W)={ere€W: Zxﬁ:l}.

ecB eeB

Let 7: W\ {0} — S(W) denote the radial projection.
We define the Satake boundary V° of V:

Ve ={limn(v): veV,v— oo}=mV)—mn(V).
For example, when V = {x € R": Q(x) = k} is a quadratic surface,
Ve ={xe s Q) =0}.

The map 7 embeds V homeomorphically into 7(V) as an open dense subset
(see Proposition 4.8), and we call w(V) the Satake compactification of V. For
a Riemannian symmetric space, this compactification was introduced by Satake
in [Sa]. We note that Satake [Sa] considered only the special case when ¢ is a
representation on the space of bi-linear forms.

The action of G on W induces, via 7w, a G-action on S(W). In Section 4 we
will prove that V°° is a union of finitely many G-orbits, which are locally closed.

Given a measure p on V°° which is a linear combination of smooth positive
measures on some G-orbits, we say that u is concentrated on the union of these
G-orbits.

Let C be a Borel cone in W centered at the origin. In order to have meaningful
results about the sets V(Z)NC, it is necessary to assume that the intersection VNC
is large in a suitable sense. As we will see below, the “size” of V(Z)NC depends
quite sensitively on the set of G-orbits in V* that C intersects.

A Borel cone C C W centered at 0 is called admissible if the closure of C
has nonempty intersection with V°°, and the boundary of C is of zero measure
with respect to the smooth measure class on each of the finitely many G-orbits
on V*°. A Borel cone C C W centered at O is called generic if the closure of C
and the interior of C intersect the same collection of G-orbits in V°.

The following theorem gives a natural generalization of Example 1.4. We fix
any norm ||| on W and set

Br={veWw: ||v]| <T}.
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THEOREM 1.6. For every admissible generic cone C C W,
#(V(Z) N By N C) ~7—oe VOL(V N By NC) ~roe de - T (log THP¢ !,

where the volume is computed with respect to a suitably normalized G-invariant
measure on'V, and d¢ > 0, ac € Q*, be € N are computable constants.

Given a Euclidean norm ||-|| on W and ¢y € V°, the cone C={v: ||7(v)—w|
< ¢} is admissible and generic for all sufficiently small £ > 0 (see subsection 7.1).
Hence, we get the following application of Theorem 1.6 to Diophantine approx-
imation.

COROLLARY 1.7. Let ||-|| be a Euclidean norm on W and vy € V°. Then for any
sufficiently small € > 0, there exist ¢ = c(1p,€) > 0, a = a(p) € Q*, b =b(wpy) € N
such that

#{v e V(Z) N Br: ||7(v) — w||<e} ~1—oo Vol({v€VNByr: ||7(v)— || <e})
~T oo € - TO(log TYP 1,

Now we describe the structure of the Satake boundary V°° of V. Let K
be a maximal compact subgroup of G compatible with H and a a Cartan sub-
algebra corresponding to the pair K and H, so that the Cartan decomposition
G = Kexp (a)H holds ([Sc, Ch. 7]). We fix a system of simple roots A, of a and
denote by a* C a the closed positive Weyl chamber. One can choose a subset W
of the normalizer of a in K such that we have a decomposition

G = Kexp(a")WH

where the a*-component and the VV-component of each element of G are uniquely
defined (see Section 3).
For any subset J C A, we set

keK,aca, weW,
V7 = < limw(kexp (@)wip): aa) — oo for a € Ay \ J,
a(a) is bounded for o € J.

Note that V3° = m(V) and

(1.8) ves | v
JCA,

Every set V7° is a union of finitely many G-orbits (see Theorem 1.22).
Denoting by 2p the sum (with multiplicities) of all positive roots of a and by
A, the highest weight of the representation ¢ with respect to a* (see Section 3.2),
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we have decompositions

(1.9) 20:= Y ugr and A, = Y moaa.

OLEAJ OCEAO'

Note that u, > 0, my, > 0, and uq, my € Q ([OV, p. 85]). Define

u
a, = max{—a: aGAJ},

Mg,

u
{aEAU: - <ab},
Ma,

b, = #(As \IL) > L.

(1.10) 1,

THEOREM 1.11. For an admissible cone C C W, the limits

#V(Z)NBrNC) Vol (VN BrNC)
im and im
T—oo T4 (logT)>~! T—oo T4 (logT)b:—!

exist and are equal, where the volume is computed with respect to a suitably nor-
malized G-invariant measure on V. Moreover, if C° N V,‘fo % (), then the limits are
strictly positive.

We also extend the result about convergence of measures in Example 1.4 to
general affine symmetric spaces. There is an explicitly given G-invariant measure
v, on R™- Vp°, normalized such that v,(B;) = 1. The measure v, is homogeneous
of degree a,, and we have a decomposition

dv(t-0)=1"""ddf, teR*, 0V,

where dt is a Lebesgue measure on R* and df is a smooth measure on V7°. We
define the probability measure 1, on Vi by p, = m.(v,|p,) or equivalently,

dp,(0) = 0]~ do, 6 € Vi°.

Note that the norm ||-|| need not be constant on S(W) for our fixed choice of the
sphere S(W). Later on, we give an explicit formula for u, (see (7.17)).

THEOREM 1.12. As T — oo, we have

HT — [y

Theorem 1.12 also holds for representations ¢ which are not irreducible (see
Remark 6.11).
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In the case of the group variety (i.e., when G =Lx L and H = {(/,]): l € L}),
these equidistribution results (Theorem 1.11 and Theorem 1.12) were first proved
by Maucourant [M], although not in terms of the Satake boundary.

Remark 1.13. It is interesting to compare Theorem 1.12 with a result in
[GMO] (see also [STT]), which describes distribution of rational points of
bounded height. Let G be a connected adjoint absolutely simple algebraic Q-
group and ¢: G — GLy an absolutely irreducible representation defined over Q.
We denote by 7 the corresponding map from G to the projective space PV *~1 and
by H = Heo - [, pime Hp @ height function on PV ~1(Q) where Ho is a norm on
RN Let G = G(R)°, G(Q) = GN G(Q) and G(Z) = G N G(Z). As explained in
Section 2.4, V = «(G) is an affine symmetric variety, and we have a decomposition

W= v

ICA,
It follows from [GMO)] that for every ¢ € C(i(G)),
1

lim Z
{’y (Q@): H(@(y) } veG(Q): H(yp<t

o)) = / By ( T

where dw is a G-invariant measure on ng = #(G) and d] > a,. On the other
hand, it follows from Theorem 1.12 that for every ¢ € C(i(G)),

, |
A 4Ty € Gy Haliy) < T7 2 o) = / ¢>(9)H (0)“

7€G(2): Hoo (s))<T

Note that for affine symmetric varieties of higher rank, p, = limy_, o 7 is
concentrated on Vp°, which might have empty interior in V> (see Section 2 for
examples). In particular, Theorem 1.12 does not imply Theorem 1.6. To prove
Theorem 1.6, we need to investigate the accumulation of integral points on all
components of V°.

Definition 1.14. A subset I C A, is called A, -connected if the Dynkin dia-
gram of {\,} UI is connected. In other words, if U {\,} =8, USy, S; # 0, then
S1 L S» with respect to the identification of a* with a via the Killing form.

We show (see Theorem 1.22) that

Ve = | ] Ve,
A,-connected I C A,

and for \,-connected 1,J C A,,

(1.15) 1 CJ = VP Cavy).
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For A -connected I C A, we set

(1.16) al) = max{:T“: aeAU\I} >0,
L() = 1U {a € Ay \ I :Ta < aL(I)} C Ay,

b,(I) = #(A; \ 1,(1) > 1.

Note that 7,()) = I,. We will show in Proposition 5.12 that I,(I) is \,-
connected. We consider the lexicographical order on the set of pairs (a, b) € RxR.
Note that for \,-connected subsets I and J of A,,

I CJ=L{A) C L) = (ad),b(D) = (a.(]), b.(])).

For Q C W with 7(Q\ {0}) N V> # (), we define

(1.17) Oq := {I C A,: I is \,-connected and m(Q \ {0}) NV # 0},
(a/(Q),b,(€Y)) = max{(a,(]),b,(D): I € Oq},
0,(Q) = {LU): I € Oq,(a,(),b,(]) = (a,(€2),b,(Q)} C Oq.

Roughly speaking, we show that the asymptotic number of points in V(Z), with
norm less than 7, whose images under 7w accumulate on €, is of the order
TaL(Q)( log T)b,,(Q)—l )

It might happen that in Theorem 1.11, both of the limits are zero. This simply
means that the normalization term T%(log7)”~! is not suitable. We prove a
refined version of Theorem 1.11.

THEOREM 1.18. For every admissible cone C C W, the limits

i FV@NBrno Vol (VN Br N C)
00 Ta@(log Ty ©—1 M4 710 Ta.©(log T)p -1

exist and are equal, where the volume is computed with respect to a suitably nor-
malized G-invariant measure on V. Moreover, if C° N V5° # () for some I € ©,(C),
then the limits are strictly positive.

Moreover if C is generic, then for any I € O¢, C° N V7° # (); and by (1.15),
we get C° N VY, # (). Therefore Theorem 1.18 implies Theorem 1.6.

Let D, = {I,(I): \,-connected I C A,}. To state the next result, we will
introduce a family of smooth measures y; on Vyi° for I € D,. For each I € D,,
here is an explicitly given G-invariant measure v; on R* - V°, which is a finite

Uo

union of G-orbits. Note that q; = s is constant for a € A, \ I, and the measure
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vy is homogeneous of degree a;. We have a decomposition
dvi(t-0) ="' didf, teR, §ec Ve,

where dt is a Lebesgue measure on R and df is a smooth measure on V;°. We
define p; = m.(vf|p,) or equivalently,

dpr(0) = 0] do, 0 € Vi®.

An explicit formula for y; is given in (7.18). For Z C D,, we define

MI=ZM1 and VI:ZVI-

IeT ez
THEOREM 1.19. For every ¢ € C(S(W)) with supp ¢ N V™ # (), we have
1

fim > e =c [ dduew:
= () bu(@)—1 ¢
=00 T4(?)(logT) XEV(Z): 0<||x|| <T S

where ¢ > 0 depends only on V(Z), and a,(¢) = a,(supp ¢), b,(¢) = b,(supp @),
0.(¢) = ©,(supp ¢).

Note that if supp¢p N V> # (), then ¢(w(x)) = O for all but finitely many
x € V(Z).

The measures p7 are analogues of the Patterson-Sullivan measures, which
are concentrated on the visual boundary of a Riemannian symmetric space.

In order to prove Theorems 1.18 and 1.19, we compare the asymptotic distri-
bution of integral points to the corresponding continuous asymptotic distribution,
which is given in the following theorem.

THEOREM 1.20. For every f € C.(W \ {0}) with w(suppf) N V> # 0,

Tl—>oo TaL(f)(IOg T)b (H—1 / f(gl/b/T)d,U’(g) / de@ (f)»

where a,(f) = a,(w(suppf)), b.(f) = b.(w(supp[)), and O,(f) = O,(w(suppf)).

Note that the limit measure vg, () is homogeneous of degree a,( f).
Also note that if f € C.(W \ {0}) and 7(suppf) N V> = (), then for all large
T, f(gw/T)=0 for all g € G.

Remark 1.21. The condition that the group G is Q-simple can be relaxed. In
fact, it suffices to assume that every Q-simple factor Gg of G is isotropic over
R and G = GoH. A small modification in the proof is required only in Section 7
(see Remark 7.2).
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1.2. Ingredients of the proof. A common strategy for estimating the number
of integral points in various domains involves two steps:

(1) establishing suitable regularity of domains and their volumes;

(2) comparing the number of integral points with the volumes of the domains.

The second step, discussed in Section 7, is essentially done using standard
techniques developed in [DRS, EM] in view of the equidistribution theorem
(Theorem 7.1) available in the symmetric setting. Checking the first step for the
domains defined by the intersection of a cone with the norm balls contains the
main technical difficulties of the paper and requires, in particular, the analysis
of the structure of the Satake boundary (Section 4) and asymptotic estimates for
renormalized volumes with respect to the invariant measure (Sections 5 and 6).
For instance, one of the reasons we are working in the setting of a symmetric
space, rather than of a general homogeneous space, is the lack of the structure
theory for Satake compactification needed to establish (1), since Theorem 7.1 is
available in a more general setting of homogeneous spaces as obtained in [EMS].

We mention that checking the well-roundedness property of [EM] for the
domains amounts to carrying out the first step. Setting, for a radial cone C and
T>0,

Cr:={xeVncC: x| <T},

{Cr: T > 1} is in general not well-rounded. We introduce the notion of an
admissible generic cone in terms of its intersection with the Satake boundary
of V. Showing that the family {C7: T > 1} is well-rounded for an admissible
generic cone C is a consequence of two main ingredients of the paper:

(i) Tube Lemma (Coro 1.23); in showing this lemma, we needed to generalize
Satake’s theory in an affine symmetric setting.

(ii) The computation of the asymptotic limit of the invariant measures on V
(Theorem 1.20).

We emphasize that in order to compute the explicit volume asymptotic of Cr,
we need only the part (ii). However in order to obtain that Ny(V,C) ~ Vol(Cr)
(not to mention the explicit asymptotic), we need to use both (i) and (ii).

In the rest of this section, we explain the generalization of Satake’s result
[Sa] on Riemannian symmetric spaces, which summarizes properties of the de-
composition (1.8) and Tube lemma.

THEOREM 1.22. (a) For every J C A, Vi° is a union of finitely many G-orbits.
(b) For every J C A,

vE = v
1cJ

(c) For every J C Ay, V7© = Vi° where I is the largest \,-connected subset
of J.
(d) For distinct \,-connected subsets I,J C Ay, Vi° NV = ().
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Similar constructions can be also found in [Sa], [Os], and [CP], but they are
not suitable for our purpose: Satake [Sa] considered only representations on the
space of bilinear forms, the Oshima compactification [Os] is defined abstractly,
and the de Concini—Procesi compactification [CP] is defined with respect to the
Zariski topology and applies only to a specific type of representations which have
regular highest weights.

While Theorem 1.22 is not used in the proofs of Theorem 1.11 and The-
orem 1.12, it is essential for the proofs of Theorem 1.6, Theorem 1.18, and
Theorem 1.19. The crucial observation is the following corollary that describes
neighborhoods of subsets in V*°. For I C A,, we set

aj=ker/={a € a: aa)=0, Vo € I},
and aj = a; N a*, which is a face of the closed Weyl chamber a*.

COROLLARY 1.23. (Tube lemma) Let I be a \,-connected subset of A, and Q
a compact subset of S(W) contained in | J;~; V5°. Then there exists a compact set
U C a* such that

QNm(V) C m(Kexp(U+ aj)Wuw).

Note that by Theorem 1.22(b), [J;,; V5° is the smallest open subset of (V) =
Ve U m(V) which contains V;° and is a union of cells. The following picture
illustrates the structure of the Satake boundary for an affine symmetric variety
associated to an R-irreducible representation of SL3 (see Section 2.4) with the
highest weight )\, which is not orthogonal to the simple roots « and (3. The
shaded regions correspond to neighborhoods of points in the components of V°.

/\

v

\_/

>0

a0

Figure 2.

On the other hand, if A\, 1 «, we get

B0 T

—— v

Figure 3.
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As in the earlier works on counting integral points [DRS, EM], the basic
dynamical or ergodic theoretic ingredient in our proof is the result on limiting
distributions of translates of closed H-orbits in G/G(Z) as established in [EM]
(see Theorem 7.1).

1.3. Organization of the paper. Section 2 contains examples. In Section 3,
we review some basic properties of affine symmetric spaces and representation.
The structure of the Satake boundary, including the proofs of Theorem 1.22
and Corollary 1.23, is discussed in Section 4. Explicit formula for the measures
vy are obtained in Section 5. Section 6 contains results on volume asymptotics
(Theorem 1.20), which are described via G-invariant measures on the boundary.
Finally, the main theorems are proved in Section 7. In Section 8, we state a
version of our main result using the language of arithmetic geometry.

Acknowledgments. The authors would like to thank Gopal Prasad for pro-
viding us with some important arguments used in the proof of Proposition 4.4.

2. Examples.

2.1. Quadric. We start with an example of a rank-one symmetric space
where the structure of the Satake boundary is quite simple. Let O be an integral
nondegenerate quadratic form on RP* of signature (p,q), p,g > 1, p+q > 4,
and k € N. We are interested in the distribution of integral points lying on the
the quadratic surface V := {Q = k*}. To simplify notation, we assume that

2 2 2 2
2.1 OX1, ..y Xprg) = X o X, X T X

Let vp = (k,0,...,0) € V and H = Stabg (1p). Note that H is the set of fixed
points of the involution of G:

o: g—diag(—-1,1,...,1)-g-diag(—1,1,...,1),

which commutes with the Cartan involution 6(g) = ‘g~'. We have the Cartan
decomposition G = K exp (a*)WH where

K =S0(p) x SO (g), at = RZO : (Ep+q,1 + El,p+q)9
and W = {e} if ¢ > 1 and W = diag(+ 1,1,...,1) if g = 1. (Here Ej; is the
matrix with 1 at (7,j)-entry and O at the other entries.) For p > 1, V = Gy and

for p=1, V= Gy U G( — wp). Setting v5° = (1/+/2,0,...,0,1//2), we have

Voo - Kug© for p,q > 1,
Kuyg° U —Kuyg®  otherwise.
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Note that in all cases, V>° ~ SP~! x §9=! where we set S° = {£1}. One can
check that @, =p+qg — 2 and b, = 1. If V(Z) # (), the limiting distribution of the
points {m(v): v € V(Z),||v|| < T} as T — oo is given by the probability measure
”UH‘;% where dv is the suitably normalized invariant measure on SP~! x §9~!

(see (7.17)); note that ||-|| can be any given norm on RP*7.
2.2. Determinant surface. For k € Z \ {0}, let
V={veMmR): det(v) =k}.

Fix ¢y € V. Note that V is a homogeneous space of G = SL (1, R) x SL (n, R) for
the action

(81.82) - v — g1u(vy '8y '), (81.82) EG, vEV,

and H = Stabg (zp) is the diagonal embedding of SL, (R) in G, which is the
fixed point set of the involution o(g1, g2) = (g2, 1) commuting with the standard
Cartan involution. We have Cartan decomposition G = K exp (a*)H (note that
W = {e}), where

K = SO () x SO (n),
at = {(a,—a): a=diag(sy,... ,sn),Zsi =0,5; —s; > 0if i <j}.

The simple roots are o; =s; — si41, i = 1,...,n — 1, the fundamental weights are
w; = Z;‘:l si;and i=1,...,n— 1, and the highest weight is A, = 2w;. Hence, the
A,-connected subsets of the set of simple roots are Iy = () and [; = {ay, .. ., aj},

j=1,...,n—1. We have

Ve = {v e S(M (@ R)): det(v) =0},
V,C;O = {v e S(M(n,R)): rank (v) =j+ 1}.

Since

n

2p=22j(n—j)o¢j and >\L=2w1=22 ;Jozj,

J J

we have a, = n*> —n, b, = 1, I, = I,_,. Hence, the results from Section 1 (see

Remark 1.21) imply that for any admissible cone C C M (n,R) that contains a
degenerate matrix in its interior,

#Ho e MM, Z)NC: det(v) =k, |[v]| < T} ~r—oo c(C.k) - T,
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where ¢(C, k) > 0, and the measures

—(n2—
T (n“—n) Z 5#(1})

veV(Z): ||v||<T

converge as T — oo to a finite smooth measure concentrated on the set of matrices
of rank n — 1 in S(M (n, R)).

2.3. Space of symmetric matrices. Let V be the space of real symmetric
matrices of signature (p, q) of determinant ( — 1)7. Put

J=diag(l,...,1,-1,...,-1) e V.
——— —— —
p q

Then

V={gJ’%: geSL(p+¢,R)} ~SL(p+q,R)/SO(p,q.

Letn=p+q, G=SL(#n,R) and H = SO (p, q). Note that V is the orbit of J for
the representation ¢ of G on the space W of symmetric n X n matrices given by

g-wr—gwlg, g€G weWw.

Also, H is the the set of fixed points of the involution o: g — J'g~!J, which
commutes with the Cartan involution §: g — ‘g~'. We have Cartan decomposi-
tion G = K exp (a*)WH where K = SO (n), a* is the standard Weyl chamber in G,
and W is the subset of the monomial matrices which gives coset representatives
for

Nk(a)/Ngnu(@)Zg(a) = S, /(Sp % Sy),

where §,, denotes the group of symmetries on n elements. The simple roots «;
and the fundamental weights w; are defined as in Section 2.2, and the highest
weight is given by A\, = 2w;. In particular, it follows that the A,-connected sets
are Iy =0, [ ={ai,...,q;},j=1,...,n— 1, and we have

VEO = {v e S(W): sign(v) = (r,s),r+s=j,r <p,s <q},

Ve = {ve S(W): sign(v)=(r,s),r+s <n,r <p,s<gq}.
Note that in this case, the sets V;° are unions of several orbits of G if p,g > 0.
For example, V7° is a union of two open orbits which consist of matrices of

signature (p — 1, g) and (p, g — 1) respectively. One can check (as in Section 2.2)
that a, = (n* — n)/2, b, =1, I, = I,_». Hence, the results of Section 1 imply that
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for every admissible cone C C W which contains a degenerate symmetric matrix
in its interior,

nz—n
#HreV@): r| <T} ~1—o0cC)-T 2,

where ¢(C) > 0, and the measures

2

T = Z 57r(y)

veV(Z): 0<||v||<T

converge as T — oo to a measure concentrated on the set of matrices of signature
(p—L,g) and (p,q — 1) in S(W).

2.4. Group variety. Let G be a connected Q-simple algebraic group iso-
tropic over R and ¢: G — GL(W) an R-irreducible Q-representation of G. We
consider the distribution of integral points in the variety V := «(G). Note that
V(R) consists of finitely many orbits of G = G(R)°. For simplicity, we make the
computation for the orbit V = 1(G).

Let K be a maximal compact subgroup of G, a a Cartan subalgebra associated
to K, and a* a positive Weyl chamber. We denote by A the set of simple roots
of G with respect to a*, and let w,, o € A, be the set of fundamental weights.
We consider the action of G=G x G on V:

(g1,82) - v+ givgy ', (g1,82)€G, vEV.

Then V ~ G/H, where H = {(g,8): g € G}. We have Cartan decomposition
G = Kexp (@*)H (note that W = {e}), where

K=K xK and d"={(a,—a) aca'}.

Note that in this case every V;° is a single G-orbit. Let p and g be half of the
sums of positive roots for G and G, and ), and X, be the highest weights for
a and & respectively. Since g = 2p and A, = 2),, the parameters a,, b,, I, are
computed as in (1.10), and the distribution of integral points is described by the
results from Section 1 (see Remark 1.21). Let us consider “generic” case, that is,

(2.2) 2p = Z uoae and A\, = Z Mo = Z NaWa

a€A a€EA aEA

with all no > 0 and o # ::l—f? for all « # 3. Then the Satake boundary V° is

a union of 29M® orbits of G, and there are exactly dima open orbits VZX\) {a}’
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« € A, but the measures

T~ Maxa (4o /ma) Z 671'(U)
veV(D): ||v|I<T

converge as T — oo to a measure concentrated on the single open G-orbit VX‘Q {0}

such that =20 = max, - (compare with nongeneric case in Section 2.2). The

Mey, o
number of integral points in V with norm less than 7T is of order T™#e (ta/ma)
as T — oo, and the number of points whose projections accumulate on the open
G-orbit Z"\D{a} is of order T"»/"a as T — co.

2.5. General affine symmetric variety. Let G be a connected noncompact
semisimple Lie group and H a symmetric subgroup. We fix a Cartan decompo-
sition

G = Kexp(a*)WH.

By Proposition 3.16, given an integral dominant weight A\ of a*, there exists an
R-irreducible H-spherical representation t: G — GL (W) with the highest weight
A, being a multiple of A. Then W contains a symmetric variety V ~ G/H. The
structure of the Satake boundary V° of V is determined by the combinatorial
data (2.2) of 2p and A,. Assume that G and H are the groups of real points of
algebraic semisimple Q-groups G and H such that G is Q-simple and H has
no nontrivial Q-characters, and that ¢ is defined over Q. Then if V(Z) # (), the
distribution of integral points V(Z) is determined by (2.2) as well. We mention
two examples.

The “generic” case (i.e., all nq > 0 and J= # :1_2 for a # 3) is quite similar
to the discussion in Section 2.4 except that when V is not a group variety, the
sets V/° may be unions of several G-orbits.

It is well known that 2p is an integral dominant weight and all n, > O.
Hence, by Proposition 3.16, there exists an H-spherical representation with the
highest weight A, = 2¢p for some ¢ € N. Moreover, if G is an inner form, then the
corresponding representation is defined over Q (see Remark 3.22). We compute:
a, =1/¢, b, =dima, I, = (). Hence, the number of integral points in V with norm
less than 7 is of order T/ t(log T)%me=1 and the measures

1

N 6 !
1/¢ dima—1 Z o
T/ (log T)tme=t . < lell<T

converge as 7' — oo to a measure i, supported on V°. Note that K acts tran-
sitively on Vj° (see Proposition 4.35), and 1, = ||v]|”“ dv where dv is a suit-
ably normalized K-invariant measure on V5° (cf. (7.17)). On the other hand, for
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f € C(S(W)) such that suppf N V> C Vﬁj_{a} for some o € A,, we have

TN fm @) = pa,— () ()

veV(Z): ||v||<T

where pip, (o} 1S @ measure concentrated on V‘A’jf (o}
3. Affine symmetric spaces and representations.

3.1. Affine symmetric spaces. (see [Sc, Ch. 7], [HS, Part II], [OS], [Ro]).
Let G be a connected noncompact semisimple Lie group with finite center and g
the Lie algebra of G. A closed subgroup H of G, with the Lie algebra h C g, is
called symmetric if h is the set of fixed points of an involution o of g. Then the
factor space G/H is called an affine symmetric space.

There exists a Cartan involution # of g which commutes with o. We denote
by K the maximal compact subgroup of G that corresponds to # and by ¢ its Lie
algebra. We have decompositions

g=h@q and g=tDp

into +1 and —1 eigenspaces of ¢ and 6 respectively.

There exists a Cartan subalgebra ¢ of g stable under 6 and ¢ such that b := ¢cNp
is a maximal abelian subalgebra of p, ¢Mq is a maximal abelian subalgebra of g,
and a := ¢Np N g is a maximal abelian subalgebra of p N q. We call b a Carran
subalgebra associated to 6 and a a Cartan subalgebra associated to (0,0). We
denote by X¢ C ¢c*, £ C b*, and X, C a* the root systems. One can choose a
set of positive roots X C Z¢ so that Z* = Xt \ {0} and X} = ¥, \ {0} are
systems of positive roots in X and X.

Let Ac C Zf denote the system of simple roots. Then

3.1 A=Aclo \ {0} and A;=Als\ {0}.

are systems of simple roots for £ and X, respectively. We also set Ag = {a €
A: alq =0}

The space a is a real split Cartan subalgebra associated to 6 of the reductive
Lie algebra (N h) @ (p N q), which is the set of fixed points of the involution ¢6.
We denote by X, 9 C X, the corresponding root system and choose a set positive
roots X} 4 C X, such that X7 ) C X7.

The Weyl groups of X, and X, ¢ are given by

Wey = Ng(a)/Zg(a) and W, g = Nknu(a)/Zgnnu(a),

and one can choose a set YW C Ng(a)N\Nk(b) of coset representatives of W, /W, g.
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+
o

Denoting by a* the closed positive Weyl chamber for £¥, we have Cartan

decomposition:

(3.2) G =Kexp(a)H = Kexp (a")WH.

Note that for any ¢ € G, a*-component of g and the VW-component of g are
uniquely defined.

For a root @ € X, U {0}, we denote by g, the corresponding root space
associated to a. Also for a root & € X, we denote by g4(b) the corresponding
root space associated to b.

Let (-, -) denote the Killing form on g. We consider a positive definite sym-
metric bilinear form B on g:

3.3) B(X,Y) = — (X, 0(Y)) = Tr(ad X o ad (6(Y)).

Note that

(3.4) B(ga,93) =0 forall a # 3 € X, U {0},
B’ =B =B.

Remark 3.5. For 5 € %, take any X € gg(b) such that B(X,X) = 1, and put
bg = [X, —0(X)]. Then 9(b5~) = —bﬁz Since 6(95) =g_j, we have bg € go(b).
Hence b/g € b. Moreover for all b € b,

(36)  (b.bg) = (b X, —6001) = (1. X1, —000) = B(b) (X, —0(X)) = B(b).

Since the Killing form restricted to b is nondegenerate, b is the unique element,
say b, of b such that (b, b,) = ((b) for all b € b.

For each o € X, the root space g, is invariant under the involution ¢, and
it decomposes into ( £ 1)-eigenspaces of o0:

go = 00 D 0y
we define
[F=dimgE, and I, =I+1,.

‘We have

2p = Z lya.

acXl
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A Haar measure on G/H is given by the formula
3.7 / fdu= / Z flkexp (@)\wH)¢(a)dadk, f € C.(G/H),
G/H K e/t

where da and dk denote Haar measures on a and K, and

(3.8) é@ =[] (sinha(a))(cosha(a))=.

acX}

To match (3.7) with the integral formula given in [Sc, Ch. 7], we note that the
function |¢| is invariant under the Weyl group.

Remark 3.9. For a € Z,, let X € g, U g, such that B(X,X) = 1 and put
ae = [X,—0(X)] € go. Then o(a,) = —a, and O(a,) = —a,. Therefore a,, € a
and by (3.6), we have (a, a,) = a(a) for all a € a. Hence a, is the unique
element of a satisfying the last equation.

3.2. Representations. (see [GJT, Ch. IV], [Sa], [CP]) Let:: G — GL (W)
be an irreducible over R representation of G on a real vector space W. We denote
by gc, ¢c, he the complexifications of g, ¢, . Note that o extends to an involution
of gc, and h¢ is the subalgebra of the fixed points of ¢ in g¢.

Let Wy be a complex g-irreducible subspace of C ® W. Then either C® W =
Wo or C®@ W = Wy @& W, where bar denotes the standard complex conjugation
on C® W. Note that if C® W is not complex irreducible, then the map

(3.10) Wodv— (v+0)e W

is a g-equivariant isomorphism over R; and hence in this case W can be treated
as vector space over C with C-linear action of g. By abuse of notation, the
representation of g on Wy over C will also be denoted by .

We denote by A, € ¢ the highest weight of ¢+ with respect to the ordering
defined by Ac. Then all other weights of ¢c with respect to ¢ are of the form

(3.11) A=A = > naNa

aEAC

for some nonnegative integers n,(\).
The action of a on W is diagonalizable (over R) and

W = Drco, W)\,
where ®, C a* is the set of weights and

WA={weW: a-w=Xaw, Va € a}
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denotes the weight space with weight A. Given w € W, we have a decomposition

w= Z w>‘, wh e W,
AED,

The weight A\, := A,|q is the maximal element of ®, with respect to the
ordering defined by A,. All the other weights A € @, are of the form

(3.12) A=A — > naNa

aEAa

for some nonnegative integers n,(\). Let
supp A = {a € Ayt ng(N) > 0}.
For a subset I of A, and a vector w € W, we set

W= Y W ad W= Y WA
A: supp ACT i supp ACI

Recalling Definition 1.14, a subset of a* is called connected if it is not a
union of nonempty subsets orthogonal with respect to the form B; that is, if its
Dynkin diagram is connected. We say that I C A, is A,-connected, if /U {\,} is
a connected subset of A,.

PROPOSITION 3.13. Forany A € ®,, supp (\)U{\,} is connected, and for every
A,-connected I C A, there exists A € @, such that supp (\) = 1.

Proof. The similar statement for the set of weight of b was shown in [Sa,
Sec. 2], and the proof applies to our situation with minor changes. The key fact
is that there exists an involution o — o’ of the set A — Ag such that

—a%=a + Z napB, o €A\ A,
B€Ay

for some n, 3 € Z>o (see [Sc, Lemma 7.2.3]). Using that the proposition holds
for the weights of b, one can complete the proof as in [Sa]. O

Remark 3.14. We set K=R when W® C =Wy, and K=C when W® C =
Wo @& Wp. Then W can be treated as a K-vector space with K-linear action of g.

H-spherical representations. Let W/ denote the space of fixed points of
H on W. If WH #£0, then the representation ¢ is called H-spherical.

Lemma 3.15. ([CP, Lemma 1.5]) Ifwis H-spherical then the K-dim (WY) = 1;
and A] = —A,.



INTEGRAL POINTS ON SYMMETRIC VARIETIES 21

Using the form B defined in (3.3), we introduce a scalar product on c¢*, b*,
a*. An element \ € ¢* is called integral if ig\ofé) € Z for all o € Ac, and it
is called dominant if (A, a) > 0 for all « € Ac. For § € Ac, we define the

fundamental weights wg by

2 (wg, a)
———— =bap, Va €A,
<a’ a> 8 a € Ac

where 6,3 denotes the Kronecker symbol. Similarly, we define these notions
for b* and a*. It is well known that the the highest weight A, is integral and
dominant, and conversely, every integral dominant weight is the highest weight
of an irreducible representation of gc. We prove an analogous result for real
spherical representations:

ProposITION 3.16. (cf. [GIT, Proposition 4.15]) The highest weight \, is inte-
gral and dominant. There exists £ € N such that for every integral dominant A € a*,
CX is a highest weight of a real absolutely irreducible H-spherical representation

of g.
Proof. The fact that ), is integral and dominant follows from the representa-
tion theory of sl/(2, R) (see [GJT, Lemma 4.12]).

For a € Ac (or a € A,), we take h, € ¢ and A}, € ¢* (or h, € a and
h}, € a*) such that

(hg, ha) = Bha) = (B, ) and (kg B) = ho(hp) = bagp

for all o, B € Ac (or o, 3 € A,). For \ € ¢*, we denote by \ € a* its restriction
to a, and for x € ¢, we denote by ¥ € a its orthogonal projection to a. It follows
from (3.1) and (3.4) that for « € Ac such that @ #0 and § € A,,

ho=hs and hy= > K

b
a€Ac: a=0
Suppose that A = 3" 5., npwg for ng € Z>. Since wg = 18, 8) h, we have

a, a)

(]
s

(3.17) A=

It is well known that («y, a;) € Q for ay, an € Ec. Hence, using that

- 1 0 o
— (v — _ +
o= (Oé (6 « o

’
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we deduce that the coefficients in (3.17) are rational numbers. We take ¢ € N
such that

I\ = Z MWDo,

aEAc: a0

for my € 2Z>¢ and consider an irreducible complex representation ¢: gc —
GL (Wp) with the highest weight

(3.18) A= Z MaWq .
aEAc: a0

Let A2 = {a € Ac: alp = 0}. It was shown in [Sa] that there exists an
involution o — 6(a) of the set Ac \A% such that

—a? =0(c)+ Y uapB o €Ac\ AL
BeAL.

for some u, 3 € Z>o. Moreover, according to [On, §9], the involution 0 is induced
by an automorphism of the Dynkin diagram of Ac. In particular, (0(c), f(a)) =
(a, a) for all a € Ac \ A%. Also, it is clear that a|, = O(a)|q. This shows that
Mo = Mg and by [On, §8], the restriction of ¢ to g leaves the a real form W of
Wy invariant.

It remain to check that the representation ¢ is spherical. Recall that 0 :=
cNg={x € c o(x)=—x} is a maximal abelian subalgebra of q. Let AZ = {a €
Ac: aly =0}. It was shown in [CP] that there exists an involution o — &(«) of
the set Ac \ AZ such that

(3.19) —a’ =6+ Y tapB «€Ac\AZ,
BEA?

for some v, g € Z>¢. Since m,,’s are even, according to [CP], the representation ¢
is spherical provided that m, = mg () for a € Ac \A%. Hence, it suffices to show
that the involution & is induced by an automorphism of the Dynkin diagram of
Ac. Without loss of generality, we may assume that AZ # (). Then one can check
that ¢ N b is a Cartan subalgebra of [3;(0), 35(0)] with the system of simple roots
AZ. The corresponding Weyl group W¢ is generated by reflections

(o, B)

wgla)=a —2 8, 0§ ¢eAL.
’ (6. ) -
This implies that for every w € WE,
(3.20) e\ {AgZ)" C Zg\ (Ag),

(3.21) o € a+(AZ), o€ Ac.
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Take wo € WE such that (AZ)" = —AgZ. It follows from (3.19) and (3.20) that
the map o — —a”"0 preserves X, and hence, it induces an automorphism of
the Dynkin diagram of Ac. On the other hand, it follows from (3.19) and (3.21)
that for o € Ac \ AZ,

—a" € §() + (AG).
This implies that 6(a) = —a”", a € Ac \ AZ, and finishes the proof. O

Remark 3.22. Suppose that G = G(R)? for a semisimple algebraic Q-group
G. Choosing the Cartan subalgebra ¢ to be defined over (Q, we have the x-action of
the Galois group Gal (Q /Q) on the set of simple roots Ac. By [T, Theorem 3.2],
the representation constructed in Proposition 3.16 is defined over Q provided
that the highest weight A is in the root lattice, and the coefficients in (3.18) are
invariant under the *-action. In particular, if G is an inner form, then the x-action
is trivial, and ¢\ is realized as a highest weight of a representation defined over
Q for some /.

4. Structure of the Satake compactification. Let G be a connected non-
compact semisimple Lie group with a finite center and ¢ G — GLr(W) an
irreducible almost faithful representation of G on a finite dimensional real vector
space W. Let o be an involution of G and H the symmetric subgroup of G with
respect to 0. We assume that H fixes a nonzero 1y € W.

We start with some basic observations: let

n= Z da-

aeXl

LemMA 4.1. We have W = {v € W: nov = 0}.

Proof. Let o € Zt. Then g, W* C WA+, Since ), is the highest weight in
®,, we conclude that WA*® = 0. This shows that nW> = 0.

Now let v € W such that nv = 0. Suppose v ¢ W, Then there exists y €
W=, W? such that ny=0. Let n~ = > aes: 9—a- Then g=n" @® go & n.
Note that

Uo(m)y =0,  Up(go)W' C W';  Ug(n W' C W',
where Up(n) denotes the linear span of (nonconstant) monomials formed from
a basis of n, and the others are defined similarly. By Poincare-Birkhoff-Witt’s

theorem, it follows that

U(g)y C W/,
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where U(g) is the universal enveloping algebra of g. This is a contradiction,
because U(g)y = W by the irreducibility of the g-action on W. O

LEmMMA 4.2. For every A -connected I C A, and every w € W, there exists
A\ € @, such that supp \ = I and (wtp)* # 0.

Proof. First, we consider the case of I = (J; that is, we show that (wp)™ Z0.
We denote by g, = Ad(w)o o o Ad(w™!) the involution of g corresponding to
the symmetric subgroup wHw~!. Take a maximal A € ®, such that (wep)? #0
and suppose that A # A,. Then by Lemma 4.1 there exist « € X and X € g,
such that X(wzp)? #£0. Since X + 0,,(X) belongs to the Lie algebra of wHw™!,

X+ 0(X))(wp) = 0.

Therefore there exists p € @, such that (wep)* # 0 and A + @ = p + a”*. Since
ow(a) = —a for all a € a, we have a°” = —a. Therefore ;= A + 2a¢ > A, which
contradicts the choice of A.

Now we prove the general case. Given a \,-connected I C A,, there exists
wg € W, such that the weight A\, o Ad(wy) has support equal to / ([GJT, Lemma
B.8]). Then by the above case

wowep) A = (wowep) ™ #0,
This proves the lemma. O

4.1. Symmetric subgroup as a stabilizer.

PropOSITION 4.3. The map G/H — V given by gH +— guw, for all g € G, is
proper. In particular, the orbit Gy is closed.

Proof. Take any w € WW. By Lemma 4.2, (wz)™ # 0. Since the representation
is almost faithful,

A, = Z Mo,

€A,

where m, > 0 for all a. Therefore the map

a — exp (@) (wwy) = Z D (wip)?
AED,

from a* to V is proper. Now, since G = Kexp (a*)WH, the map g — gup is
proper. O

PRrROPOSITION 4.4. H is a subgroup of finite index in Stabg (1p).
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Proof. Let L = Stabg (). Then H C L, and by Proposition 4.3 L/H is
compact. Therefore, since H is reductive and L is a real almost algebraic subgroup
of G, we conclude that the unipotent radical of L is trivial. Hence L is reductive.
Let [ denote the Lie subalgebra of g associated to L, and [+ = {X € g: (X, [) =
0}. Since [ is reductive, the Killing form of g restricted to [ is nondegenerate.
Therefore we get

(4.5) L) crt and g=(@It.
Since H is a symmetric subgroup and H C L, we note that

(4.6) bt ={0}, (61,611 Ch, [6,h] Cbh, and [h,h1] C bt
Put m = h N . Then

[(H,ml ¢ (b ptinpt 0 c it ptinnt, nchnit = {o},
[h,m] C [h,b-1N[h, 0 ChENl=m,
[m,m] C [h=, b1 Ch.

We put m; = [m, m] & m. Then m; is stable under ad(h), ad ((+), and ad (m).
Since hJ- = m+ [+, we conclude that m; is an ideal in G. Since m; C I, we have
that m; - zp = 0. Hence

my - Xep CX-my - oo+ [m,X]-p={0}, VXeg.

Therefore, since g acts irreducibly on W, m; acts trivially on W. Since G acts
almost faithfully on W, we get m; = {0}, and hence [ = h. Now the conclusion
of the proposition follows because L/H is compact. O

Using Proposition 4.3 and the proof of Proposition 4.4 it is straightforward
to deduce the following:

COROLLARY 4.7. Suppose that G acts linearly and almost faithfully on a finite
dimensional vector space E over K = R or C. Suppose that there exists 0 # wy € E
such that Hwy = wo and K-span (Gwy) = E. Then the map gH — gv from G/H to
E is proper. Moreover H is a subgroup of finite index in Stabg (wo).

Let S(W) denote the unit sphere in W, and 7: W \ {0} — S(W) denote the
radial projection.

PrROPOSITION 4.8. The map 7: V — w(V) is a homeomorphism.

Proof. To verify that the map 7 is bijective, we suppose that g1y = Agatp
for some g1, € G and A # +1. Then it follows that for some g € G and
Ae(—1,1), gugp = Aey. Therefore g"vy — 0 as n — oo, which contradicts the
conclusion of Proposition 4.3 that Gy is closed.
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It is clear that the map is continuous and G-equivariant. Since the orbits of G
in the projective space of W are locally closed, it follows that 7(G - ¢p) is locally
compact. Hence, the map 7 is a homeomorphism. O

4.2. Satake Boundary. We define the Satake boundary V° of V to be
the set of the limit points of the sequences 7(v,), v, € V, v, — oo. Note that
identifying G/H with w(V), the space m(V) U V™ gives a compactification of
G/H similar to the Satake compactification of the Riemannian symmetric space
of G constructed in [Sa].

We use notations from Section 3. For J C A,, let a; = ker (J), o’ its orthog-
onal complement, and

4.9) o/t ={aca’: a(@)>0 forall acJ}.

The set J is the system of simple roots on a’, and its Weyl group W, can be

identified with the subgroup of W, that acts trivially on a;. We choose a set W’

of representatives of the double cosets W;\W, /W, 4. In particular, W = wh,
For J C A, and w € W, we set

k€K, acat,
V}’;’V =< limw(kexp (a)wtp): ala) — oo for a € A, \ J,
a(a) is bounded for o € J.

The main result of this section is the following theorem, which gives an
explicit combinatorial description of the decomposition of V°° into G-orbits.
Define

_ 0
OJ,W = U VJ,W]W‘
wiEWy

THEOREM 4.10. The decomposition of V°° into G-orbits is given by

Ve ={J O
Lw

where the union is taken over all )\ -connected subsets | C Ay and w € Wi,
Moreover,

4.11) Or = T(G(wp)')

and

4.12) Oll,Wl N OIZ»WZ =0 for I #12.
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We shall prove this theorem through a series of auxiliary results.

PROPOSITION 4.13. LetJ C Ay, w € W, and I C J be the largest \,-connected
subset. Then

Vo, = (K exp (a" M) (wep)') = m(K exp (a/ ) (wep))) = V7.

Proof. Recall that V7{ is the set of limit points of the sequences
m(k exp (a,)wtp) where k € K and {a,} C a* such that a(a,) — oo for a € A, \J
and af(a,) is bounded for o € J. Passing to a subsequence, we may assume
that there exists @ € a’* such that a(a,) — a(a) for every o € I. Then for
A=A - ZQGAU na(MNa € @,

> na(Maday) —

aeAa'

Yaea, ta(Nala) if supp(X) C 1,
+00 if supp(\) € J.

Note that by Proposition 3.13, supp(A) C J iff supp(N) C I. By Lemma 4.2,
(wep)! # 0. Therefore

A supp (N CI Q€A

m(exp(awen) = 7| > exp(AMan)(w - m)A)
€D,
= Z exp ( Z na()\)a(an)) (WLO))\)
AED, a€As
a3 exp (— > na(A)a(ao) (wvb)A)

= m(exp(a)(ww)).

This shows that V7], C m(K exp (a’")(wzp)!). On the other hand, given a € alt,
one can find a sequence {a,} C a* such that a(a,) = a(a) for a € I, afay) is
bounded for « € J\ I, and a(a,) — +oo for a € A, \ J. This completes the proof
of the first equality.

By Proposition 3.13, (wzp)’ = (wzp), and using that o/ C a; + a*, we
deduce that

exp (@’ H(wwp)! € R - exp (al H(wep)..

This implies the second equality.
The third equality is a consequence of the first two equalities. O
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Using the same argument as in the proof Proposition 4.13, we also deduce:

PROPOSITION 4.14. For everyw € W and J C A,,

Vi = U Vi
A -connected I C J

Note that Proposition 4.14 implies that the orbit O;,, is open iff I C A, is a
maximal \,-connected set. In this case, |I| = |A,| — 1.

4.3. Notation and basic facts. For g € G let ¢, denote the inner conjugation
by g. For w € W, we define the involutive automorphism ¢, := ¢,, o 0 o ¢}, !
Since 6(w) = w, and o and # commute, we have that 6 and o,, also commute. Let

(4.15) bo:={Xeb: o(X)=X}=bNnh=bna'.

Since Adw(a) = a and Adw(b) = b, and Adw preserves the Killing form, we
have Adw(bg) = bg. Therefore

(4.16) o,(b)=b, bp={X € b: 0,(X) =X}, a={X € b: 0,,(X) = —X}.

Parabolic subalgebra p; and and a decomposition of its Levi subalgebra.
Let J C A,. Since o,,(a) = —« for all a € XZ,, we have that ,,(ay) = a;. Since
o, preserves the Killing form on g, we have that o,,(a’) = a’. Let 34(a;) denote
the centralizer of a; in g. Let

@4.17) £, ={BE€Z%s: B=) nao,nqg €Z} and XEj=3%,NZ}.

aelJ
Define
(4.18) ny:= > g and
BETE\Z,

which is a parabolic subalgebra of g. We define

4.19) mo = [go,gol, where go = 34(a) as before,
(4.20) my; = Y g_p+lg-p 93] +0p.

Bex:
Then

[3g(a), 3g(ar)] = mo +my.
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Note that [mg, m;] = m; and [m;, m;] C my. Since [34(ay), 34(a,y)] is semisimple,
its ideal m; is semisimple.

Since my is semisimple for the ideal
(4.21) my, = {x € mp: xW* =0},
there exists an ideal m. such that
4.22) mp =m, b my,.
Also, there exist ideals m! and m{\ll of m. and m,, respectively, such that
me +my :mi @&my; and my, +my :mf\b © my.

By Remark 3.5, by = span{b;: §e Ao} C my. Since my C g is semisimple,
we have a N'mg = {0}. Therefore

(4.23) bp=mgpNb.

Since o0,,(gg) = g—g, we conclude that m; is o,-invariant. Similarly, m; is
f-invariant. Therefore

my = (ENmy) S pN(Adw)gnmy) S (Adw)h N my).
Note that a is a maximal abelian subalgebra of p N (Adw)q. Next we show that
(4.24) anmy =da.

For each § € J, let ag € a be such that (ag, a) = B(a) for all a € a. Then
{ag : B € J} is a basis of a’. Hence by Remark 3.9 and (4.20), we have a/ C m;.
For any 8 € X7, if Y4 € g4, and X € a, then

(X, [Y_,Y.]) = (X, Y_], Y.) = —BX) (Y_, ¥,) = 0.

Therefore, by (4.20), (a N my) L ay; that is, aNmy; C a’. This justifies (4.24).
Note that center of 34(ay) is contained in the center of 34(b), which in turn
is contained in ¢ = (¢ MN¢c)+b. As b =a+ by, for ¢; := Center(34(a,;)) NE,

(4.25) @) =g+b+mo+my=c;Gaydm @m ®&my.

Let P; denote the parabolic subgroup of G associated to p;. Let M; and
N; denote the analytic subgroups of P; associated to the subalgebras m; and
ny, respectively. In the course of the above discussion, we have also proved the
following:
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PROPOSITION 4.26. Let J C A, and w € W. Then the semisimple group My is
invariant under 0 and o, and o’ is a Cartan subalgebra of M; for the pair (0, c,,).

Note that a’ has the system of simple roots J with the Weyl group W, and
we have the decomposition

4.27) M; = (M; N K)exp (& Wi (wHw™ ! 0 M)).

LemMmA 4.28. Let J C A,. Then the following assertions hold:
Q) W' ={veW: av=\(a)v, Va € a;}.

(i) Zg(Ay) - W/ c W,

(iii) (Zg(Ay) N wHw™ Y(wap) = (wep)’ for any w € W.

(iv) Ny acts trivially on W”.

Proof. If A\ € ®, such that suppA C J and a € ay, then by definition of
supp A, we have that A(a) = A\, (a). Therefore av = A\, (a)v for all v € WA,

Since an open subset of a; is contained in the boundary of a*, there exits
X € ay such that a(X) > O for all @« € A, \ J. Therefore if A € ®, such
that supp A ¢ J, then A(X) < A, (X). Therefore (i) follows from the above two
observations and the definition of W.

Since the centralizer preserves the isotypical components, we obtain (ii).

Let X € a; be as above. Then

(4.29) lim e~ M® exp ((X)(wep) = (wep)’.

Since Zg(Ay) N wHw™! fixes wep, it acts trivially on the R-span of A;(wp),
which contains (wzp)’ by (4.29). Therefore (iii) holds.

Let A € @, be such that supp A C J; that is, A = A\, — > c;na, where all
ne > 0. Suppose that v = 3, mqa, where all mg > 0, is such that A+ € @,.
Since A, is the highest weight in ®,, we have

A — (A +7y) €XE.

Then m, = 0 for all « € A, \ J; that is, v € ZJ. This shows that if v € Z} \ X,
then

g, W c WM =o.
Therefore n;W’ = 0. Thus (iv) holds. |
ProposITION 4.30. 3, := 34(ay) acts irreducibly on w.

Proof. With notation as in the proof of Lemma 4.1, we have Up(m)WH =0
and Up(n" )W C W’. This easily implies that gg acts irreducibly on WA
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Since n = (my; Nn) +ny, and ny - W/ =0, it follows from Lemma 4.1
(4.31) WA ={ve W (mynnv=0}.

Since 3; is reductive, W is a direct sum of irreducible 3;-modules, and each of
them admits a nonzero subspace which is annihilated by m;Mn (Engel’s theorem).
Hence by (4.31) each of the 3;-submodules contains a nonzero subspace of W
which in turn is invariant under go C 3. Since go acts irreducibly on W™, we
conclude that 3; acts irreducibly on W”. O

LEMMA 4.32. m. C €N 34(b).

Proof. Let Wy be maximal noncompact ideal of my. It follows from [Sc,
Lemma 7.1.4] that 9 C (Adw)(h). Hence, by Lemma 4.28(iii), g C my,.
Since by Remark 3.5, by = span{b;: 5e Ao} C 1ip, we deduce that m. C 34(b).
This implies the lemma. O

Definition 4.33. For a \,-connected I of A,, let I’ = (I U {\,})* N A,; that
is, the set of roots in A, which are orthogonal to A\, and all roots in /. We define

JI):=IUTr.

We note the following:

(1) J(I) uniquely determines /, as [ is the maximal A ,-connected subset of
J{).

(2) If 8,7 € ZF and B L ~, then 5+~ ¢ Zf. Therefore [m;, m;] = 0, and
hence My = MMy is an almost direct product. Also X =Z; UXp.

(3) W =w!,

ProposITION 4.34. Let I and J = J(I) be as above. Then
(mf\b +m)W =0 and cw=A(c)w, Veec, we W
The Lie algebra m!. & m; acts irreducibly and faithfully on W! over K.

Proof. By the definition of I’ and Proposition 3.13, for any v € X, and
A € ®, with supp A C I, we have A+ & ®,. Therefore, mpW’ = 0. Since mﬁ\b
is a semisimple ideal in 34(ay), by Proposition 4.30 and (4.21), we conclude that
mf\LW’ = 0. By Proposition 4.30 and (4.25), ¢; @ m! ® m; acts irreducibly on
WY over K. If K = R then Wt N W is a one-dimensional ¢;-invariant subspace.
Since exp (¢;) C K, we conclude that ¢ J(W(éL N W) = 0. Hence, by irreducibility,
¢;W’ = 0. Suppose if K = C, then ¢; being central in ¢; @ m! @ m;, by the
irreducibility we conclude that ¢; acts via K-scalars on W”. This proves the first
claim.
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It follows from above that mﬂ @ m; act irreducibly on W’ over K. Since
mo Nmy C my,, we have that m! = m!. This proves irreducibility.

By (4.21) and (4.22), m! acts faithfully on W>:, and hence on W!. We observe
that any nonzero ideal of m; contains a" for some () # I C Isuchthatl; L (I\I).
Since I is \,-connected, I; is \,-connected, and hence a! ¢ ker(A,). But then
allggt = M\, (al)egt #0. Thus, m; acts faithfully on W', O

PRroPOSITION 4.35. For a \,-connected subset I of A, and w € W, we have
T(Gwip)") = m(K exp (" HYWWi(wep)) = m(K exp (a"HWwep))).
Proof. By the Iwasawa decomposition we have
G = KP; = K exp (34(a))N;.
Now N; acts trivially on W/, Therefore, in view of Proposition 4.34,
m(Gww)') = m(KMi(wu)").

Now the first equality follows from Lemma 4.28(iii), and (4.27).

Since the weight spaces W*, A € ®,, are orthogonal with respect to a K-
invariant scalar product, and by Lemma 4.28, W; C M; N K preserves Wl it
follows that WV, preserves the orthogonal complement of W/, and hence

w- ol =) forallwe W, and v e W.
This justifies the second equality in the proposition. O

4.4. Disjointness of the G-orbits in the boundary and stabilizers of (wqup)'.

LeEMMA 4.36. Let I be a \,-connected subset of A, and let J = J(I). Then
Stabg (W') := {g € G: gW =W} = P;.

Proof. Let Q = Stabg (W'). It follows from Lemma 4.28 that Q O P;. Hence,
Q = Ps with J C S C A,. Since 35 := 34(as) C Ps, we have 3sW/ = W/, By
Proposition 4.30 35 acts irreducibly on W3, Therefore W/ = W5, Since I is \,-
connected, by Proposition 3.13 [ is the maximal A, -connected component of S.
Hence by Definition 4.33 S C J(I). Hence J = S. O

Let I be a \,-connected subset of A,, J = J(), and wy € WW. We consider
the group L = {g € G: gwowp) = (wowp)'} with the Lie algebra [ = {X €
g: X(worp)! = 0}. Note that a; normalizes [, because a; C a7, and by Lemma 4.28
(wotp)! is an eigenvector for each element of a;. Moreover by Lemma 4.28, we
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have n; C [. Therefore

(4.37) [=n;+1N3g@)+IN Y gg
BETE\Z,

By (4.25) and Proposition 4.34
(4.38) [N 3g(ay) = (cgNkerA,) @ (ajNkerA,) © mf\L e my B ((mi. @ my) N D).
PROPOSITION 4.39. We have
(ml ®my) N=ml ®my)N(Adwe)h = (ml N (Adwo)h) ® (m; N (Adwo)h).
In particular, the orthogonal projection of | on ol is trivial.
Proof. By Proposition 4.26, applied to I in place of J and wy in place of
W, Brw, = (mg + my) N Adwg(h) is a symmetric subalgebra of m{, + my. By
Lemma 4.28(iii), f)l,wo(Wobt))I = 0. Let Mi denote the analytic subgroup of G
associated to m.. Due to Proposition 4.34, we can apply Corollary 4.7 to M/M;
in place of G, and W! in place of E, to obtain the first equality. The second
equality holds because m’ and m; are invariant under o. The last conclusion
follows from Proposition 4.26 because a/ is orthogonal to Ad wo(h). O

PropPOSITION 4.40. [ C py.

Proof. Suppose that [ ¢ p;. Then by (4.37) there exists € T2 \ Z;, 3 € =¥
with 3|, = 3, and 0 # X € [ such that

X=X 3+Y where 0 #X_B €g_pb)and Y € Zﬁez\{o}: Fla,=0 8 fay-
Replacing X by a scalar multiple from the beginning, without loss of generality

we may assume that B(X_B,X_g) =1 (see (3.3)). Since —H(XB) € gg(b) C gg
C I, we have [ — H(X_B),X] = bg +Z € [, where

bg=[—0(X_p).X_gl€b and Z=[—-0X_p.YIe Y  gs5(b)N3e(a).
yeX\{0}

Therefore bg +Z € INpy and its projection on b equals bg. By (4.37), (4.38) and
Proposition 4.39,

bg € bo + (a; Nker A\,).
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If a; is the projection of bs on a, then
ag € arn ker \,.

Since by L a, by Remark 3.5, for all a € a,
(a.ag) = (a, bs) = Bla) = Bla.

Therefore, 5 L (IU{\,}). Using that scalar products of simple roots are nonpos-
itive, we deduce that 3 € (I’) C ;, which is a contradiction. O

From (4.37), (4.38), Proposition 4.39 and Proposition 4.40 we deduce the
following:

COROLLARY 4.41. We have

[ = (¢yNkerA,) @ (ayNker\,) ®@m} & my & (m! N Adwo(h))
@ (m; N Adwo(h)) © ny.

In particular,
Unipotent Radical (L) =N; and L C Py.
Proof of Theorem 4.10. Consider a divergent sequence
Uy = kpexp (a,)wptp € V.

where k, € K, a, € a*, w, € W. After passing to a subsequence if necessary,
we can assume that k, — k € K, w, =w € VW, and that there exists / C A, such
that «(a,) is bounded for « € J and a(a,) — oo for a € A, \ J. Then the limit
points of the sequence ¢, are in V7. This proves that

o0 _ 0
ve= ) V.
JCA; weW

Moreover, by Proposition 4.13, it suffices to take the union over A, -connected
subsets only. Then (4.11) follows from Proposition 4.35.

By Corollary 4.41 the unipotent radical of the stabilizer of gi(w;wp)li is
g,-NJigfl. Therefore if the G-orbits of (w;zp)/i are same, then glelgfl =
gzNJZgz_l. Since Pji = NG(NJi), we have glelgl_l = gQPJZgQ_I. Hence J1 =0
and I} = I,. Thus (4.12) follows. O

Note that Theorem 1.22 follows from Theorem 4.10, Proposition 4.13 and
Proposition 4.14.
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Recall that for Q C S(W), we have defined
Oq = {I C A,: Iis \,-connected and QN V;° # (0}.

We denote by @8"‘ the set of minimal elements in ®q with respect to inclusion.

COROLLARY 4.42. (Tube lemma) For any compact set  C S(W), there exists
a collection {U;y C o/*: J € @3} of compact sets such that

QNVye C Ujeggin m(Kexp(Uy + a}')(WU())I) forevery I C A,.

Proof. Suppose that the corollary fails. Then for any choice of compact sets
Uy, there exists v = w(kexp (@)(wwp))) € Q with k € K, we W, anda € a*, a ¢
Uj+aj for every J € @8“‘. Therefore, there exists v, = 7(k, exp (a,)(wWntp))) € Q
with k, € K, a, € a*, w, € W such that for every J € onin n(a,) — oo for
at least one « in J. Passing to a subsequence, we may assume that for some
I C Ay, ala,) — o0 if @ € A, \ I and a(a,) is bounded if a € I. Then by
Proposition 4.13, the limit points of the sequence {z,} are in V3, . wo € W,
where [ is the largest \,-connected subset of I . Then QN VI‘;O Z () and Iy € Oq.
On the other hand, Iy 2 J for every J € ©F™". This gives a contradiction and
proves the corollary. O

5. Invariant measures at infinity. In the previous section, we have shown
that

Ve = | ] Ve
A,~connected I C A,

where

RY- V= (| Gww)'.
wew

In this section we describe an algebraic condition on / so that V/° admits a G-
invariant measure, and give a formula for the measure. We also provide a natural
class of I for which the condition holds. The results of this section are obtained
mainly for the the sake of more complete description of the boundary. They are
not essential for the proofs of the main results stated in the introduction.

THEOREM 5.1. Let I be a A -connected subset of A,. Then for any wy € W,
there exists a G-invariant measure on G(wywp)! if and only if

(5.2) ay Nkerp =ayNker\,

where J = J(I) is as in Definition 4.33.
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If (5.2) hold, then the G-invariant measure on G(wotp), say Ve, IS given by
(up to a constant multiple)

(5.3) /fdyl,wo

w
- / dk / da / >~ f (kexp @+ bywiworn)' ) si(@e*® db
K

acal+  beay/ajnker A, weW;

for all f € C.(G(woup)'), where dk, da and db denote the Haar integrals on K, ol
and ay/a; Nker p, respectively, and

(5.4) &(a) = [ (sinh(@)*(cosha(a))=,Va € o

"
a€X;

Proof. Let wo € W. Since G admits no nontrivial positive real characters,
there exists a G-invariant measure on G-(wotp)! ifand only if L := Stabg (wozp)!)
is unimodular. By Corollary 4.41, N; is the unipotent radical of L. Therefore L
is unimodular if and only if |det(Ad g\w)] = 1 for all g € L, if and only if
tr(ad (x)[y,) =0 for all x € [.

Note that ¢; C ¢, and m] & m{ @ my is semisimple. Also each of them
normalizes n;. Therefore

tr((adx)|nj):0 for allxec]+mi+m§”+mj.
Therefore by Corollary 4.41, L is unimodular if and only if

(5.5) 2pb)= S tr(ad(b)lg,) =0, VbEasnkerh,
a€ZF\({J)

This equation is equivalent to ker A\,Na; C ker pNay. If a; # {0}, then a; ¢ ker p,
and hence ker pNay is of codimension 1 in a;. Also ker A\, Nay is of codimension
at most one in a;. Therefore (5.5) is equivalent to (5.2). This proves the first part
of the theorem.

Now to obtain the formula for the Haar integral on G, we suppose that
(5.2) holds. In view of (4.18) and (4.25), let M; be the closed subgroup of P,
associated to the Lie subalgebra ¢ ]+mi +m§\L +my such that P; = M;A;N;, where
ZG(Ay) = MjA; is a direct product. A right Haar integral on P; can be given by

- 2p(6)
65.6) f /MJ dm /a] db /Njf(m exp (b)n)e dn, Yf e C.(Py),

where dm and dn denote Haar integrals on M; and Ny, respectively, and db
denotes the Lebesgue integral on a;.
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Note that

(5.7) My =K NPHMY = (K N PHMI M,

where M{\L is the analytic subgroup of G associated to the subalgebra mf\b. By
Corollary 4.41,

(5.8) (M4, M)/ (M3, My) N L= M;/M; 0 woHwy .

By (4.27) and (3.7) a left invariant integral on M;/M; N onwg1 is given by

(5.9) f— / dk / > flkaw(M; N woHwy ))61(a) da,
KnMp  geal+ weW;

where f € C.(M;/M; N woHw,, 1), and dk denotes a Haar integral on K N M.
Combining (5.6), (5.7), (5.8), and (5.9) we obtain that for all f € C.(Py),

(5.10) [ /dk / da / db

KNP acal+  beaj/ajnker A, weWy

x / Flkexp (b) exp @whbi(a) exp 2p(b)) d,
L

defines a right Haar integral, say dp, on P;, were dk and dl denote Haar integrals
on K N Py and L, respectively.
Note that a Haar integral on G is given by

5.11) = /K dk /P FUpydp, f € CuG),
J

where dk denotes a Haar integral on K. Combining (5.10) and (5.11), and the fact
that L is the stabilizer of (zopwp) in G, we obtain that the formula (5.3) indeed
gives a G-invariant measure on G(wozp)'. O

It turns out that the sets /,(/) satisfy the condition of the above theorem; see
(1.16) for the definition. To show this we need the following:

PrROPOSITION 5.12. If I C A, is A\ -connected, then I,(I) is \,-connected. In
fact, any J C A, containing 1,(I) is A\, -connected.

Proof. Let Iy D I be the largest \,-connected subset of J, and let S = J \ I.
Then S C (Ip U {)\,})*. Therefore a® C ar, Nker A,. Note that a;, = a; © ap,\s-
Now given a € a>*, we write a = x +y with x € da,\s and y € a;. Then for any
a € § C J we have a(a) > 0 by (4.9), and a(y) = 0, and hence a(x) > 0. And
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for any 3 € A, \ S, we have (5(x) = 0. Therefore x € a*; in other words,
>t C (aa,\s Na®) +ay.
Therefore, since I C Ip C A, \ S and I,(I) C J, we get
(5.13) oSt C (arNa’) +ag .
By the definition of /,(/) as in (1.16), exists C = a,(I) > 0 such that

(5.14) p(x) < CA\(x), Vx€ana, and
(5.15) p(y)

CA(y), Vyea,w.
Combining (5.13), (5.14), (5.15), and since a® C ker \,, we conclude that
(5.16) pla) < Ch(a)=0 VYaeast.

Since § L Iy, we have Xj = X} U X§ (cf. Definition 4.33). Therefore given
a € a>* C ay,, we have

(5.17) 2p(a) = tr(ad (@)|n)) + Y _ tr(ad(a)lg,)-

€z
Recall that a¥ € mg C my, my is semisimple, and [my, n;] C n;. Therefore
tr(ad(a)|n,) = 0.
Note that
(5.18) tr(ad (a)|ge) = (dimgo)o(a) > 0, Vo € Z.

Now by (5.17), we get p(a) > 0. Therefore (5.16), we get p(a) = 0. Hence by
(5.18),

(5.19) (dimgy)ala) =0, VYo €S, Va € a5,

Now if S # (), then for any a € S: we have dimg, > I; and since a’ 1 ag, we
have a(a) # 0 for any 0 # a € aS. This contradicts (5.19). Hence S = (); that is,
J is \,-connected. O

COROLLARY 5.20. Let I C A, be \,-connected. Then for any wog € W, the
orbit Gwow)™D admits a G-invariant measure, say VI,(hwo» SUCh that for any
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f € C(Gworp)" D),

520 [ Fdnaw=[de [ 3 skexp@wonon) 0@ da.

K aéct WL

where

(5.22) &a(@ = br,ay(@ exp (tr(adaly, ;)
(5.23) et = {ae€a/a,pNker\;: a(a) >0, Va € I,(I)},

and da denotes the Lebesgue integral on e*.

Proof. By Proposition 5.12 J(I,(I)) = I,(I). By (5.15) for any y € arq),
p(y) = 0 if and only if \,(y) = 0. Therefore by Theorem 5.1, G(wgzp)"*" admits
a G-invariant measure.

Put € = q;,(;) Nker A,. Then the map a AN a1/ € — a/€, given by

(@,b+€) — (@+b)+€, Vaed P Vbea,,

is an isomorphism. Note that 67,y (b) = 1 and tr(ad a|n1L(1>) = 0. Therefore &,
is well defined on a/&. Moreover (a + b) + € € ¢* if and only if a € ae@+,
Therefore (5.21) follows from (5.3). O

6. Volume asymptotics. In this section we derive some formulas for the
volume asymptotics (see also [GW] and [M] for a similar computation).

6.1. Basic asymptotic formula. Consider a space a ~ R” and a map

k
¢o:a—W: a— Z Dy,
i=1

where W is a finite-dimensional vector space, wi,...,w; € W are linearly inde-
pendent vectors, and Aq, ..., \; are (additive) characters.
Fix a basis A of the dual space a* and set

a"={a€a afa) >0 foraecA}l
We assume that
(1) A\ =) qeamao with my, > 0.
(2) A\; < A\ for all i, thatis, \{ — \; € ZaeA m; o QL. with Mo > 0.
Let

supp(\) = {av € At m; o, > 0}
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For

X = talX)a € a,

acA

we set

ay = max{va(X): o€ A}, I, = {a cA: Ya(X) < ax}, by =#A —1I,).

Mg, ey

Define ker I, := Nqey, ker . Then

x(a)
Aita) = Ai(a), Vi supp); C 1, Va € kerl,,

ay - A\(a), Va € kerl,,

0o = kery Nkerl, =ker\;Nkerl,, Vi: supp\; CI,.

Therefore we can define

ot = {a € a/vp: ala) >0, Va e},
v@ = Yy N, Vaeca/dy, and
it supp \;CIy
L(f) = [ f@@e@da, of e com)

where da denotes the Lebesgue measure on a/9g.
The main result of this subsection is the following theorem:

THEOREM 6.1. For x € a* and f € C.(W),

where
ky = Vol (a* Nker (Z,) N {A\; =1}).
We start the proof with a lemma:

LEMMA 6.2. (a) For T > 0, let af := {a € a*: M@ < T}. Then

/ X9 da < T (log T)’x 1.
a

+
T
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(b) For \; such that supp \; € I,, and T, 6 > 0, set
ar(i, 6) = {a € af: M@ > 6T},
Then for some constant Cs > 1 depending on 0,

/ XD dag < CsT(log T)Px 2.
a}(z’,é)

Proof. To prove (a), we use induction on |I,|. If I, = (), then x = a, - \; and

-
/ XV da = / Vol (a* N {\ = sPe™" ds
acat: A\(a)<t 0
= / (cs" e ds = O(7"Le™T).
0

Let o € I, and b* = a* Nker (o). Then by the inductive assumption,

T/me
/ XD gy = / o005 < / XO) db) s
aca*: A\(@)<t 0 beb*: \i(b)<T—mqs

T /Mo
< / eua(x)S(T_mas)bxfleaX(Tfmas) dS<<€aXTTbX71,
0

where C > 1 is a constant. This proves (a).
To prove (b), we write A\i = A1 — > cquppry) Mia@ With m;q > 0. For
a € ay(i, 8), we have

Z m; qo(a) < —logé.
aEsupp \;

Setting ¢ = ker (supp \;) and ¢ = aj N ¢, we get

/ X9 da < Cg / X de,
a}(i,é) ot

T

for some constant Cs > 1 depending on ¢. Since supp \; € I, by, < by — 1,
and (b) follows from (a). O

Proof of Theorem 6.1. There exists ¢ = ¢(f) > 0 such that if f(¢(a)/T) # 0

or f(1(a)/T) #0, then a € a};.
For 6 > 0, set

@)= |J  a}Go.

it supp (A\)Z Iy
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where a7.(i, §) is defined as in Lemma 6.2. By uniform continuity, for every € > 0,
there exists 6 > 0 such that for a € af; — al(9),

|f(¢(@)/T) = f(h(@)/T)]| <e.

Hence, by Lemma 6.2,

/ f(¢(@)/T)eX da — / FWh(@)/T)eX da

g/ E-eX(“)da+/
azT—aZT(é) at (.

cT

Qfll) - € da
)
= Of(E . Tax( lOg T)bx—l) + Of,6(TaX ( log T)[;X_Q)'
This shows that
/ f(¢(@)/T)eX' da = / F(p(a)/T)eX'D da + o(T* (log T)"x 1.
a* at
Let
st =a*Nker(l,) and t"=da" Nker(A—1I,).

There exists ¢ = ¢(f) > 0 such that if f(10(¢)e") 0 for some ¢ € t* and u € R,
then eM® < ce ™ and e* < ¢. Using that for some ¢ > 0,

Xler < (ay —€) - Aier,
we deduce that

(6.3) /t [ - Fap()e)eXOraxt |y dy dr

logc
< / du / e(ax —)A1()+ayu ’u ‘l dr
u=—

00 {rett: A\(H<logc—u}

log ¢
< / e““(logc — u) = |u|' du < oo

— 00

for every I € NU {0}. In particular, putting [ = 0 we get

Lp= [ sw@e@da= [ " gwwene s i< .

t —
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Therefore applying (6.3), we conclude that as T — oo,
[ sw@me@da= [ [ jwaen O me e ds
at tt Jst

= [ [ fwwet e et Nol s 0 A = uhydud
ttJO

o
/ / F@p(n)e")yeXHaxuTax . g (u+log TYx ! dudt
ttJ—logT

Ly(f)- T (log D~ +o(T* - (log T 7).
This completes the proof. -

6.2. Volume of symmetric space. Let G be a connected noncompact semi-
simple Lie group with finite center, H its symmetric subgroup, and t: G —
GL (W) be an almost faithful irreducible over R representation. We assume that
H = Stabg (1) for some ¢y € W. We use notation from Section 3. In particular,
w denotes an invariant measure on G/H and

= Z mea € a*, my € QF,

aEAs
is the highest weight of ¢. Let a,, b,, I, be defined as in (1.10).

THEOREM 6.4. For every f € C.(W),

(6.5) ILOOW/ f(gbo/T)du(g)—/fduL,

where v, is a locally finite G-invariant measure on W concentrated on R* - V3,
Moreover when considered as a measure on R* - V,‘zo, v, is a linear combination
of measures vy, ,,, w € Wh, given in (5.21).

Proof. For v € W, set
®,(v) = {\ € D,: ) #0}.
By (3.7),
(6.6) / F(gw/T)dp(g)

/ f(kexp (@wwy/T)E(a) da dk

wew at

/ > / ( A(“)(wu))*/T) £(a) da dk,
at AED, (wip)

wew
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where

(6.7) &@ =[] (sinha(@)=(cosha(@)'s =Y t,exX®

acXt XEE
for some #, #0 and Z C a*. Let a,, b,, and I, be as defined in (1.10). Let
/

" /

[1]
(8

={x€& ay=a,by=b} and Z'=E-Z
Note that for x € E”, we have a,, < a, = a, and if a, = a,, then by, < b, = by,
and I, D I, = I,

Since by Lemma 4.2, \, € ®,(wep), the assumptions of Section 6.1 are
satisfied and applying Theorem 6.1 together with the dominated convergence

theorem, we deduce that (6.5) holds with the measure v, given by the formula

(6.8) /W fdv, =k, /K W%:V /D f (kexp (a)(wz/b)lb> ¢ (a) da dk

where

(6.9) 0" = {a € a/(ker(I,) Nker(p)): a(a) >0, a €L},
&.(a) = Z tXeX(“).

XEE!

Note that by Theorem 6.1 the limit in (6.5) is finite (i.e., v, is locally finite).
Also, it is clear from (6.5) that v, is G-invariant and homogeneous of degree a,.
It follows from Proposition 4.35 that

Gwep)" = K exp @)Wy, (wwp)'* = R* - K exp (al“ YW, (wep).

Note that
Vi® = Unew m(Gwen)™) = Uy, m(Glwip)").

Since for x € Z, we have

/

x €E  ifand only if x €2p+ (1),
it follows that the formula for (6.9) for ;, is same as the formula (5.22) of
Corollary 5.20 for I, = 1,((). Note that each G-orbit G(wzp)" is a closed subset of
R*-Vp© and hence f € C.(R*-V;°) implies the restriction of f to G(wwp)" belongs
to C.(G(wtp)'*). Hence (6.8) is in agreement with (5.21) for f € C.(R* - Vi)
This shows that v,, considered as a measure on R* - V}io, is a linear com-
bination of the measures v ,, w € wh, given in (5.21). It follows that v, is
concentrated on R* - Vpe. O
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We can easily deduce the following volume asymptotic of balls from the
above theorem:

CorOLLARY 6.10. For any norm || - || on W,
Vol({v € V: ||lv]| < T} ~c-T*(logT)* asT — oo,
where Vol denotes a G-invariant measure on 'V and ¢ > 0.

Remark 6.11. Theorem 6.4 holds for a representation ¢ which is not irre-
ducible. Let

P={aca" Na)< LAe®},
a, = max{2p(a): a € P},
b, =dimPN{2p=a,}.

Then for every f € C.(W),

. 1
I e o TP g ST = [ e

where v, is a G-invariant measure concentrated on a union of finitely many G-
orbits. To adapt the proof to this case, we decompose the polyhedron P into
a finite union of symplicial polyhedra P;. the asymptotics for the integral over
Kexp (P)WH can be computed from Theorem 6.1. Using the argument from
Section 7, we also get the asymptotics for integral points.

For f € C.(W\ {0}) with w(suppf) N V> # (), we define a,(f), b,(f), ©.(f)
as in (1.17) with Q = 7w(suppf). Similarly, we define ®; and Gm‘".

THEOREM 6.12. For every f € C.(W \ {0}) with w(suppf) N V> # 0,

(6.13)  lim Tm<f>(1ogT)b<f>1/ f(gw/THdu(g) = /fdl/@u»

where vg,(y) is a G-invariant measure on W which is concentrated on and locally
finite on

Ureo,(nR™ - V[°.

In particular, ve,(r)(suppf) < oo.

Proof. Define W = R* - (V) and S(W) := S(W) N W = m(W), where S(W)
and m: W — S(W) are defined as in (1.5). Since f € C.(W \ {0}), f| € Co(W).
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Hence it suffices to prove the theorem for f € C.(W). For I C A,, we set

o= U v

)\,, -connected J DI

It follows from Proposition 4.14 that O; is open in S(W). We take a partition of
unity ¢; € C(S(W)), I € @}m“, associated to the cover

w(suppf) C U Or.

min
16®f

It suffices to prove the theorem for the functions f;(v) = f(v)¢i(w(v)), I € @}mn.
Hence, we may assume that @}m“ = {I} for some \,-connected / C A,. Then

(@), b.(f) = (aD),b(])) and O,(f)={L(D}.
By Corollary 4.42, there exists a compact set U C a’** such that

m(suppf) N V® C | m(K exp (U +a)Wuw)),
Ie®f

m(suppf) N (V) C m(K exp (U + aj )Wuw).

Hence, as in (6.6), we have

/ f(guo/T)du(g)
G/H
=/ > fle > 9w /T | &a+u)dadudk.
K wew /U Jaj AED, (wep)

We apply Theorem 6.1 to the integral over a7 in place of a. For x =} ca_ tac,
we set

ay = max{&: aEAU\I},

Mg,

o~
Il

0,
{a e A\ It m—a < ay},

(0}

S
=
1l

#(As \ D\ Iy).

‘We write

£(a) = Z tXeX(“)

XEE
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for some f, #0 and Z C a*. Let

" /

[1]

E ={x €& ay=ay,by=by} and E'=Z-—
Note that for x € Z”, we have a,, < as, = a,(I) and if a, = ay,, then b, <
by, =b,(I) and I, D I, where I,UI = 1,(I). By Theorem 6.1 and the dominated
convergence theorem,

(6.14) liooTazp(logT)hm—l/ f(gw/T)du(g)

= K;/K Z /U/a+f kexp (u+ a)(Wf/b)IL(I)) &, y(u + a) dadu dk

- K/ Z /e kexp (a)(WT/U)IL(I)> &1,.ay(a) dadk

wew

where

(6.15) K = Vol (af Nker(I,) N {\, = 1}),
ot = {a € a;/(ker(,) Nker(p)): a(a) >0, a € by},
et = {a € a/(ker(I,(I)) Nker(p)): ala) >0, a €},
(@) = > e,

X€EE

Therefore (6.13) holds with the measure vg,(r) given by the formula

[ pave,,=n [ S [ 1 (kexp @) €@ dadk

wew

It is clear that vg, () is G-invariant and homogeneous of degree a,(f). Also,
it follows from Proposition 4.35 that

K exp (W, iy(wp) P = R* - K exp (a" D YWy, iy (wep) P

is a single G-orbit. It follows from Theorem 6.1 that vg,(y) is locally finite on
R* - VPl

Since x € Z' if and only if x € 2p + X, (), the formula (6.15) for &,y is
same as (5.22) in Corollary 5.20. Hence (5.21) agrees with (6.14). Since &,y # 0
on a set of full Lebesgue measure on 9%, the limit measure is strictly positive on
nonempty open subsets of GOV ). This shows that ve,(f) 1s concentrated on
R* - Ve, proving the theorem. O
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Remark 6.16. For any f € C.(W\{0}) and a \,-connected I C A, satisfying
the conditions of Theorem 5.1, if

(a.(),b.(f)) < (aD),b.(D) < (a,b),

with respect to the lexicographic order on the pairs, then by Theorem 6.12,

Tl—>ooTa(10gT)bl/ f(gw/T)dg=0= /deI,

where v is a G-invariant measure on W concentrated on R* - V7.

7. Distribution of integral points. Let G be a connected noncompact
semisimple Lie group with finite center, H a symmetric subgroup G, and ¢: G —
GL (W) an almost faithful irreducible over R representation of G such that for
some 1y € W, Stabg (1p) = H.

Let T" be an irreducible lattice in G such that H N T is a lattice in H. We
choose Haar measures dg dh, du on G, H, G/H respectively such that

[ ras= | y | femdnduts). £ € CG)

It is convenient to normalize the measures so that
Vol (G/T) = Vol (H/(HNT)) = 1.
The following result was proved in [EM] (see also [DRS]):

THEOREM 7.1. For every ¢ € C.(G/T),

/ ¢(Uh)dhﬁ/ ¢pdg asv— occinG/H.
H/(HAT) 6T

Remark 7.2. The condition that the lattice I" is irreducible in G can be re-
laxed. In fact, it suffices to assume that G = G| - - - G, for noncompact normal
subgroups G;’s such that I' N G; is an irreducible lattice in G; and G = G;H for
all i. If this is the case, then for v = g| --- g,H — oo, we have g; — oo for all i
and Theorem 7.1 holds (see [Sh, Corollary 1.2]).

For T > 0 and f € C.(W), define

(7.3) Fr(g)= > f(gyw/T). g€ G/T.
~el'/(TNH)
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ProPOSITION 7.4. Let ¢ € Co(G/T) such that [gyrddg = 1 and f €
Co(W \ {0}) with w(suppf) N V> # (). Then

1

where vg, () is as given by Theorem 6.12. Furthermore,
Jim [ e/ Tdute=00 = (Fr o)~ [ flgn/Trdp(g) as T—oc.
—JG/H G/H
Proof. We have

(Fr. ¢ / S flgven/T)é(g)dg = / g/ Tyoe) dg

U er/unr

= / f(gvo/T)(/ <z><gh>dh> du(g).
G/H H/HNT

By Theorem 7.1, for every € > 0, there exists a compact set D C G/H such
that

<e€

/ o(gh)ydh — 1
H/(HNT)

for g € G/H \ D. Then

75 |(Fr. 6 /f(gbb/T)du(g)

<e + (D) [fll oo Cllloo + 1-

[ few/Tdute)
G/H\D

The second part of the proposition now follows immediately. And the first part
of the proposition follows from Theorem 6.12. O

THEOREM 7.6. For every f € Co(W \ {0}) with w(suppf) N V> # 0,

1

lim > f('yvo/T)=/de® f)»
(D b (-1 .
T—oo Ta(f (logT) f eI/ TNH) 1%

where vg, () is as in Theorem 6.12.
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Proof. Without loss of generality, we may assume that f > 0. Given € > 0
there exists a compact symmetric neighborhood O; of e in G such that

|f(gv) —f(w)| <e Vg€ O, VveW,
We can assume that O, C O;. Define fEi € C.(W) by

(7.7)  fX(v):=maxf(g-v) and fZ(v)=minf(g-v), Yve W.
geos gEOs

For any T > 0, let Fr and F% be defined as in (7.3) corresponding to f and
£+, respectively. Then

15
F7(g) < Fr(e) < Fj(g), Vge O..

Hence, if ¢ € C.(G/T), with ¢ > 0, supp ¢ C O, and fG/r ¢dg = 1, then

(7.8) (Fr.e)< > fOyu/T)=Fr(e) < (Ff, ).

~€T/(TNH)

Since each R* - V7 is G-invariant, we have

(7.9) O.(f) = 0. D O.f)
(7.10) (@(f2),b.(f2)) = (a(f),b.(f) = (a(f), b(f))

In view of Remark 6.16, by Proposition 7.4, we get

(F7. 9)

. _ + X
(.10 P Tl (log TY-D1 - /Wf = doup

Combining (7.8) and (7.11) we conclude that

_ . Fr(e)
01 [ o dve,y < limind o
. Fr(e) +
(7.13) < h;n_ilip Tah(log TP (H— 1 < /Wfs dve,(f)-
By (7.7),

(714) /Wfai dV@L(f) — /Wde/@L(f) S £ - u@L(f)(suppf;) S g - y@L(ﬁ)(suppff).

By Theorem 6.12 and (7.9), V@L(fﬁ( suppfi) < oco. Since € > 0 can be chosen
arbitrarily small, (7.16) follows from (7.12) and (7.14). O
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Note that for any f € C.(W\{0}), we have (a,,b,) > (a,(f),b,(f)). Therefore
using Remark 6.16, from Theorem 7.6 and Theorem 6.4 we can deduce the
following.

THEOREM 7.15. For every f € C.(W),

1
16 Jim e S fGu/D= [ v,

— L bL_l
T—oo T%(logT) eL /)

where v, is as in Theorem 6.4.

Proof of Theorem 1.12. Let I' C G(Q) be an arithmetic subgroup that
preserves the integral structure on W(Z). Since G and H admit no nontrivial
Q-characters, by [BH], T" is an irreducible lattice in G, I' N H is a lattice in H,
and V(Z) is a union of finitely many orbits of I":

V(Z) =| JTgiw.
i=1

For any T > 0, consider a locally finite measure 77 on W defined by

mr(f) = > f@/T), feCuW).

. b—1
T (logT) veV(Z)

Then

() = o (logT),,L_lz > fOzin/T)

=l yer/(rngitg; ")

- T“‘(logT)bL—l Z Z f(givw/T).

veg; 'Tg;i/(g; ' TgiNH)

Note that g;I'g; C G(Q) is an arithmetic subgroup of G, and ( g,-Fgfl) NH is
a lattice in H. It follows from Theorem 7.15 that the limit

7= lim T
T—o00

exists in the weak™ topology, and 7 is the G-invariant measure concentrated on
GOV - w)" which is given by

(< Vol (H/(g; 'Tg; N H))
T= <Z Vol (G/T) ) Y

i=1

where v, is as in Theorem 6.4.
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Let ¢ € C(S(W)), ¢ > 0, and let 1) be the characteristic function of [1/2, 1).
Take ¢ > 1, close to 1, and ¢, ¢* € C.((1/4,2)) such that

0<ypt <1, ¢~ <Y<Y, Y |pen =1 supp@) Clc™'/2,cl.
Then for fy,(v) := ¢(m()Y(||v|), Yo € W, we have
r(fp-) < Tr(fy) < Tr(fy+),

T(fp) < T(fplc™ ) = c“T(fy)s
T(fy-) < 1(fp(c™ ) = 4T (fy).
Taking ¢ — 1, this implies that
1

lim ——————— Z
— t b=l
T=oo T (log Ty =" . T/2<|0||<T

O(r(v) = Tim Tr(fy) = T(fy).

Using that
#(V(Z) N Br) < T*(log T)" ",
the proof can be completed by an easy geometric series argument.

We also compute an explicit formula for the limit measure u,. Let ¢ €
C(S(W)), x be the characteristic function of (0, 1), and define

Fx(@) = (m(@)y(]v]), forall ve W.

It follows from (6.8) that for some cj,cp > 0,

a | B = / > L o (kexp@e'vuny') & @ di da i

e | > [, ¢ (rtkewp@wan))

¢1,(a)
[k exp (@)(wep )| *

dadk.

O

Proof of Theorem 1.11. Theorem 1.11 follows from Theorem 1.12 approxi-
mating the characteristic function of the cone by continuous functions. O

Proofs of Theorems 1.18 and 1.19. Proofs are based on Theorem 6.12 and
Theorem 7.6 and are similar to the proofs of Theorem 1.11 and Theorem 1.12.
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We skip details. It follows from Theorem 6.12 that the measure pg,(¢) is given
by the formula

(7.18) [ ddiow
S(W)

STy RCD

1€0,(¢) ' K wew
&i(a)
||k exp (@)(wip)!

||aL(d>)
where ¢ € C(S(W)) and ¢ > 0. O
7.1. Proof of Corollary 1.7. Take any ¢ > 0 and Consider the cone
C={we W\{0}: [[r(w) — wl <e}.

Since V> has only finitely many orbits of G, the cone is generic for sufficiently
small € > 0.

Suppose OC, the boundary of C, has strictly positive measure with respect
to the smooth measure class on a G-orbit, say Oy, contained in V°°. Since O
and OC are real analytic varieties, we conclude that O C 9OC. Since V™ has
only finitely many distinct G-orbits, and JC are disjoint for distinct € > 0, we
conclude that C is admissible for sufficiently small € > 0. Now the corollary
follows from Theorem 1.6. O

8. Comparison with Chambert-Loir-Tschinkel conjecture. Recently,
Chambert-Loir and Tschinkel proposed a general conjecture about asymptotics
of the number of integral points on algebraic varieties. A weaker version of this
conjecture appeared in [HT]. To facilitate a comparison, we state some of our
results using the language of arithmetic algebraic geometry.

Let G be a connected Q-simple adjoint algebraic group, which is isotropic
over R, and X the wonderful compactification of G. The wonderful compactifica-
tion was constructed over C in [CP] and over arbitrary field of odd characteristic
in [CS]. It is a smooth projective variety defined over Q such that G is contained
densely in X, and D := X \ G is a divisor with normal crossings and smooth
irreducible components. Given a field k O Q, we set X; = X X k. Let Pic (X¢)
be the absolute Picard group, A.g(Xc) C Pic (X¢) ® R the effective cone, and
Kx the canonical class. We denote by Ac the system of simple roots of G. It
was shown in [CP] (cf. [BK, Sec. 6.1]) that there is an isomorphism A — [L)]
between the weight lattice of G and the Picard group Pic (X¢) such that the irre-
ducible components of the boundary divisor D correspond to L,, o € Ac. Note
that these irreducible components generate a finite index subgroup in Pic (X¢)
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(the root lattice). Given v € X(C) and [L] =} Ac gaolLo] € Pic(X¢), we set

I(v)={a € Ac: vesuppL,} and [L], = Z galLs).
a€l(v)

We define a metric on the real projective space:

where ||| is the standard Euclidean norm.

THEOREM 8.1. Let G be a group scheme over Spec(Z) with generic fiber G. Then
there exists k € N such that for every ample metrized line bundle L = (L,Hr) on
X defined over Q, every v € (X \ G)(R), and every sufficiently small € = £(v) > 0,

#{z €g <]1<Z) s d(z,v)<e,Hp(z) < T} ~T—oo € - T4(log T)b_l,

where
c=cvL,e)>0,
a = a(v,L) = inf{r: r[L], + [Kx + D], € Aer(Xc)v}»
the co-dimension of the face of Aesr(X
b= b(o.L)= f the face of Aetr(Xc)y '
containing a[L], + [Kx + D],

Remark 8.2. Theorem 8.1 holds with k = 1 if we take v € G(Z)G(R)°. In
particular, we can take k = 1 when G(R) = G(Z)G(R)°. This equality holds
assuming that G is Q-split and G is the canonical Z-model of G (see [GaO,
Remark in Sec. 2]).

Remark 8.3. Our results also apply to nonsmooth compactifications of G
(for example, one can take the closure of the image of G under the irreducible
representation with the highest weight 3 nqw, with some n, = 0). We expect
that an analogue of Theorem 8.1 holds with parameters (a,b) computed with
respect to the minimal resolution of singularities of the pair (X, D). A basic
example of this type was worked out in [HT].

Proof of Theorem 8.1. We refer to [BK, Sec. 6.1] for standard facts about the
wonderful compactification. Recall that the effective cone A.(Xc) is generated
by [L,] for o € Ac, the ample cone is generated by [L,,_ ] for a € Ac (w,’s are
the fundamental weights), and

Kx ~ —Lyp. — Y La,
aEAc
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where 2pc is the sum of positive roots of Ac. The support of L is isomorphic to
the fibration over G/P, x G/P,, where P, is the maximal parabolic subgroup
corresponding to o, with fibers equal to the wonderful compactification of the
adjoint form of the Levi subgroup of P,. This implies that the Galois action on
Pic(X¢) correspond to the twisted Galois action (x-action) on Ac.

We denote by A the system of restricted roots (with respect to a Cartan
involution) chosen so that r(Ac) = AU {0} where r is the restriction map. We
have the decomposition into disjoint G-orbits:

X=[]J o,

ICAC

where Op. = G and O; C suppL, iff « ¢ I. The structure of the set X(R) was
described in [BJ, Ch. 7]. In particular, we have

X®R) = [ 0,-1y(R).

ICA

The set X(R) is a union of of finitely many Satake compactifications V of G(R)®
so that V7° C O,—1(;(R) for every I C A. It follows from the weak approximation
for G that each connected component of G(R) contains a rational point. We take
k € N so that each connected component of G(R) contains a point from g(%Z).
By Borel-Harish-Chandra theorem, G (%Z) is a union of finitely many G(Z)-orbits,
and it suffices to compute the asymptotic for each of these orbits. For simplicity,
we consider the orbit of the identity.
For o € A, we set

La = Z erl(a).

BEAC
Let J =r(I(v)) C A. Then v € V‘A’i’J. If L ~ Ly for a dominant weight A\, we get
Llo=3 % (L), [Kx+Dlo=3 o [L,],
vy #r-1(a) = #r-1(a)

where my’s and u,’s are given as in (1.9).

Passing to a tensor power, we may assume that L ~ Ly is very ample and
linearized, and A is in the root lattice. Let ¢ be the Q-representation of G on
H°(X,L). Then

Hp(2) = Hu(2), z€G(Z),

where H is the standard height function with respect to a lattice A C H’(X, L).
Passing to a finite index subgroup, if necessary, we may assume that «(G(Z)) C
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Stab(A). Then

He() = W@, z€G(Z),

where ||-|| is a norm on H°(X,L) ® R. Since the representation ¢ has the unique
highest weight A, the results of Section 1 apply (see Corollary 1.7 and Exam-
ple 2.4). O
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