COUNTING VISIBLE CIRCLES ON THE SPHERE AND
KLEINTAN GROUPS

HEE OH AND NIMISH SHAH

ABSTRACT. For a circle packing P on the sphere invariant under a non-
elementary Kleinian group satisfying certain finiteness conditions, we
compute the asymptotic of the number of circles in P of spherical cur-
vature at most T" which are contained in any given region.

1. INTRODUCTION

In the unit sphere S* = {z? + y? + 22 = 1} with the Riemannian metric
induced from R3, the distance between two points is simply the angle be-
tween the rays connecting them to the origin o. Let P be a circle packing on
the sphere S?, i.e., a union of circles which may intersect with each other.

In the beautiful book Indra’s pearls, Mumford, Series and Wright ask the
question (see [13, 5.4 in P. 155])

How many visible circles are there?

The visual size of a circle C in S? can be measured by its spherical radius
0 < 6(C) < m/2, that is, the half of the visual angle of C' from the origin
o= (0,0,0). We label the circles by their spherical curvatures given by

Curvg(C) := cot §(C).

We suppose that P is locally finite in the sense that for any 7' > 1, there
are only finitely many circles in P of spherical curvature at most 1. We
then set for any subset £ C S?,

Nr(P,E)={CeP:CNE#0, Curvg(C) < T} < oc.

In order to present our main result on the asymptotic for Ny (P, E), we
consider the Poincare ball model B = {2? + x3 + 23 < 1} of the hyperbolic

24/ da:%—i—dac%—l—dw%

=@ atad) The geometric boundary

3-space with the metric given by

of B naturally identifies with S2.

Let G denote the group of orientation preserving isometries of B. Let
I' < G be a non-elementary (=non virtually-abelian) Kleinian group.

We denote by A(T') C S? the limit set of T, that is, the set of accumulation
points of an orbit of I in BUS?. Denote by dr the cirtical exponent of I" and
by {vy : « € B} a I'-invariant conformal density of dimension dr on A(T),
which exists by the work of Patterson [17] and Sullivan [20]. We denote
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FIGURE 1. Sierpinski curve and Apollonian gasket (by C. McMullen)

by m?MS the Bowen-Margulis-Sullivan measure on the unit tangent bundle
TYT'\B) associated to the density {v,} (Def. 2.2).

For a vector u € T*(B), denote by u* € S? the forward end point of the
geodesic determined by u, and by 7(u) € B the basepoint of u. For z1, 29 € B
and ¢ € S?, B¢(z1,22) denotes the signed distance between horospheres
based at £ and passing through x; and zs.

Definition 1.1 (The I'-skinning size of P). For a circle packing P on S?
invariant under I', we define 0 < skp(P) < oo as follows:

skp(P) := et (@7 gy (sT)
iel

/sesmbp (ch\ct

where z € B, {C; : i € I} is a set of representatives of I™-orbits in P and
Cz-T C T(B) is the set of unit normal vectors to the convex hull of C;.

By the conformal property of {v,}, the definition of skp(P) is independent
of the choice of x and the choice of representatives {C;}.

Theorem 1.2. Let T be a non-elementary Kleinian group with \m?MS| < 00.
Let P be a locally finite T-invariant circle packing on the sphere S? with
finitely many T-orbits. Suppose that skp(P) < oco. Then for any Borel
subset B C S* with v,(9(E)) = 0,

skp(P)

op - |m§MS

where o = (0,0,0). If P is infinite, skp(P) > 0.

Remark 1.3. Under the assumption of [mEMS| < oo, v, is atom-free by [18,
Sec.1.5], and hence the above theorem works for any Borel subset E whose
boundary intersecting A(T") in finitely many points. If T' is Zariski dense in
G, then any proper real subvariety of S? has zero v,-measure [6, Cor. 1.4]
and hence Theorem 1.2 holds for any Borel subset of S> whose boundary is
contained in a countable union of real algebraic curves.

N7(P,E) ~ Vo(E)- (21" as T — oo
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A Kleinian group I is called geometrically finite if I' admits a finite sided
fundamental domain in B. For such, it is known that |[mEM5| < oo [21] and
Jdr is equal to the Hausdorff dimension of A(I")[20].

Definition 1.4. A union of infinitely many pairwise tangent circles, with
radii both going to 0 and oo, glued at a tangent point will be called a bouquet.

Theorem 1.5. [15] Let I' be a non-elementary geometrically finite Kleinian
group and P be a locally finite T-invariant circle packing on the sphere S?
with finitely many T-orbits. In the case of or < 1, we further assume that
P does not contain the bouquet of circles glued at a parabolic fixed point of
I'. Then

skr(P) < oc.

Example 1.6. (1) If X is a finite volume hyperbolic 3 manifold with
totally geodesic boundary, its fundamental group I' := 71(X) is ge-
ometrically finite and X is homeomorphic to I'\B U Q(T") [8]. The
universal cover X developed in B has geodesic boundary components
which are Euclidean hemispheres normal to S?. Then Q(I') is the
union of a countably many disjoint open disks corresponding to the
geodesic boundary components of X. The Ahlfors finiteness theorem
[1] implies that the circle packing P on S? consisting of the geodesic
boundary components of X is locally finite and has finitely many
I-orbits. Hence by (4) of Theorem 1.5, it satisfies skp(P) < oo.

(2) Starting with four mutually tangent circles on the sphere S?, one
can inscribe into each of the curvilinear triangle a unique circle by
an old theorem of Apollonius of Perga (c. BC 200). Continuing to
inscribe the circles this way, one obtains an Apollonian circle packing
on S? (see Fig. 1). Apollonian circle packings are examples of circle
packing obtained in the way described in (1) (cf. [5] and [10].). In
the case when m1(X) is convex co-compact, then no disks in Q(T")
are tangent to each other and A(I") is known to be homeomorphic
to a Sierpinski curve [4] (see Fig. 1).

(3) Take k > 1 pairs of mutually disjoint closed disks {(D;, D}) : 1 <
i <k} in S? and choose 7; € G which maps the interior of D; to
the exterior of D} and vice versa. The group, say, I', generated
by {7} is called a Schottky group of genus k (cf. [11, Sec. 2.7]).
The T'-orbit of the disks nest down onto the limit set A(I") which
is totally disconnected. If we set P := U1<;<xI'(C;) UT(C?) where
C; and C] are the boundaries of D; and D] respectively, then P is
locally finite, as the nesting disks will become smaller and smaller
(cf. [13, 4.5]), and called Schottky dance (see [13, Fig. 4.11]). The
common exterior of hemispheres above the initial disks D; and Dj is
a fundamental domain for I' in B and hence I' is geometrically finite.
Since P consists of disjoint circles, Theorem 1.5 applies.
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Since for o = (0,0,0), sinf(C) =
[22, P.24]), we deduce

W(C) for the convex hull C' of C (cf.

Curvg(C) = sinh d(C, o).
Hence Theorem 1.2 follows from the following:

Theorem 1.7. Keeping the same assumption as in Theorem 1.2, we have,
for any o € B,

A k(P
#{CGPCHE#Q, d(C,O)<t}NLBI\)/IS'VO(E)'66F.t aSt—)OO,
or - [mp|
The main result in this paper was announced in [14] and an analogous
problem of counting circles in a circle packing of the plane was studied in

[9] and [15].

Acknowledgment: We are very grateful to Curt McMullen for generously
sharing his intuition and ideas. The applicability of our other paper [16] in
the question addressed in this paper came up in the conversation of the first
named author with him. We also thank Yves Benoist, Jeff Brock and Rich
Schwartz for useful conversations.

2. PRELIMINARIES AND EXPANSION OF A HYPERBOLIC SURFACE

In this section, we set up notations as well as recall a result from [16] on
the weighted equidistribution of expansions of a hyperbolic surface by the
geodesic flow.

Denote by G the group of orientation preserving isometries of B and fix
a circle Cy C S%. Denote by Co C B the convex hull of Cp. Fix Py € Cp and
o € B. As G acts transitively on B, there exists go € G such that

o = go(po).-
Denote by K the stabilizer subgroup of py in G and by H the stabilizer
subgroup of C( in G. We note that H is locally isomorphic to SO(2,1)
and has two connected components, one of which is the group of orientation
preserving isometries of Co. There exist commuting involutions ¢ and 6

of G such that the Lie subalgebras h = Lie(H) and ¢ = Lie(K) are the
+1 eigenspaces of do and df respectively. With respect to the symmetric
bilinear form on g = Lie(G) given by

By(X,Y) = Tr(ad(X) o ad(6(Y)),
we have the orthogonal decomposition

g=top=0hagq
where p and q are the —1 eigenspaces of do and df respectively. Let a be a

one dimensional subalgebra of pNq, A := exp(a), and M the centralizer of A
in K. The map K x p — G given by (k, X) — kexp X is a diffeomorphism
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and for the canonical projection 7 : G — G/K = B, the differential dr :
p— Tp,(G/K) = Tp,(B) is an isomorphism.

Choosing an element X € a of norm one, we can identify the unit tangent
bundle T!(B) with G.Xo = G/M: here g.Xy is given by d\(g)(Xo) where
Ag) : G — G is the left translation A(g)(¢’) = g¢’ and dX is its derivative
at po.

Setting AT = {exp(tXy) : t > 0} and A~ = {exp(tXp) : t < 0}, we have
the following generalized Cartan decompositions (cf. [19]):

G=KAK=HATK.

in the sense that every element of g € G can be written as g = kiasks = haik,
s <0,t>0,h€H,, kksk € K. Moreover, kjasks = kjaykl implies
s =45 ki = kimq, and ky = ml_lké for some mq € M, and ha;k = hay k'
implies that t =t', h = h/ms, and k = mglk’ for some my € HN K.

The set K.Xy = K/M represents the set of unit tangent vectors at pg, and
as X is orthogonal to hNp = Tpo(éo), H.Xy = H/M corresponds to the
set of unit normal vectors to the convex hull Cy = H /H N K, which will be
denoted by Cg. Moreover if a; = exp(tXy), the set (H/M)a; = (Ha:M)/M
represents the orthogonal translate of Cy by distance |t|. We refer to [16]
for the above discussion.

Let I' < G be a non-elementary discrete subgroup of G in the rest of this
section.

Proposition 2.1 ([15]). (1) If T'(Cy) is infinite, then [I' : HNT| = 0.
(2) T'(Cy) is locally finite if and only if the natural projection map T' N
H\Cy — I'\B is proper.

We denote by {v, : * € B} a I'-invariant conformal density for I' of
dimension dr: for any z,y € B, £ €S> and vy € T,

%(f) — ¢ 0rBe(y,z)

dv,
Here v.vy(R) = v5(y"}(R)) and the Busemann function B¢(y1,y2) is given
by limy o d(y1,&) — d(y2, &) for a geodesic ray & toward &.

For u € TY(B), we define ut € S? (resp. u~ € S?) the forward (resp.
backward) endpoint of the geodesic determined by u and w(u) € B the
basepoint. The map

ValVp = Vng; and

u— (uh u”, By (m(w), 0))
yields a homeomorphism between T1(B) with (S?xS?—{(,€) : € € S?}) xR.

Definition 2.2 (The Bowen-Margulis-Sullivan measure). The Bowen-Margulis-
Sullivan measure mEMS ([2], [12], [21]) associated to {v,} is the measure on
T!(I"\B) induced by the following I'-invariant measure on T!(B): for x € B,

dThBMS(u) = IrBu+ (@.m(w) OB, — (z.m(u)) dvy (u)dvy, (u™)dt.
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It follows from the conformality of {v,} that this definition is independent
of the choice of z. The finiteness of |mEMS| implies that {v,} is uniquely
determined up to a constant multiple [18, Cor. 1.8].

We denote by {m; : z € B} a G-invariant conformal density of S? of
dimension 2, which is unique up to homothety. Each m, defines a measure
on S? which is invariant under the maximal compact subgroup Stabg(z).

Definition 2.3 (The Burger-Roblin measure). The Burger-Roblin measure
mER ([3], [18]) associated to {v,} and {m,} is the measure on T!(I'"\B)
induced by the following I'-invariant measure on T!(B):

dthR(u) — 2B+ (@m(w)) Orf,— (zm(u)) dmg(ut)dvg (u™)dt

for z € B. By the conformal properties of {v;} and {my}, this definition is
independent of the choice of x € B.

On H/M = C’g, we consider the following two measures:
(2.4)

dgi?(s) = et (07N dmy (s) - and - dpfi(s) == P ETdy (1)

L?‘b

CO

(resp. u?%) is left-invariant by H (resp. H NT"). Hence we may consider the
0

for x € B. These definitions are independent of the choice of x and pu

measures uéﬁb and MEE on the quotient (H N F)\Cg.
0 0

Theorem 2.5. [16] We assume that the natural projection map FOH\C'O —
\B is proper. Suppose that \m?MS| < oo and that skp(Cy) < oo. For
Y € C.(I'\G/M), we have

(2—6F)t/ w( )d Leb ~ 0 BR
e sap)dp 5" (s) mp(Y)  ast — oo.
se(TNHN\C} ci [mRMS| T
Moreover ]ugﬂ >0 [I': HNT] = oo.
0

Letting dm the probability invariant measure on M and writing h = sm €
C’g x M, dh = dﬂléib(s)dm is a Haar measure on H, and the following defines
0
a Haar measure on G: for g = ha;k € HATK,
dg = 4sinht - cosht dhdtdmy, (k)

where dmy, (k) := dmp, ((k.Xo)™).
We denote by dA the unique measure on H\G which is compatible with
the choice of dg and dh: for ¢ € C.(G),

[wds= Y(hlg) dhax).
G lg9]JeH\G JheH
Hence for [e] = H, d\([e]a;k) = 4sinht - cosh tdtdmy, (k).
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3. DENSITY OF THE BURGER-ROBLIN MEASURE ON T}JO (B)

Fixing p, and o in B, let g9 € G be such that go(pg) = 0. Let I' < G
be a non-elementary discrete subgroup of G. We use the same notation for
K = Stabg(po), A, AT, Xo, M, etc as in section 2.

Let N denote the expanding horospherical subgroup of G for A*:

N={geG:aga;* —e ast— oo}

The product map A x N x K — G is a diffeomorphism.
We fix a Borel subset E C S? for the rest of this section.

Definition 3.1. Define a function Rg on G as follows: for ¢ = aink €
ANK,

fRE(Q) = e 0rt. X(go_lE)po (k_l)

where (g5 " E)p, := {u € K : uXy € gy *(E)} and X (g5 B)py is its character-
istic function.

Lemma 3.2. For any Borel subset E C S?,
[ uh )i (kX)) = ().
ke K /M

Proof. Write k™ 1g9 = aynky € ANK. Since Xy = limg_o a—s(po) and
limg o0 @s+tNG_s—3 = € , We obtain

BkXO_ (0,p0) = ﬂXO— (k‘_IO»Po)

= lim d(k™"gopo, a—spo) — d(po, aspo)

= lim d(asnpo, a—spo) — d(po, a-spo)

= slljélo d((asyna—s—t)asypo, po) — d(po, a—spo)

= lim ((s+t) —s) =t.
On the other hand, since N A fixes X, ko ' (Xy ) = go 'k(Xy ), and hence

X5y, (Fo ) = X1 p(ko ' X ) = xp(k(Xg)-
So

_5Fﬁkxa (O7p0)

Re(k~'g0) = e xe(k(Xy)).
Therefore by the conformal property of {v,},
/ mmﬁﬁwwﬂ&ﬁ:/ e OOy, (€) = vo(E).
kEK/M ¢eE
O

Fixing a left-invariant metric on G, we denote by U, an e-ball around e,
and for S C G, we set S, = SNU..
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Lemma 3.3. ( ¢f. [16, Lem. 6.1]) There exists £ > 1 such that for any
ank € ANK and small € > 0,
amk(gy Uego) C ArcarN Kpch.

For each small € > 0, we choose a non-negative function ¢ € C.(G)
supported inside Ue and of integral [, vdg one, and define ¥¢ € C.(I'\G)
by

(3.4) () => 9 (19)-

vyel
Definition 3.5. Define a function ¥4, on I'\G by

Vi) = [ Wk i (6
S

For each € > 0, define
(3.6) Ef = goUego_l(E) and FE_ := ﬁueUEgougo_l(E).

By Lemma 3.3, it follows that there exists ¢ > 0 such that for all g € U,
and g1 € G,

(3.7) (1 = ce)Rp-(9190) < RE(91990) < (1 + ce)Rp+(g190)-
Proposition 3.8. There exists ¢ > 0 such that for all small € > 0,
(1 — ce)vo(EZ) < mBR(US) < (1 + ce)vo(EF).
Proof. Using the decomposition G = AN K, we have for g = a;nk,
dg = dtdndm,,, (k)

where dn is the Lebesgue measure on N.
We use the following formula for mBR (cf. [16]): for any o € C.(G)M

mBR () = /K /A /N P(kamn)e Tt dndtdv,, (k(Xy ).

For 4% (g) == fk,le(g_lE)po Ve(gkgy H)dmy, (), we have
mp' (W) = m° (v)

gk‘go )dmpo (k)deR(g)

/gEG k— 16(90 E)py

/ P (koarnkgy ') x X (g1 B), (k~YYdmy, (k)e Tt dndtdy,, (ko Xy )
KAN Jkek 0

N
m

/ W (kolaink)gy )R e (amnk)dmy, (k)dndtdvy, (ko Xy )
€K

>
=
N

J
— /kOEK/Gw6 kggy )R E(9) dg dvp, (ko Xy )
J

/@ZJE YREe(k™ gg0)dg dvy, (ko Xy ).
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Hence applying (3.7), the identity [°dg = 1 and Lemma 3.2, we deduce
that

PRy < (4ee) [
S

</G W(g)dg) R (k" go)dvy, (kX))

= (1 + ce) Rt (k" go)dvp, (kX))
keK

= (1+ ce)vo(ET).
The other inequality follows similarly. O

4. SIMPLER PROOF OF THEOREM 1.7 FOR THE SPECIAL CASE OF E = S2.

The result in this section is covered by the proof of Theorem 1.7 (for
general F) given in section 6. However we present a separate proof for this
special case as it is considerably simpler and uses a different interpretation
of the counting function.

We may assume without loss of generality that P = I'(Cy). We use the
notations from section 2.

Set X

Nr(P)=#{C e P:d(C,o0) < t}.
Lemma 4.1. ForT > 1,
Nr(P) = #[ell N [e]Af Kgq'!

where [e] = H € H\G and At = {a; : 0 <t < T}.

Proof. Note that Np(P) is equal to the number of hyperbolic planes 7(@0)
such that d(o,v(Cp)) < T, or equivalently, d(y~*(0),Co) < T. Since {x €
B : d(z,Co) < T} = HAL(po), Nr(P) is equal to the number of [y] €
r/ Stabp(éo) such that v~ 'gopy € HAZLpo, or alternatively, the number

of [y] € HNT\T such that ygo € HALK, which is equal to #[e]l'go N
[e] AT K. a
Define the following counting function Fp on I'\G by
Pr(g)= > xs:(e9)
YETNH\T

where By = [e] AT Kgy' € H\G. Note that Fr(e) = Nr(P).
By the strong wave front lemma (see [7]), for all small € > 0, there exists
¢ > 1 and tg > 0 such that for all ¢ > t,

(4.2) Kakgy 'Ue C KayAgckKoegy '
It follows that for all T' > 1,
(Br — Byy)Uc C Briye and (Bp—ge — Byy) C Nyev. Bru.
Hence there exists mg > 1 such that for all g € U, and T > 1,
Fr_4e(g) —mo < Fr(e) < Pryew(g) +mo.
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Integrating against W€ (see (3.4)), we obtain
(Fr—ge, ¥) —mo < Fr(e) < (Fryge, ¥¢) + mo,

where the inner product is taken with respect dg.
Setting =; = 4sinht - cosht, we have

(Fpspe, U6) = / x5 ([€l9) T (995) dg
geI'NH\G

T+Ye
/ / / (/ T (sagmkgy ') dm) = d,uLeb( Ydtdmy, (k)
keK ernH\C} \JmeM

T+le
_ / / / W (sa0)Z dufs?(s)dtdmy, (k).
kek Jo sernm\ct "o

where U¢ € C.(D\G)M is given by ¢ (g) = [ ., ¥<(gmg1) dm.

Hence by Theorem 2.5, and using Z; ~ €%, we deduce that as T — oo,

\MPS
F s \I’E BR \Ije 5F(T+€E)
(P W) ~ g (W)
where
U (9) :/ \Ife(gkgal)dmpo(k:).
keK
By Prop. 3.8,

mp (Pge) = (14 0())|vel.

Therefore it follows, as € > 0 is arbitrary,

i Fr(e) Vol - |Mg§
1stup ST = S [mBS|
Similarly
Fr(e) _ Vel IuPS
liminf ——— > NS
T €T or - [mpMS|
This finishes the proof, as |u? Ko | = skp(P).

5. UNIFORM DISTRIBUTION ALONG b (W)
In this section, fix a Borel subset W C K with MW = W.

Definition 5.1. For T' > 1, we set
br(W) = H\HKALW C H\G
WhereA;:{atEA:OStST}.
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Theorem 5.2. We assume that the natural projection map FﬂH\C’o —I'\B
is proper. Suppose that \mIBMS] < oo and that skp(Cp) < oo. For any
Y € Co(T'\G), we have

Y(hg)dhd\(g) ~ ———2 . mER () dmy, (k)-erT
/gebT(W)/hermH\H (hg) (9) or - [mBMS| Jy ey £ (V) dmypg (k)

as T — 0o, where 1y, € Co(T\G)M is given by 1r(g) = Jinens Y(gmk)dm.

Proof. (cf. [15, Thm 4.3])
Set K! = UpekK: k™! and define ¢+ € C.(I'\G) by

¥ (g9) = sup ¢(gu) and Y7 (g) = inf ¥(gu).
uwekK! ucK/

Note that for a given n > 0, there exists € = €(n) > 0 such that for all
g € T\G, |[vF(g9) — ¥ (g)] <n by the uniform continuity of 1.
We can deduce from Theorem 2.5 that for all ¢ > T1(n) > 1,
I
[ hak)dh = (14 0(0) om0 )2
heTNH\H Imp ’

where wjk is defined similarly as ¢y and the implied constant can be taken
uniformly over all k € K. Defining

Kr(t):={ke€ K :ak € HKA}},

by Prop. 4.8 and Corollary 4.11 in [15], we have HK A = Up<i<rHa; K1 (t)
and there exists a sufficiently large Ty(e) > Ti1(n) such that e € Kr(t) C
KM for all Ty(e) <t <T.

For [e] = H € H\G and s > 0, set

Vr(s) == (Us<e<r[ela K ()W
so that
br(W) = Vr(s) U (br(W) — Vr(s)).

Let [g] = [e]aikkr € Vp(To(e)) where k1 € K and k € W. For t > Ty(e),
there exist hg € H and u € K! such that atk1k = hoarku and hence

b9 (g) = / b(hg)dh
ReTNH\H

= / W (hhoagku)dh < / O (hagk)dh.
heT'NH\H heT'NH\H

Therefore

/ ¥ (g)dA(g) < / / / ¥} (haik)Z: dhdtdmy, (k)
Vir(To(e)) kew JTy(e)<t<T JheI'MH\H

where =; = 4sinh t cosh t.
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2t we then deduce

/ / / O (hask), dhdtdm,, (k)
kew JTy(e)<t<T JheI'NH\H

‘,U«CT
= (1Ot s /k TR g () - (¢ — )

since mp(¥,) = (1+ O(n)mE™ ().

Using =; ~ e

Hence
. fVT(TO(E)) ¥ (g)dA(g) |M

On the other hand, it follows from the assumption that I‘\FH is a proper
subset of I'\G and that

/ [ wtrgmarg = o)
lgl€br W)=V (To(e)) Y heTNH\H
As n > 0 is arbitrary and €(n) — 0 as n — 0, it follows that

PS
Jeorom V" (9)dA(9) < e .
MS| e

lim sup 5T
e

T

mER (r)dmy, (k).

= B
or - |mp
By a similar argument, one can prove

PS
Jgieerom) ¥ (9)d(9) . o1 /
MS|

Lo mB () drm ().

lim inf
T or - [mp

6. PROOF OF THEOREM 1.7

Without loss of generality, we may assume that P = I'(Cp). We keep the
notations from section 2.

Definition 6.1. A subset £ C S? is said to be P-admissible if, for any
C € P, C°NE # () implies C° C E, possibly except for finitely many
circles.

For a subset £ C S?, we define E,, C K by
E,, ={ke K :k(X;) € E}.
We also set
Np(P,E):={CeP:CNnE#0, dC,o0)<T}.

Lemma 6.2. Fiz a P-admissible subset E C S%. There exists co > 0 such
that for all T > 1,

#lelTN[e)K Af (g5 ' B, g5 ' —co < N (P, E) < #[elTN[e] K A% (95" E), g5 ' +co
where [e] = H € H\G.
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Proof. Since goK /M represents the set of all unit vectors based at o, and the
set {u € TL(B) : u~ € E} is identified with go(gy ' E)p, = {gok[M] : kX, €
9o ' E}, the set go(gy " E)po A~ (po) represents the set of all points in B lying in
the cone consisting of geodesic rays connecting o with a point in £. Therefore
the condition C' C E is equivalent to that C' C 90(95 " E)py A~ (po). Hence
by the P-admissibility condition, we may assume without loss of generality
that N7 (P, E) is equal to the number of hyperbolic planes v(Cp) such that
d(0,7(Cp)) < T and ~v(Cy) C go(go_lE)poA_(po). Since {z € B : d(o,x) <
T} = goKAL(po) where A, = {a—y : 0 <t < T}, the former condition is
again same as 7(Co) N goK A7 (po) # 0. Hence

Nr(P,E)

= #{7(Co) : 7(Co) N goK A7 (po) # 0, ¥(Co) C go(g5 "E)po A~ (po)}
=#{ eT/TNH:yegKAKHNg(gy E)p A KH}

= #{ e T/TNH:v€qgolgy E)p A KH}.

In the last equality, we have used the fact that if a_; € KA, KH for some
t >0, then t < T (see [15, Lem 4.10]).
By taking the inverse, we obtain that

N1(P, E) =[]l N [e] KAT (95 E)py 05 -

Fixing a Borel subset £ C S?, recall the definition of EX from (3.6):
Ef = goUegy ' (E) and B¢ := Nuev.gougy (E).

We can find a P-admissible Borel subset EF such that E ¢ EX ¢ EX by
adding all the open disks inside £ intersecting the boundary of E. Similarly
we can find a P-admissible Borel subset E- such that E- ¢ E- C E by
adding all the open disks inside E intersecting the boundary of £ . By the
local finiteness of P, there are only finitely many circles intersecting O(FE)
(resp. E-) which are not contained in E (resp. E). Therefore there exists
ge > 1 (independent of T') such that

(6.3) Nr(P,E7) — q. < Np(P,E) < Np(P,EF) +q..

Setting
Br(E) = [e] KA (95" E),n 90 * € H\G,

we define functions F;i on I'\G:

€, - L
FiE(9) = Y. Xppa.z,,)([€h9):
~EPAH\T

Lemma 6.4. There exists me > 1 such that for all g € U and T > 1,
Fpt(9) —me < Np(P,E) < Fpf(g) + me.
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Proof. Tt follows from (4.2) that
Br(ENU. BT%(E(; w1y and Browe(Ey, ) C Nuev. Br(E; u.
Hence for any g € U, as U, is symmetric,
#[e]l N Br(ES) < #[e]l N Br(ES)Ueg™" < #[elTg N Braee(Bf, 4),)-
By Lemma 6.2 and (6.3), it follows that for some fixed m. > 1,
N1 (P,E) < Fi' (g) + me.
The other inequality can be proved similarly. ([
Hence by integrating against W€ (see (3.4)), we obtain
(6.5) (Fp™, ) —me < Np(P,E) < (Fg", 0¢) +m..
We note that
Br(E) = br((g5 'E)py ) 90
where bp(WW) is defined as in Def. 5.1.
Since

it v = [

U(g) d
mH\GXBTHC(E&H)E)([G]Q) (9) dg

/ / U< (hg)dhdA(g)
[9)€Br1ec (B, y),) JheTNH\H

= / 1 1 / Ve (hggy ')dhdA(g)
[Q}EbT-kés((g(; E&+1)6);0) hEFﬂH\H

we deduce from Theorem 5.2 that

skr(Co) BR S (T+e
6.6 Fot pey o 20 € . O (T+Le)
(6.6) (Fp T, 0°) or - |[mBMS| mr E(J;H)e) €

where U9 (g) = fk,le(go_lE)pO T (ghkgy )dmy, (k) (see Def. 3.5).
Therefore by (6.5) and Prop. 3.8 we have
Nz (P, E) skp (Co)

- +
hstup T <(1+ O(E))dp ] . VO(E(Z_’_l)g).
Since v,(9(E)) = 0 by the assumption, Z/O(E(';Jrl)E —FE)—0ase—0. As e

can be taken arbitrarily small, it follows that
Nr(P,E) _ _skr(Co)

listup ST S G B Vo(E).
Similarly, we can prove

.. Nr(P,E) skr(Co)

hmTlnf T > B [ S| Vo(E).

This completes the proof.
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