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LIMIT DISTRIBUTIONS FOR SO(n,1) ACTIONS ON k-LATTICES IN R"**!

MICHAEL BERSUDSKY AND NIMISH A. SHAH

ABSTRACT. We study the asymptotic distribution of norm ball averages along orbits of a lattice
I' € SO(n, 1) acting on the moduli space of pairs of orthogonal discrete subgroups of R**! up to
homothety. Our main result shows that, except for special 2-lattices in R? lying in hyperplanes
tangent to the light cone, these measures converge to an explicit semi-invariant probability measure
supported on the space of homothety classes of pairs of orthogonal lattices tangent to the light
cone.

Our main motivation is a conjecture of Sargent and Shapira [SS19], which is resolved as a special
case of our general result.
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1. INTRODUCTION

The moduli space of k-dimensional lattices of R” for k < n has attracted considerable attention
in recent years. This subject arises naturally in number theory with its origins tracing back to the
works of Roelcke [Roe56], Maass [Maab9|, and later Schmidt [Sch98], who studied the distribution of
discrete subgroups of Z™ within large covolume balls — a natural generalization of counting integral
vectors in expanding Euclidean balls. More recent interest comes from [EMSS16| and [AES16],
which refined the aforementioned works by applying techniques of homogeneous dynamics.

Beyond its number-theoretic motivations, the moduli space of k-lattices is a natural object of
study in homogeneous dynamics. This space can be realized as a homogeneous space of SL(n,R)
and admits the structure of a fiber bundle over the Grassmannian of k-planes in R", with fibers
isomorphic to SL(k,R)/SL(k,Z). Notably, the action of subgroups of SL(n,R) on these two spaces
exhibits distinct dynamical behaviors. For instance, the action of a one-parameter diagonal subgroup
{a(t)}ter C SL(n,R) is ergodic and mixing on SL(n,R)/SL(n,Z), whereas on the Grassmannian,
the same flow is contracting: points either remain fixed or converge to a limit. A concrete example
explored in this paper is the action of the diagonal subgroup in SO(n, 1) on the space of k-lattices
(see Lemma 4.1). In this case, all k-dimensional subspaces contract toward a specific limit, and the
orbit of almost every k-lattice accumulates densely on the collection of k-lattices contained in this
limiting subspace.

Our main motivation is the following conjecture stated in [SS19]. Let X2 = PGL(2,R)/PGL(2,7Z)
denote the space of full-rank lattices in R? up to scaling. Given a rank-2 discrete subgroup A C R3,
its shape is the equivalence class s(A) € PO(2)\ X3 of A under scaling and orthogonal transformations
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2 MICHAEL BERSUDSKY AND NIMISH A. SHAH

of R3. Consider Hy, := {(z,y,2) € Z3 : 2xz — y? = 1}, and for each v € Hy, let

Ay =0t NZ3,
where v is the orthogonal complement of v. The conjecture is that the collection {s(A,) : v € Hz}
is dense in PO(2)\ Xo.

As noted in [SS19], the motivation for this conjecture is related to Furstenberg’s approach to
resolve a long-standing conjecture on the well-approximability of cubic irrationals. The technique
of [SS19] relies on a stationary measure classification for random walks of a Zariski dense subgroup
I' € SO(2,1) acting on the moduli space of 2-lattices in R3, building on the techniques of Benoist and
Quint, see [BQ16|. However, an incomplete stationary measure classification and certain unexpected
stationary measures called k-extensions prevented a full resolution of the conjecture in that work?.
We also refer the reader to the more recent work [GLS24| studying random walks of lattices in
representations of SL(2,R) acting on general hybrids of projective and lattice type quotients and
proving stronger stationary measure classification.

In this paper, we take a direct approach to resolving the conjecture by analyzing the limiting
distribution of I'-orbits in the moduli space of k-lattices, averaged over growing norm balls, where
I' € SO(n,1) is a lattice. In fact, the conjecture follows as a special case of our general result,
Theorem 1.1. Additionally, we describe the limiting distribution of the aforementioned exceptional
orbits in Theorem 1.8, and in higher dimensions we obtain the limiting joint distribution of orbits
of pairs of orthogonal complementary lattices, see Theorem 1.1 and Theorem 1.2.

The present work also fits into the more general study of limiting distributions of orbits of lattice
subgroups in homogeneous spaces via averages over growing balls; see, e.g., [Led99, Oh05, GW07,
GN14]. Although this problem has been studied in great generality, the corresponding questions
for hybrid projective-lattice-type quotients remain less well understood. In this connection, we also
note the recent work [BX24|, which studies the action of lattices I' C SL(m + 1, R) on the moduli
space of homothety classes of m-lattices in R™*!. In that setup all orbits are dense, whereas in
the present work the relevant orbits accumulate on a lower-dimensional subset; see Proposition 2.1.
Moreover, the method of [BX24], based on the duality principle [GW07, Theorem 2.2], does not
seem to apply in our setting.

Concrete definitions and results. For natural numbers r < n, a r-lattice in R**! is a discrete
subgroup of the form
A = Spang{vi, ..., v},
where vy, ..., v, € R™"! are linearly independent. The homothety class [A] of an r-lattice A is defined
as the equivalence class with respect to the equivalence relation A ~ A’ <= A = al’, for a € R*.
We consider the moduli space X;.,,11 given by

{([A1],[A2]) : Ay and Ay are respectively 7 and (n 4 1 — r)-lattices in R™! such that Ay L Ay},

where | represents the Euclidean orthogonality. Note that if r = 1 or r = n, the pair notation
is redundant: one of the lattices is one dimensional, and a one-dimensional lattice is unique up to

homothety.
Induced by the usual linear representation, the matrix group SL(n + 1,R) acts on X, 11 as:
(11) g- ([A1]7 [AQ]) = ([9A1]> [g*A2])7 gc SL(TL =+ 17R)7 ([A1]> [AQ]) € X?‘,nJrlv

where g* := (g7)"L.

1The conjecture itself was resolved several years ago by Uri Bader and Uri Shapira by a different method. Their work,
even though announced publicly in various talks, is still unpublished. As explained to us in private communication by
Uri Shapira, their proof goes through establishing a refined classification of stationary measures (similar to [GLS24])
coupled with an instability result which allows to upgrade the classification to understanding random walks. We
stress that the Bader-Shapira results hold only for 2-lattices in R®, while this paper considers joint distributions of
pairs of orthogonal lattices in higher dimensions.
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Consider the quadratic form q(z1, ..., Tp41) = 23+ +22 _33721+17 and denote by G := SO(n, 1)°
the identity component of the special orthogonal group of q. Let I' C G be a lattice, let || - || be a
norm on M, 11(R), and denote

pi={yel: | < T}

Our goal is to analyze the limiting distribution of the I'-norm ball averages on X, ,41:

(12) #1FT S £l (M), [Aa))), VF € Co(Xnin), a5 T = o,

yel'r

for any ([A1],[A2]) € X, pt1. Our main results below show that the above averages converge to
an explicit measure which depends on ([A], [A2]) and on the chosen norm. The limiting measures
are concentrated on the collection of pairs of lattices lying in subspaces tangent to the light cone
{x € R""!: ¢(x) = 0}, and we now describe the aforementioned subspaces in more detail.

We say that a r-dimensional vector subspace V of R"*! is degenerate, if the restricted quadratic
form g|y is degenerate. A subspace V is degenerate if and only if V' is tangent to the light cone, and
for our particular quadratic form ¢, its Euclidean orthogonal complement V1 is also degenerate.
Let Gr,(R""1) denote the Grassmannian of r-dimensional subspaces of R"*1. We define

Dypi1 = {(P1, Py) € Gr.(R") x Gry, 1 (R"™) : Py is degenerate and Py = Pj*}.

Let eq,...,e,41 represent the canonical basis vectors of R"*!. For r < n, we reserve a special
notation P> = (Py°, P5°) for the following pair of degenerate subspaces:

Pr° := Spang{e; + ep41, €2, ...,e,}, and

poo . (POO)J_ _ Spanp{e; — €,41,€r41,..,€p}, fr<m—1
2 1 i
Spang{e; —ent1}, if r =n.

Consider the maximal compact subgroup of SO(n, 1)? given by:
._ | SO(n
(1.3) K._[ UJ,

where SO(n) is the special orthogonal group of the form x? + --- + 22. The subgroup K acts
transitively on Dy 41, so that Dy, 1 = K/Kpeo, where Kpeo = Staby (P7°, P5°).
We will call a r-lattice degenerate, if it is contained in a degenerate subspace, and we define

Crnt1 = {([A1], [A2]) € Xy ni1 : Ay is degenerate}.

The collection C, 41 has the following natural fiber-bundle structure over D,.,, 1. Consider the
natural projection 7 : X, 11 — Gr,.(R"™1) x Gry, 1 (R*™1), defined as:

m([A1]; [A2]) == (Spang (A1), Spang(A2)).
For k € N we let
Xk = PGL(k,R)/PGL(k,Z) = SL(k,R) /SL(k, Z),
which is identified with the space of (full rank) unimodular lattices of R¥. Then, the fibers of 7

are isomorphic to X, x X, 1_,; namely, C, 1 is a fiber-bundle over D,.,, 1, where the fibers are
isomorphic to X, x Xp41—p. For P = (P;, P2) € D, 41, we denote by Xp the fiber over P, i.e.:

Xp = {([A1],[A2]) € Xy g1 : Ay C Pi, A C P}

We equip Xp with the PGL(r, R) x PGL(n+1—r,R)-invariant probability measure up as follows.
Choosing a basis of P; and P, we get a representation of PGL(r, R) x PGL(n+1—7,R) on P; X Pa,
which in turn identifies Xp with X, x X,,41-, as a PGL(r,R) x PGL(n + 1 — r,R)-space, and it
admits a unique PGL(r,R) x PGL(n + 1 — r,R)-invariant probability measure. This measure is
independent of the choice of the basis for the subspaces P, and P».

This is a pre-publication version of this article, which may differ from the final published version. Copyright restrictions may apply.



4 MICHAEL BERSUDSKY AND NIMISH A. SHAH

Orbits of nondegenerate orthogonal lattices. Let (Aj, A2) be a nondegenerate pair. Without
loss of generality, throughout the paper, we will assume that A is such that q|spang(a,) is positive
definite. This is convenient for stating the results in a uniform manner, and there is no loss of
generality in that choice.

The limiting measure of (1.2) for a non-degenerate pair will be obtained by integrating the
measures up with respect to a smooth measure on Dy 41 = K/Kpoe. We will now describe the
density on D, 41 of the aforementioned measure, which depends on the starting point and the
norm.

Consider the subgroup
_ [SO(r) 0

H 0 SO(n-r1)°

C G,
and let dh be a Haar measure on H. Let dk and dk denote the Haar probability measures on K
and Kp, respectively.

For a positive-definite subspace Py € GrT(R”“), we define the density function wp, € C(Dy 1)
as follows. By Witt’s theorem, there exists a gg € G such that Py = g - Spang{eq,...,e,.}. We
define for all kg € K,

fKPOO Ju lkora(co)hgy |~V dhdk

(koK pec) Ty Jot ka(oo)hgg TI==Ddhdk ifr>1,
wpy (RpApee) 1= _ _
0 Jiepoo Jir (I koma(00) gy M|~V +lkora(—o0)hgy | =1 ) dhdss P
Jc Jiz (IIka(o0)hgy I~ (=D 4[| ka(~o00)hgy t|~(»—V) ) dhdk ’
so 5o
(1.4) where a(c0) :==[000 and a(—o0):=| 0 0 0
1 1 1 1
203 —20 3

To see that the above expressions are well defined, we refer to Lemma 3.2 proving convergence
of the integrals. In addition, the expression defining wp, is independent of the choice of gy because
H is the subgroup of G preserving Spang{ei,...,e,}, and dh is right-H invariant.

Observe that if || - || is left K-invariant, then wp, is the constant function 1, for every Fj.

Theorem 1.1. Let I' C G be a lattice, and let ([A1],[A2]) € X,y nt1 where Spang(Ay) is positive
definite. We denote Py := Spang(Ay1). Then, for all f € Co(Xypnt1),

lim —— 57 £y ([Ad, [As)) = / oo (Fwpy (K Kpee)d(EEpee),

K/Kpoo
where d(kKpe) is the K-invariant probability on K/Kpe.
We will now verify the conjecture of Sargent—Shapira [SS19| affirmatively using Theorem 1.1.

Proof of the Sargent-Shapira conjecture. Since for a 2-lattice A C R3, the homothety class of any
lattice in its orthogonal line is unique, the pair notation for X 3 is redundant; that is, we write

Xo3 = {[A] : A is a 2-lattice in R?}.

For a plane P € Gra(R3), let Xp = {[A] € X235 : A C P}, and let up be the PGL(2, R)-invariant
probability on Xp.

We note the identification SO(3)\ X235 = PO(2)\ X3 obtained by identifying the class SO(3)[A]
with the shapes of lattices in the horizontal plane R? x 0. Hence, the map sending a 2-lattice in R3
to its shape is the natural quotient map s : Xp3 — SO(3)\X2,3. With this identification, the pushed
measure s,fip is the natural measure jpo(2) x, on PO(2)\ Xz, for every P € Gra(R3). Therefore,
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LIMIT DISTRIBUTIONS FOR SO(n,1) ACTIONS ON k-LATTICES IN R"+! 5

given a lattice T’ C SO(2,1)° and a non-degenerate 2-lattice A C R?, we obtain from Theorem 1.1

(15) Jim 5 3 (D) = ppo ). VI € CUPOE)\Xa)
Felr

Let Q(z,y,2) = 2xz — y? and let SO(Q) be the special orthogonal group preserving . Consider
I :=SO(Q)° NSL(3,Z), and note that T'* = T, where I'* := (I'T)~!. For v € Z3 \ 0, we have that

YAy = Aysy, for y €T,

where A, := v+ N Z3. Thus, to prove that the shapes s(A,) for v € Hz := {x € Z3 : Q(z) = 1}
are dense in PO(2)\ Xy, it is sufficient to show that the shapes of the subcollection I'A,, are dense,
where vg := (1,1,1) € Hyz.

To apply Theorem 1.1, we may choose M € O(3) such that M~1SO(Q)°M = SO(2,1)°, and we
observe that the plane Spang (M ~!A,,) is nondegenerate for the form z2 + y? — 22. Thus, we may
apply Theorem 1.1 for T = M~'T'M and A = M~'A,,. Let 2 € PO(2)\ X2 and let « C PO(2)\ X
be a compact neighborhood of z. Choose f € C.(PO(2)\X2) supported in ¢ and positive on . By

(15),
. 1 o ) 1
0 < o) = Jim — 3T IO = Jim e ST Sl
T 5efr T yer, |M-tym|<T
In particular, there exists v € I' such that s[yA,,] € U. O

Orbits of degenerate lattices. We now present our results on the limits of the norm-ball averages
(1.2) for a degenerate pair (A1, A2). We split the discussion into the higher-dimensional case n > 3
and the low-dimensional case n = 2, due to a special arithmetic phenomenon occurring only when
n = 2.

When n > 3, the limits of (1.2) for ([A1], [A2]) € Cppnt1 are described by a limiting measure of
the same form as in Theorem 1.1, where the only difference is the density function on Dj ;,41.

Orbits of degenerate lattices for n > 3. Consider the unipotent subgroup U C G given by

U:= {u(x) = exp([—?ﬂ )6:?TD 1X € R”_l}.

0 x O
Given a degenerate r-dimensional subspace Py € Gr,(R"1), there exists go € G such that

PO = gOSpanR{el —€ept+1,€2,. .. ,er}.

We define a density function w € C(Dypny1) by:

oo proo Jrn— Hko/ﬂa@O)u(X)go_lH*("’l) dxdk
wPO(kOKPoo) = — 7(n71)
fK f]Rnfl [ka(oo)u(x)gy || dxdk

Here a(o0) is given in (1.4). For the convergence of the above integral, see Lemma 3.3. The definition
wpy 1s independent of the choice of go; indeed, choosing a different gy such that g{Spang{e; —
€n+1,€2,...,e.} = Py changes the above expressions by the same scalar multiple, which cancels in
the quotient.

We note that if || - || is left K-invariant, then wg =1, for every Py € Gr,(R™1).

, for kg € K.

Theorem 1.2. Let n > 3. Let I' C G be a lattice, and let ([A1],[A2]) € Crnq1, i.e. Spang(Ay) is
degenerate. We denote Py := Spang(A1). Then, for all f € Co(Xynt1),

fim o Y O (Al e = [ e ()0 (ke )k,

T— r
oo #I'r o=t K/Kpoo

where d(kKpo) is the K-invariant probability on K/Kpe.

This is a pre-publication version of this article, which may differ from the final published version. Copyright restrictions may apply.
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Special orbits of degenerate 2-lattices in R3. In this case, the pair notation is redundant. In partic-
ular, the collection Dy 3 C Gra (R3) is identified with the circle of planes tangent to the light cone,
and the collection Ca 3 of degenerate 2-lattices is a bundle over that circle.

Consider the diagonal subgroup A C G and its expanding unipotent subgroup U C G, given by

A= {a(s) = exp[ggé} i ER}, U:= {u(t) = exp([foté?D :tER}.

0¢tO0
We denote .
ez 0 1 ¢
0(s) := {0 6_;] , u(t) = {0 1] ,

and we let @ : SL(2,R) — G be the special isogeny (surjective map with finite kernel) characterized
by
(1.6) D(d(s)) = als), (v(t)) = u(t).

In the following, we define a family of representations of SL(2, R) acting on each degenerate plane,

which align in a certain way with the SL(2, R) representation on R? given by ®.
First consider the standard degenerate plane Py° := Spang{e; + e3,e2}. Denote

v = e; + es, ’UO = esq.
By representing linear maps on P5° with respect to the ordered basis (v, v?), we get an isomorphism
p™° : SL(2,R) — SL(FPy°);
that is,
pleb]vt = avt + 0, p[2b]0? = bvt 4 do.
Observe that the vectors v, v are eigenvectors of a(s), and the parabolic subgroup AU C G
preserves Fy° and acts on Xpeo. Explicitly:

(1.7) a(s)vt =evT, a(s)v’ =",
u(t)v™ =ovF, w(t)® = tot + 0.

Then, by (1.7), we get the following correspondence:

(1.8) D(3(s)) - [A] = [p*(6(s))AL, @(v(t)) - [A] = [p*(v(E))A], VA C Fp®.
Next, to describe the correspondence for the remaining degenerate planes, set Pg° := kygFg°,
where

cos(0) —sin(0) 0
ko = |:sin(9) cos(0) 0:| €q.
0 0 1

We define the representation pp°® : SL(2,R) — SL(Fg®) by
(1.9) ps°(9) == kop™(9)ks ', g € SL(2,R).
Notice that the parabolic subgroup kg AUk, ! preserves Pg°, and similarly to (1.8), we have
(110)  ko®(6(s)ky - [A] = [PR(O(s)A],  ko®(u(t)hy - [A] = [0 (v(£)A], WA C Pge.
We will now define the special points.
Definition 1.3. Let I' C SO(2,1)° be a lattice, and for 6 € [0, 27), define
I'y :={g € SL(2,R) : ky®(g)k, ' € I'}.
We say that a 2-lattice A C P§° is I-special, if the orbit {[p3°(g)A] : g € s} is finite, say
{[05°(9)A]: g € TG} = {[Ad], . [A]}-
We refer to this finite set as the (I', A)-packet.

This is a pre-publication version of this article, which may differ from the final published version. Copyright restrictions may apply.
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Remark 1.4. Let
Stabg([A]) := {g € SL(2,R) : [pg°(9)A] = [A]}.

Note that both Stabg([A]) and I'§ are lattices in SL(2,R). Then A is I-special if and only if
Stabg([A]) is commensurable with Ty, equivalently if and only if Stabg([A]) N Ty is a lattice in
SL(2,R).

Remark 1.5. If A is I'-special, then a conjugate of I' is commensurable with ®(SL(2,7Z)).

The following lemma shows that the I'-orbit of a special point is trapped in a multi-section.
Denote:

Ky 1=

oot ]

and note that ®(rg/2) = Ke.
Lemma 1.6. Let I' C G be a lattice and let A C Py be a I'-special 2-lattice. Then
T -[A] C {ko[pp(Kg)Ni] : 1<i<m, 6€l0,2m)},
where {[A;] : 1 <i < m} is the (I', A)-packet.
Remark 1.7. Note that pg;’(/i_g/Q) is not a Euclidean rotation. Namely, the shapes of the lattices
Pgo (K—g/2)Ai vary when varying 6.
Proof. Take v € I'. Since yPg? is degenerate, there exists 6 € [0, 27) such that vFg° = Pg7, . Hence
by = ky g, ke, € AU.
Choose g, = §(s)v(t) € SL(2,R) such that ®(g,) = b, and note that

v =kg (keo@(gw)kﬁ_ol) '

Then, by (1.10), v - [A] = ko - [pg, (g)A].
Using that ®(kg/2) = kg, we also see that v = k(;O(I)(mg/ng)k@_Ol. Therefore, kg/29, € Fg’;, and by
definition of the packet, there exists 7 such that

[Ai] = [pg, (Ko/29+)Al-

We may now conclude that:

v - [A] = ko[ pge (K—g)2(Ko/29+))A] = ko [pgs (K_g/2)Ni],

which proves the claim. O

Our main theorem below proves that orbits of special points become dense in their multi-section
and are distributed according to an explicit measure. This limiting measure is an m-extension, a
notion introduced in [SS19, Definition 1.5]. If a lattice is not I'-special, then the corresponding
limiting distribution is as in Theorem 1.2.

Theorem 1.8. Let I' C G be a lattice, and let [A] € Xa3 be a degenerate 2-lattice. Choose kg, € K
such that A C kg, P>. Let

1
Je Troateo)utzyig 1T 92

1 dedd

we, (9) == 27Tf
0 JR IIkea(OO)U(x)kJOIH

Then:

This is a pre-publication version of this article, which may differ from the final published version. Copyright restrictions may apply.



8 MICHAEL BERSUDSKY AND NIMISH A. SHAH

(1) If A is T'-special, then for all f € Co(X23),

) 1 1 m 27 -
Jim #FT%:T flr-IA) = — ;/0 (ko[ pgs (K—g/2)Ni]) wa, (6 + 6o) db,

where {[A1], ..., [An]} is the (T, A)-packet.
(2) If A is not I'-special, then

1 27
fim i 30 SO IAD = [ e () (0) 0.

2. SUMS TO INTEGRALS

This section describes a general method used to obtain our main result. It is a slight adaptation
of [GWO07, Proposition 3.1], and the proof follows the same argument closely.

In the following, G < SL(n,R) is a closed subgroup, A < G is a lattice, and || - || is a norm. Let
dg be the Haar measure on G such that Vol(G/A) = 1. For a subset L C G and T > 0, write

Lr:={leL:|l|<T}.
We assume:
e For every € > 0 there exists 6 > 0 and Ty > 0 such that for all T' > Ty

VOI(GT(H_(;))

(2.1) Vol(Gr)

<l+e

e It holds that

lim # O =

=00 Vol(G,)
These assumptions hold in considerable generality; in particular, they hold for simple groups G, see
for example |[GN12|.

Suppose that G acts continuously on a manifold X, and fix g € X. For T > 0, define a
probability measure pup on G/A x X by

(2.2)

12 ® )= iy . #08) Fam) do

for ¢ € C.(G/A) and f € C.(X).

Let {Os}sc(o,1) be a nested family of symmetric neighborhoods of the identity in G' such that
Os | {e} as 6 — 0. For each ¢ € (0, 1], choose a nonnegative bump function xs € C.(G) supported
in Os and normalized by [ x;5(g) dg = 1. Define

ps(90) = xslgv ™).

vEA

Then 5 € Co(G/A) and fG/A s = 1.

Proposition 2.1. Fiz z¢g € X, and suppose that there exists a measure v on G/A x X such that

(23) wr — v
T—o0

in the weak-* topology. Then, for every f € C.(X),

. 1 .
Jim > flyzo) = lim v(ps @ f).
YEAT

This is a pre-publication version of this article, which may differ from the final published version. Copyright restrictions may apply.



LIMIT DISTRIBUTIONS FOR SO(n,1) ACTIONS ON k-LATTICES IN R"+! 9

Proof. Tt is enough to treat the case f > 0, since the general case follows by writing f = f* — f~.
Fix € > 0. Since f is compactly supported, it is left uniformly continuous with respect to the
G-action. Therefore, for § > 0 sufficiently small,

(2.4) |f(ugzo) — f(gzo)| <e forallu € Os and g € G.
We also choose § so that
(2.5) OsGr € Gayo)r

for all sufficiently large T
We first prove the upper bound. If v € Ap, then the support of g +— xs(gy~!) is contained in

Osv € G14s)1; 80
1= / Xs(gy ™) dg = / xs(gv™") dg.
G Gayor
Hence

(2.6) RLIOEDD /G 1) f(70) dg.

yEAT yeEA (1+5)T

Moreover, if ||v|| > (1 + §)27, then
/ xs(97™") f(vao) dg = 0.
Gator

Indeed, if the integrand is nonzero for some g € G145, then gy~' € Os, so v = ug for some
u € 05_]L = Os. By (2.5), this implies v € G(145)27, a contradiction.
Next, for every measurable B C G and every v € A, (2.4) gives

xs(97™ ") (f(gz0) — f(y0)) dg‘ < 6/ Xs(gy ) dg <e.
B B

Summing over -, and using the vanishing just proved, we obtain

S [ e e = 3 xo(g1™ 1) (10) dg
~EA Gaysr €A 521 Ga+o)T
(2.7) - / S xs(g77Y) | Flowo) dg + O() #A s
Gator \HyeA

Since Y. ca X(;(g'y_l) = ¢s(gA), combining (2.6) with (2.7) and using (2.2) yields

(2.8) Vol Z I (o) V 1(1GT) /G<1+6>T #5(98) J(g20) dg + Ole)

EAT

We now prove the lower bound. Similarly to above, if ||v|| > T, then for every u € Os = Ogl we
have ||uy| > T'/(1 + ), and therefore

/ xs(gy™") dg = 0.
Gr/(1+5)

It follows that

(2.9) Z/GT/<1+5)X( ) flyo)dg = ) / N fyxo)dg < Y f(yzo).

veA ~eAr 7 GT/( 1+6> ~EAT
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10 MICHAEL BERSUDSKY AND NIMISH A. SHAH

Using (2.4) exactly as in the upper-bound argument, but now integrating over G /(145), we obtain

e Y o F0)dg = [ aslg®)flgo) g+ O() # 7.
Yen Y Gy 1+5> Gr/(1+6)
Therefore, by (2.9) and (2.10)
1
(211) TG L esld) flam) g+ 0() < G - Flamo)
VOI(GT) GT/(1+5) ’YEAT
Define
_ Vol(Gry(1+45)) Vol(G(145)1)
L™(6) :=liminf ———L-—""> LT(§) ;=i —_—.
(0):=Hminf —G a5 L70) = limsup —or =8
Using (2.8), (2.11), and the weak-* convergence in (2.3), we get
- <
L7(8) v(s ® f) + O(e) < lim inf = vOl Z f(vz0)
< lims
< limsup g vol Z F(yzo)
YEAT
(2.12) < L) v(ps © f) + O(e).
By (2.1), we have L*(§) — 1 as § — 0. Since £ > 0 is arbitrary, (2.12) implies
i, ey 22 0 = fmyrtese 1)
EAT
Since lim7_, o % = 1, this completes the proof. ]

3. VOLUME COMPUTATIONS

We let n > 2 and denote G := SO(n,1)°. In this section, we compute the growth of the norm
balls Gr := {g € G : ||g|| < T} and isolate the part of the Haar integral that contributes to the
limiting densities appearing in Theorems 1.1, 1.2, and 1.8. To obtain the volume estimates, we
use decompositions of G of the form KAH, where A is a fixed Cartan subgroup of G, K is the
corresponding maximal compact subgroup, and H is either a symmetric subgroup or the expanding
horospherical subgroup. We begin by introducing these subgroups and recording the relevant Haar-
measure decompositions.

For i,j e NU{0} withi+j=n—1, let

_ [SO(i+1) 0
(3-1) i = [ 0 SO(, 1)0]

Here SO(0,1)° and SO(1) are understood to be the trivial group {id}.
Our diagonalizable subgroup A C G is given by
A= {a(s) == exp (19 )s) : 5 € R},
where

(3.2) exp ([(l) (1)]5) _ [cos(f)l(S) ]n(il sing(S) :| ,
sinh(s) 0 cosh(s)

and its expanding horosphere is

o= oo [ 34]) xem),
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where

0 x 0 2 2
(33) exp (|:—XT 0 xT ]) = —xT I, xT
0 x0 14 L

2

11

The Haar measure on G admits the following decompositions; see [Sch84, Chapter 8| and [GOS09,

Section 3| for further remarks. Let K be the maximal compact subgroup given by (1.3).

1 =0, we have

/f dg—/ /HM 1/ h) + f (ka(s)[ "2, ]h)) cosh(s)" " ds dh dk
(3.4) / /HM / h)+ f (ka(s)h[ ", _])) cosh(s)" "' ds dhdk.

Fori#0andi+j=mn—

(3.5) /G f(g)dg = /K /H ) /0 f(ka(s)h) sinh(s)" cosh(s)’ ds dh dk.

Moreover,

(3.6) /f dg—//RnI/ F(ka(s)u(x))e™ V% ds dx dk.

Consider
1/201/2
a(0):=1| 0 0 0 |.
1/201/2

The matrix a(co) will be useful below, since a(s) = e*a(o0) + O(1) as s — +oo.

Lemma 3.1. The following estimates hold:
(1) For h € H;;, s € R, we have el¥l||h|| < ||ka(s)h|| uniformly in k € K.

(2) Suppose that h € H; j, where j # 0. Write h in the following Cartan form:

h = [Ccla]'(t)CQ]j c E SO(Z + 1)7 C1,C2 c |:SO(]) 1:|’

where
cosh(t) O sinh(¢)
Clj (t) = |: 0 I 4 0 :| .
sinh(t) 0 cosh(¢)
Then

Il = lla; ()] = €.

When

(3) For u(x) € U, s € R, we have ¢*||x||> + el*! < |la(s)u(x)||. Moreover, if s > 0, then

e llu(x)[| < fla(s)u(x)].
(4) Let u(x) € U. Then |ju(x)|| = 1+ [|x|?.

(5) The ratio ||h||/|la(co)h] is uniformly bounded for h € H; j, and the ratio |u(x)||/||a(oco

is uniformly bounded for u(x) € U.

Ju(x)]|

Proof. By equivalence of norms, there is no loss of generality in assuming that || - || is the Hilbert—

Schmidt norm, namely ||g|| = y/Trace(gTg), which is bi- K-invariant. In particular,

|ka(s)h| = ||la(s)h|, Yk € K, Ya(s) € A, Vh € H.

We now prove (1) and (2). First consider H = H,,_1, namely H = K. By bi-K-invariance, and

since b = [ st = v+ 1
Ika()A]l = lla(s)]| < e = [|af,

which gives (1) in this case.
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12 MICHAEL BERSUDSKY AND NIMISH A. SHAH

Now assume H = H;; with j # 0. Writing h in Cartan form as in (2), and using again bi-K-

invariance,
Iitq
=[]
=] [
Since 0 1 cosh(t) 0 sinh(t)
a;(t) = eXp<[1 0} t) - Ling(t) Ij(; 1 cos?l(t)]’
we get

|Al|? = (i 4+ 1)+ (j — 1) + 2cosh(2t) = n — 1 + 2 cosh(2t) < cosh?(t).
Hence ||h|| =< cosh(t) = el'l, which proves (2).
To prove (1), note that the bottom right entry of a(s)h is cosh(s) cosh(t). Therefore

lla(s)h| > cosh(s) cosh(t) > el*l cosh(t) < /||,

and (1) follows.
We now verify (3). Note that the bottom right entry of a(s)u(x) equals & ||x||? + cosh(s). Thus

S
la(s)u(x)[l = %HXH2 +cosh(s) > e*|[x|* + €,
which is exactly (3). If s > 0, then by (4),

la(s)u()]l > e (1 + [|x[|*) = e*Ju(x)]

which proves the second assertion in (3).
To prove (4), observe first that the bottom right entry of u(x) is 1 + 3||x/|%, so

lu()]| > 1+ flx]*.

On the other hand, from the explicit expression (3.3) for u(x), each matrix entry is O(1 + ||x|?),
and therefore

lu()|| < 1+ 1.
Hence
lu(x)ll = 1+ [Ix]?,
proving (4).
Finally, we verify (5). If H = H,,_1 o, then H is compact and, again by orthogonal invariance,

1B/ la(co)hll = V'n +1/]|a(c0)-
If H = H; j with j # 0, then the bottom right entry of a(co)h is  cosh(t), and therefore
|la(oco)h|| > cosh(t) < ||h].
Likewise, the bottom right entry of a(co)u(x) is (1 + ||x[[%), so
la(oo)u(x)l| > 1+ [|x]* = [lu(x)]].
This proves (5). O

Lemma 3.2. Let J denote either I41 or a(oo). Let H = H; ;, and denote by dh a Haar measure
on H. Ifn —2 < «a, then fH \\Jilz||adh converges with the following tail estimate:

1
dh < T2~
/TSlhl [Jh||*

1 log(T) a=n-2,
—dh <
/||h||§T | SR« {T”‘Q‘a a<n-—2,

Otherwise, forn —2 > «:
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Proof. 1f j = 0, then H,,_1 9 = K is compact, so the claims are immediate. Thus assume j > 0.
In the decomposition of h € H; ; as

e . SO(j)
h_{ Claj(t)@],tzo, ceSO(i+1), cl,ch[ 1],

the integration element of the H; j-Haar measure is given by dh = dcdcy deg sinh(t)/~1dt; cf. (3.4).
Then, by compactness, and by Lemma 3.1,

1 ) )
/ dh < / e sinh(t)’ ! dt < / eU=1=ot gy
|R|I<T H‘]hHa et<cT et<cT

Since j — 1 < mn — 2, this gives

1, a>n—2,

/ 1 dh < / el(n=2)=e)t gy « log T, a=n-—2,
i<t 1R[] et<cT

Tr=2=2 a<n-—2.

This proves the stated bound when a < n — 2, and also shows convergence of [ [|Jh|~* dh when
a>n—2.
For the tail, again using ||.Jh|| > e and ||h|| < €,

1 )
/ dh <« / et sinh(t)’ ! dt < / el(n=2)=a)t g  p(n=2)—a
T<|h|l ||JhHa et>c=1T et>c=1T

provided o > n — 2. This proves the lemma. ]

We get the following analogous estimates for U.

Lemma 3.3. Let J denote either I,,11 or a(oo), and let dx be a Haar measure on U = R*~1. [f
n—1 .
5= < a, then:

dx < TnTil*a,

1
/T§||u(x)|| | Ju(x)[|
and otherwise:
log(T _ n=1
/ %dx < Oiglza « n31’
lueol<r IJux)] T o<

for J =1I,41 or J = a(o0).

)

> ‘

Proof. By Lemma 3.1, there exists some ¢ > 0 such that:
1

1
——dx K / T T 4%
/Hu(x)||<T [ Ju(x)[|* el <ver=t (x> + 1)
VT
<1+ / rn=2)=2agy,
1
The tail estimate follows similarly. O

For T >0, k€ K, h € H consider
(3.7) br(k,h) ={0 < s: ||ka(s)h|| < T}.

The following asymptotic estimate will be key in describing the density in the limiting measure
appearing in the main theorems.
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14 MICHAEL BERSUDSKY AND NIMISH A. SHAH
Lemma 3.4. Fix k € K. Then
1
(n—1)2n—1 fH [[ka(
Thm = 1/ / s)dsdh =
—ro0 br(k,h) 1 1 _
! 71 Ju Traor=T M H=U,

where w(s) = sinh(s)’ cosh(s) when H = H; ;, and w(s) = e 1% when H = U.

1 —
oo)h”"*l dh’7 H - Hiyj’

Proof. By Lemma 3.1(1) and (3), there exists ¢y > 0 such that bp(k, h) = () whenever ||h|| > ¢oT.

Hence
s)dsdh = / / s)dsdh.
Tn-1 / /bT k,h) T Jini<eor Jor (k)

Also, we observe that
[ka(s)h] — e*[ka(so)l| < [k(als) — e“a(oo))A < [14].
which implies, together with Lemma 3.1(5),

a(s)h|| = e®||ka(oco L — = e’||ka(co e’
Iratsyl = e“frateoynl 1+ 0( L)) = elrateomi 1+ o).

Fix € € (0,1), and choose sy > 0 so that for all s > s,

lka(s)h|l = e*[[ka(o0)hl|(1 + O(e)).

Therefore, for some absolute C' > 0,

B T
3.8) {3250' " S 0T Coka(> >hu} br(k. h)

. T
C [0, s0] U {8 Z 800 €S (1 — Ce)|lka(oo)h|| } '

The contribution of [0, sp] is negligible. Indeed,

/ / s)dsdh <, / dh.
Ih||<coT [|h||<coT

If H = H;;, then by Lemma 3.2 with a = 0,

while if H = U, Lemma 3.3 with o = 0 gives

/ dh < T"5
[[h]|<coT

s)dsdh = o
Tl /h||<c0T/ (L.

We proceed to establish the estimate in the two cases H = H; ; and U separately.
Case 1: H=H; ;. Since t +j =n—1,

Hence in both cases

A . 1
w(s) = sinh(s)" cosh(s)? = Fe(”_l)s + 7rn(s),

where 7, (s) < ("3
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Using the previous sandwich (3.8) for br(k, h) and the negligible contribution of [0, so], we get

(1+O(e))”1/ 1
s)dsdh =~ SR S—
Tn- 1/ /bT(k:h (n=1)2"" Jjpji<eor Ika(o0)hf[*
+ Er +o(1),

where the error Ep comes from 7,(s).
We proceed to estimate Ep using the inclusion (3.8) and Lemmata 3.2-3.3. For n = 2,

1 log T
Er < / dh < =o0(1)

T Jjnj<eor T

For n = 3,
logT / log T
Er < dh < = o(1)

T2 Jjni<eor T

For n > 4,

1
— — —dh=0(T"1) = 0(1),
T2 /||h||§cOT |[ka(oo)h|[n—3 (T~') =o(1)

by Lemma 3.2, since n —3 <n — 2.

Thus
(1+O(6))”*1 / 1
d dh = —— 2 — — dh+ o(1).
= /b o (=127 o Teateoylt 2+ o)

Since n — 1 > n — 2, Lemma 3.2 gives

1 1
lim ——————dh = / ——————dh.
T—00 Jjp)|<eor [[Ka(o0)h||"— u llka(oo)h[|"~*
Letting 7" — oo and then € — 0 yields

1 1
lim // s)dsdh = / dh.
i s i) (n =127 Jy Tra(oo)][?

Case 2: H ="U. Here w(s) = e(m1s exactly, so the same argument gives

(1+0(e))n—1/ 1
d dh = —— 2 — —dh+o0(1).
T / /b o n1 Jinjcenr Tea(ooyat 2+ o)

Since n — 1 > 2= Lemma 3.3 implies

1 1
lim ——— —dh = / ———————dh.
700 Jjp)|<eor [[Ka(o0)h||"— w |[ka(co)h|[*
Letting T — oo and then ¢ — 0 finishes the proof. O
Corollary 3.5. Let

={geG:|gll<T}, J:= [_1 LJ ,a(—00) := Ja(oo)J.

IfH = H()’nfl, then

Vol(Gr) / /
. I - dh dk.
(39 lm 2T [ka(oo h||n T Tra(— )h||n I
If H= H;; withi#0, then
VOI(GT) 1 / / 1
1 lim _ Y e
(3.10) A e T o2t e [, Teateoynt Sk
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16 MICHAEL BERSUDSKY AND NIMISH A. SHAH

If H=U, then

. VOI GT
3.11 1 = dx dk.
(3.11) 7o 1 n—l/ /]R” 1 ka(ooyu(x) =1 %

Proof. We prove (3.9) and (3.11). The proof of (3.10) is similar.
Case 1: H = Hyy—1. For k € K and h € H, define

br(k,h) :={s > 0: ||ka(s)h|| < T}, bp(k,h):={s<0:|ka(s)h| <T}
Since a(—s) = Ja(s)J, and since Jh = hJ, we have
br(k,h) :={s < 0:||ka(s)h|| < T} = {s < 0: | Jk'a(—s)hI|| < T},

where k7 = JkJ. Then, after the change of variable ¢ = —s we have

/ cosh(s)" 1ds = % cosh(t)" 1 dt,
bz (k,h) br (k7 ,h)

where bp(k?, h) := {t > 0 : [k a(t)h]|; < T}, with ||glls := [ Jg]|.
Hence, by the Haar measure formula (3.4) for Hp 1,

ol G1T = 1/ / / Jr/~ cosh(s)" ! ds dh dk.
Tn ™= bt (k,h) by (k7 ,h)

Apply Lemma 3.4 to the first inner integral with respect to the norm || - ||, and to the second
inner integral with respect to the norm || - ||5, and then dominated convergence in k, we obtain

. Vol(GT) / /
1 = dh dk.
The TPl (n—1)2n1 Ika(oo hll" T ka(oc )hH

For the second term above, note that
1 1 1

Ik a(oo)n3~" [Tk a(co)hI[*=1 — |[ka(—o0)h|[*~1"

which proves (3.9).
Case 2: H = U. By the Haar measure formula for U,

Vol( GlT _ : / / / / =18 ds dx d.
Tn TTL Rn—1 b+ k u(x ) b; (k,u(x))

We claim that

log T
(3.12) — / / / s ds dx dk = o( Offl) .
rm= R =1 Jb (k,u(x) T2

Indeed, by Lemma 3.1, (3), there exists ¢ > 0 such that
by (k,u(x)) C {s < 0:e||x||* + e 5 < T}

0 e\ T
/ / D8 ds dx < / <COTS€> e(=1s gg
R=1 Jb . (ku(x)) —log(coT) €

0 n—1
= / (coTe® —1) 2 ds

—log(coT)

Therefore

< T log T,
which proves (3.12).
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Hence the negative-s contribution is negligible after division by 77!, and Lemma 3.4 gives

1 1
lim w = lim —— // / eV ds dx dk
Tooo TM1 T—o0 Tn1 [ Jrn-1 bt (ku(x))

1 / / 1
=— dx dk.
n—1Jk Jen-1 [ka(co)u(x)["~!
This proves (3.11). O

Next, for L > 0, k € K, and h € H, define
drr(k,h) :={0<s<logT —L: |ka(s)h| <T}.

Lemma 3.6. Let H be either H;;j or U. For every e > 0 there exist Lo = Lo(e) and Ty = Ty(e)
such that, for all L > Lo, T > Ty, and all k € K,

=,
— w(s)dsdh < e,
T J o Jagp (k) (5)

where w(s) = sinh(s)" cosh(s)? if H = H; j, and w(s) = e Vs if H = U.

Proof. By Lemma 3.1, (1), and (3), there exists ¢y > 0 such that

T
dT,L(k7h) - {OgsglogT_L: 6S§ﬁ0h||}.

Since w(s) < e 15 we get

1 1 logT—L
n—l/ / w(s)dsdh < n_l/ / e"=13 ds dh
T J i Jag, (kb " Jinl<coer Jo

1 log(coT/||Rl))
+ / / e ds dh.
T coel<||h]|<eoT Jo
For the first term,

1 logT—L
= / / eV ds dh < e” (DI / dh = or(1),
T Ikl <coek Jo ]| <coel

by Lemma 3.2 or Lemma 3.3 with o« = 0.
For the second term,

1 log(coT/||PI) 1 1
— / / s gs dh < / ———dh+ —— / dh
T coel <||hl|<coT JO Ihl|>coet NP T bl <coT

=or(1) + op(1),

by Lemma 3.2 or Lemma 3.3 with a« = n — 1 for the first term and a = 0 for the second. Now
choose L so that the or(1) terms are < €/2 for L > Ly, and then choose T so that the or(1) term
is < ¢/2 for T > Ty. O

We denote
(3.13) brr(k,h) :==br(k,h) \drr(k,h) ={s >logT — L: |ka(s)h| <T}.

Note that there exists ¢g > 0 such that if ||h|| > coel, then by 1 (k, h) = () by Lemma 3.1. Thus,
after restricting to the late range s > logT — L, the H-integration is automatically confined to the
bounded region ||| < e, uniformly in T. This is used later in Section 6.1 in the proof deriving
the limiting distribution, via Corollary 3.7 below, to truncate the h-integration to a compact range
before applying the equidistribution argument.
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Corollary 3.7. Let f : G — R be bounded. For every ¢ > 0 there exist Ly = Lo(e, f) and
To = To(e, f) such that, for all L > Lo, T > Ty, and all k € K,

1 1
W /H /bT(k,h) f(ka(S)h)W(S) dodh = W /H /bT,L(k,h) f(ka(S)h)W(S) ds dh

Moreover, there exists co > 0 such that by 1(k, h) = ) whenever ||| > coe.

Proof. Since br(k, h) \ by 1(k,h) = dr (k, h),

f(ka(s s)dsdh — ——— // f(ka(s)h)w(s)dsdh
Vol(Gr) GT //bT(kh ) (s) VO] br.L(k,h) Jh)w(s)

M lle / /
< s)dsdh.
Vol GT dTL(kh

By Corollary 3.5, Vol(G7) < T !, and by Lemma 3.6, m I de (6 w(s)ds dh can be made
arbitrarily small by taking first L and then T sufficiently large. This proves the first claim. The
second is exactly the observation above. O

<e.

4. ACTION ON ORTHOGONAL LATTICES

Let n > 2 and r < n 4+ 1 be natural numbers and denote X := X, 1. A challenge in analyzing
the G-action (1.1) on X is that the lattices not only change shape, but also move between different
ambient subspaces. In our setting, a convenient way to separate these two effects is to use a KAH
decomposition. The subgroup H is chosen to preserve the ambient subspaces of the lattices, and
therefore acts on the lattices inside these subspaces by explicit transformations. The essential point
is then to understand the action of the diagonal part A. We show that asymptotically this action
can be written in the form RJ, where J acts on the lattices inside their subspaces by explicit diagonal
matrices in PGL(k,R), while R moves the ambient subspaces to the distinguished degenerate pair
P°; see Lemma 4.2.

Comblned with Corollary 3.7, this reduces the original equidistribution problem to the well-
studied problem of equidistribution of expanding translates of bounded manifolds treated in Sec-
tion 5. Those results yield equidistribution for the lattices contained in P*°, and the K-component
then moves this limiting distribution to the lattices contained in the other degenerate pairs.

4.1. The case of H; ;. Fix nonnegative integers 4, j such that i + j = n — 1. Consider the pair of
nondegenerate orthogonal complementary subspaces Pl(o), PQ(O) C R™*! defined by

Pl(O) — SpanR{el’ . ,ei—|—1}7

(4.1) (0) = Spang{eit2,...,€ent1},

PO = (P P{).

Consider Xpo) := {([A1],[A2]) € X : A; C PI(O)}, and observe that the subgroup H; ; C SO(n, 1)°
acts on Xp() with respect to the action induced by the G-action (1.1). More specifically, for h € H; ;,
write

h= [%1 52] , h1 € SO(i + 1), he € SO(j,1)°.

Then,
b (A1), [A2]) = ([hA4], [R3A2]),  h € H, ;.

It will be convenient to work with the following matrix representation. Let

p©: GL(i + 1,R) x GL(j + 1,R) — GL(P”) x GL(P{")
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be the representation obtained by expressing linear maps Pl(o) — Pl(o) and P2(0) — PQ(O) in the
ordered bases
By :=(e1,...,eit+1), Ba:=(€jt2,...,€p41).
For k € N, denote
X = PGL(k,R)/PGL(k, Z).
The representation p(®) induces an action of PGL(i+1, R) x PGL(j+1, R) and hence an identification
Xpo) = Xit1 X Xj1,

under which the identity coset corresponds to ([Spang{e1,...,e;11}],[Spang{eita, ..., ens1}]).

For ([A1],[Az2]) € Xpw), if (y1,y2) € Xiy1 X Xj41 is such that p(©(yy,y2) = ([A1], [Az2]), then

[ 0 ] (A, 1)) = 6O (i, hge).

We now define matrices ¢1(s) and ga(s), for s > 0, that describe the asymptotic action of a(s)

on XP(O).
Let vt,v™ € R™*! be given by
1 1
vt = (0), Vo= ( 0 )
1 -1

Then
(4.2) a(s)vt =evT, a(s)vT =e v, a(s)e,=e, (2<qg<n).
Since (e, es,...,e,,v7) and (v, es,...,e,,e,11) are bases of R""! we define g1(s), g2(s) €

GL(n+ 1,R) by

g(ser = Sut, gis)ey=e, 2<a<n), s = e,
and s
_ e _
@(s)vT =T, ga(s)egi=e, (2< g <n), ga(s)ens1 = v

Lemma 4.1. It holds that
lim a(s)(g1(s))"! =id, lim a(s)*(g2(s)) "' = id.

§—00 S§—00
Proof. Tt is enough to check the convergence on the basis (vF, ez, ..., e,,v7).
We first prove that a(s)(g1(s))™! —id. For2< ¢ <mn,
a(s)(91(5)) "'eq = eq.
Also,
a(s)(g1(s)"v” = a(s)(evT) = v,
Finally, since 2e; = v™ +v~, we get
a(s)(g1(s)) ot = a(s)(2e%e1) = e Ca(s)(vT +v7) = v + e v — 0T,
Hence a(s)(g1(s))~! — id.
Similarly, for the second limit, for 2 < g < n,
a(s)*(g2(s)) "'eq = ey,
and
a(s)*(g2(s)) "' = a(s)* (e ™) = 0™
Since 2e,41 = v — v~ we have
(g2(s))tv™ = —2e ey =e (v —v

Therefore,
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This proves a(s)*(g2(s))~! — id. O
Choose R; € SL(n + 1,R) such that
Rie; = %v*, Rieg = e, for 2 < g <mn,
and choose Ry € SL(n + 1,R) such that
Roey = e, for 2 < g <n, Ree,y1 = —%v*.

We denote
R([A1], [A2]) == ([Ri], [ReAs2]), ([A1],[A2]) € Xinpa

Consider the complementary orthogonal degenerate subspaces
Ploo = SpanR{U+> €2,..., ei+1}7
(4.3) P3¢ := Spang{e;t2,...,€,,0" },
P = (P, P5°).
We notice that both R; and g;(s) map PO into P® for i = 1,2. In particular, R maps Xpo)

7 7
bijectively onto Xpe.
Denote

(4.4) di(s) = [eifl 0 } € SL(i + L,R), da(s) := [ed+1fj o

0 e itl Iz 0 e+l

]ESMj+LR)

Lemma 4.2. Let ([A1],[As]) € Xpo and let (y1,y2) € Xiv1 X Xji1 such that p©(y1,y9) =
([A4], [A2]). Then

(45) (lg1(5)A1], loa(5)A]) = R (6 (s (), da(s)ye) ).

Proof. Since g;(s) and R; map PO to P for i = 1,2, we obtain that

Al(S) = Rl—lgl(s)|Pl(o) S GL(Pl(O)), AQ(S) = R2—192(8)‘P2(0) € GL(P2(0))

To prove the claim, we compute the matrices representing A;(s) and As(s) in the ordered bases
(e1,...,e;+1) and (e;42,...,€,4+1) respectively.
For A;(s), we have

Hence

For As(s), we have
Ax(s)e,=e, (i+2<q<mn), Ay(s)e,i1=Ry" <_e21}_> = eept1.
Hence s
[AQ(S)]BQ = dlag(L L 68) = 6j?d2(5)‘

Therefore, for ([A1], [A2]) € Xp(o and (y1,¥2) € Xit1 X Xj41 such that p(o) (y1,y2) = ([A1], [A2]),

we obtain that
([A1(s)A1], [Aa(s)Aa)) = pO (e d, (s)yn, €71 da(s)y2) = p O (di (s)y1, da(s)y2).
Applying R, we obtain (4.5). O
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For x € G/T', y = (y1,y2) € Xit1 X Xj41, k € K, and T > 0, we define the following measure on
G/F X Xi+1 X Xj+1 by

(4.6) Py e, (F') / / s)ha, di(s)h1yi, d2(s)hyy2)w(s) ds dh,
VOI br k‘h)

where bp(k, h) is given in (3.7), and w(s) = sinh(s)’ cosh(s)’.
Define ¥ : G/I" x X;411 X Xj11 — G/I' x Xpe by:

(47> \I/(.Z',y) = (.%', RP(O) (y))7 TE G/Fa yE X’H—l X Xj+17
and, for k € K, define
(4.8) KU (z,y) = (ka,k- (R (y))),

where in the second coordinate k acts as in (1.1).

Lemma 4.3. Fiz 29 € G/T, let ([A1],[A2]) € Xp(), and choose yo € Xiy1 x Xj41 with p© (yo) =

([A1], [A2]).
Suppose that for every k € K,

(4.9) weak” Hm fiz,yo b7 = Hi,oo-

Then, for every F € C.(G/T x X),
Aol GT / /b (8)hao, ka(s)h - ([Aa], [Aa]))w(s) ds dh = (kW) ik 00 (F).-

The above lemma follows as a direct corollary of Lemmata 4.1-4.2 as follows. By applying
Lemma 4.2 to the point h - ([A1], [A2]) = ([h1A1], [h3A2]), and then using Lemma 4.1 to replace
([g1(s)h1A1], [g2(s)hEA2]) by a(s)h-([A1], [A2]) inside the test function. The contribution of bounded
values of s is negligible after normalization by Vol(Gr), exactly as in the proof of Lemma 3.4.

4.2. The case of U. The discussion here is analogous to the previous subsection treating the case
H = H;j. Recall the pair of orthogonal degenerate subspaces P> = (P°, P3°) from (4.3). We
consider the representation

> :GL(i+ 1,R) x GL(j + 1,R) — GL(P;*) x GL(P5°),
defined by expressing linear transformations P — P and P5° — P3° in the ordered bases
B = (v ey, ...,e11), B := (v ,eit2,...,€n),

respectively. ‘
For x = (a,b) € R"! = R’ x R/, we define

(4.10) v(x) = v(a,b) = ([(1] ;‘] , [(1) ﬂ) € GL(i + 1,R) x GL(j + 1, R).
i J
We also define
is Js
- eitl 0 eJtl 0
a o= ([ 8 1 [# 2 ). oo
Before proving the next lemma, recall that
(4.12) u(x)vt =0T, ux)e, =z, +e, (2<g<n).

Also, using the explicit formula for u(x), one checks that

(4.13) u(x)'vT =v7, ux)'e; =z +e4 (2<qg<n).

This is a pre-publication version of this article, which may differ from the final published version. Copyright restrictions may apply.



22 MICHAEL BERSUDSKY AND NIMISH A. SHAH

Lemma 4.4. Let ([A1],[A2]) € Xpo and let y € X1 X Xj11 such that p>=(y) = ([A1], [A2]). Then,
for every x = (a,b) € R x R and every s > 0,

(4.14) a(shu(x) - ([Aa], [A2]) = p™((8(s)v(x)) - y).

Proof. Since a(s)u(x) preserves Py, and (a(s)u(x))* preserves P5°, it is enough to compute the
representing matrices of

a()u(x)] p and (a()u(x))"] ppe

in the bases B{® and B3°.
Using (4.2) and (4.12), we get a(s)u(x)vt = e*v™, and,

a(s)u(x)e; = a(s)(zput +e,) = e*rut + e, for2<g<i+ 1.

Therefore the representing matrix of a(s)u(x)‘ poo iNl the basis Bf° is
1

s esa,:eSO 1a:eii1€i% 0 1(1'
0 I 0 IL||0 I 0 e i | |0 I

Similarly, using (4.13) and the fact that a(s)*v™ = e’v™ and a(s)*e, = e4 for 2 < ¢ < n, we get

(a(s)u(x))*v™ =ev,

and, for 1+ 2 < q < n,
(a(s)u(x)) ey = a(s)*(zqv™ +eq) = e’zqv~ + €.

Therefore the representing matrix of (a(s)u(x))*‘Poo in the basis BS® is
2

[es esb]:[es 0] [1 b:|:ejj1|:ejjfl 0 ][1 b].
0 Ij 0 Ij 0 Ij 0 efj+1]j 0 Ij

Since scalar homotheties are trivial in the projective actions on X;11 and X1, the extra scalar
factors e7+1 and e7+1 are absorbed. This proves (4.14). O

For x € G/T', y = (y1,42) € Xix1 X Xj41, k € K, and T > 0, define a measure on G/T" x X1 x
Xj1 by

(4.15) Va7 (F) i= Vol(lGT) /Rn_l /bT(k,u( : F(a(s)u(x)x,5(s)v(x)y)€(n—1)s ds dx,

where b (k,u(x)) is given in (3.7).
If n = 2, then either i = 0 or j = 0, so one of X;;1, X;;1 is a singleton. In that case, we identify
Xiy1 x Xj41 with Xo, and (4.15) becomes

1
yx,7k7TF::// F(a(s)u(t)z,0(s)v(t)y)e’® dsdt,
Yy ( ) VO].(GT) R bT(k;,u(t)) ( ) <) () () )
where v(t) = [§ 1].
We consider the map U : G/I" x X;11 X Xj11 = G/T' x Xpeo,
\Iloo(xvy) = (xvpoo(y))v VS G/Fv Yy e XZ'Jrl X Xj+17
and, for k € K, we define
k\poo(x’y) = (kka : poo(y))’ VS G/Fa Yy e XZ'Jrl X Xj+17

where in the second coordinate k acts as in (1.1).
We have the following statement, analogous to Lemma 4.3. It is an immediate consequence of
Lemma 4.4.
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Lemma 4.5. Fiz zg € G/T', let ([A1],[A2]) € Xpeo, and let yo € X1 X Xj41 such that p™(yo) =
([A1],[A2]). Suppose that for every k € K,

(4.16) WG%E lm vy yo kT = Vh,oo-

Then, for all F € C.(G/T" x X),

T~>oo VOI GT /Rh 1 /bT(k u(x) S)U(X)mo, ka(s)u(x) ' ([Al]’ [AQ]))e(nil)S ds dx
= (V). oo(

5. EQUIDISTRIBUTION STATEMENTS

The goal of this section is to prove the equidistribution statements needed to establish the con-
vergence of (4.9) and (4.16).

We divide the argument into two cases, n > 3 and the n = 2 case.

For n > 3, we will show that every weak-* limit has Haar marginals in each factor and is invariant
under a nontrivial unipotent element whose projection to each factor acts ergodically. We will then
use the fact that, in this setting, there are no nontrivial algebraic joinings. It will follow that the
limiting measure is the full product measure.

The case n = 2 is more delicate because of the exceptional isogeny SL(2,R) — SO(2,1)°, which
allows additional algebraic joinings and therefore requires a separate analysis.

5.1. The n > 3-case. Let n > 3, and fix nonnegative integers ¢,j such that i + 7 = n — 1. Set
G :=50(n,1)° x SL(i + 1,R) x SL(j + 1,R), and consider the subgroup

Ho={(hhhg) =", et} co,
where H; j =2 SO(i + 1) x SO(4,1)° is as in (3.1). We also define

U= {(u(x),v(x)): x € R" 1}

where u(x) is given by (3.3) and v(x) € SL(i + 1,R) x SL(j + 1, R) is defined in (4.10).
Next, we consider the diagonalizable one-parameter subgroups of G given by

an(t) := (a(t),di(t),d2(t)), t € R,
where a(t), di (), da(t) are as in (3.2), (4.4), and
ay(t) == (a(t),0(t)), t € R,
where 3(t) € SL(i + 1, R) x SL(j + 1, R) is as in (4.11).

Proposition 5.1. Let £ denote either H or U, and let arp be the corresponding diagonalizable
subgroup defined above. Let T :=T x SL(i + 1,Z) x SL(j + 1,Z), where T' C SO(n,1)° is a lattice,
and fir x € G/T'. Let w € Co(L) be nonnegative, and define

LE(F) = / Flag(s)iz) w(l)di, F € Co(G/T),
L
where dl denotes a Haar measure on L. Then
lim wE(F) = g e(F) [ widyal

for all F € C.(G)T).
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5.1.1. Generalities. To prove Proposition 5.1, we will use the following general facts about equidis-
tribution on homogeneous spaces.

Throughout this subsection, let G C SL(m,R) be a connected semisimple Lie group, let I' C G be
a lattice, and let H C G be a closed connected subgroup. We denote by g and b their Lie algebras.

Let {a(t) }ter € G be a nontrivial one-parameter subgroup consisting of diagonalizable elements.
Then g admits a decomposition g = g~ @ g° ® g, where g° is the fixed-point subspace of Ad(a(t)),
and gt and g~ are the sums of the eigenspaces corresponding, respectively, to the positive and
negative weights of the one-parameter group Ad(a(t)). We write 7 : g — g for the canonical
projection associated with this direct sum decomposition.

Theorem 5.2. Assume further that G is simple and that 7+ (h) = g*. Let o € G/T, and let
w € C.(H) be nonnegative. Then

lim [ f(a(s)hao) w(h) dh = pgr(f)pw(w)

S§—00 H

for all f € C.(G/T). Here, pg/r denotes the G-invariant probability measure on G/T', and
denotes a Haar measure on H.

Proof. The result follows from mixing of the {a()}-action with respect to ug r, together with the
classical “banana trick” due to Margulis; see [EM93]. 0

To prove Proposition 5.1, we will use the above theorem to obtain equidistribution in each simple
factor. We will supplement this with the following lemma, which ensures that every limiting measure
is invariant under a suitable unipotent element.

Lemma 5.3. Let w € C.(H) be nonnegative, and consider the measures

() = /H F(a(s)hzo) w(h) dh, [ € Co(G/T).

Suppose that v € g* is an eigenvector for {Ad(a(t))}ier and that v € 7+ (h). Then every weak-*
limit of ps as s — oo is invariant under left translation by exp(v).

Proof. Suppose that Ad(a(t))v = eX(Dv, where x(t) — 0o as t — oo, and assume that there exists
h € b such that v = 77 (h). Since ker(7") = g® @ g, there exists u € g° ® g~ such that h = v+ u.
Denote h; := e X()h. Then
Ad(a(t))hy = v + O(e X®),
Now suppose that ps, — v in the weak-* topology. For f € C.(G/I'), using the left invariance of
Haar measure on H, we obtain
v(f)=lim [ f(a(s;)hzo)w(h)dh

= lim f(Oé(Sl) eXP(hsi)hI‘o) w(exp(h’Si)h’) dh

1—00 Jay
— tim [ f(exp(Ad(a(s:)hs,)a(ss)hao) w(exp(hs, )h) dh

1—00

= lim 5 Flexp(v + O(e X6 ) a(s;)hao) w(exp(O(eXED)) k) dh

= lim | f(exp(v)a(s;)hzo)w(h)dh

— (exp(0).1)(),
where in the second-to-last line we use the uniform continuity of f and w. This proves the claimed
invariance. U
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The following proposition shows that, once the limiting measure has Haar marginals and is
invariant under a suitable unipotent element, full product equidistribution follows provided there
are no proper algebraic joinings.

Proposition 5.4. Suppose that G = G1 X -+ X Gy and T' = T'1 x --- x I'y,, where each G is a
connected Lie group and each Ty is a lattice in G;. For each l, let m; : G — G; and 7 : G/T — G/T}
denote the natural projections. Suppose that u € G is an Ad-unipotent element such that m(u) acts
ergodically with respect to the Gj-invariant probability measure g, /v, on Ggi/Ty.

Let 1 be a u-invariant Borel probability measure on G/T such that

(T1)«(1) = pg,r,

for each 1. Assume further that there is no proper subgroup L C G such that LT /T is closed and
m (L) = Gy for every l. Then p is G-invariant.

Proof. Consider the ergodic decomposition of u with respect to the u-action:

uz/yuydﬁ(y),

where each p, is a u-ergodic u-invariant Borel probability measure on G/T', and (Y, ) is a Borel
probability space on which u acts trivially.

Fix 1 <1 < m. Since 7 is equivariant with respect to the action of u on G/T" and the action of
m(u) on G;/I';, the measure (7;)«(py) is m(u)-ergodic and 7;(u)-invariant for fi-almost every y € Y.
Hence

(7)ot = /Y (7). (1) ()

is an ergodic decomposition of (7).
By hypothesis, (7). = pg, /T;> and this measure is m1(u)-ergodic. Therefore, for fi-almost every
yey,

(5.1) (1) (1y) = 1ig,r,-

Now let y € Y be such that p, is u-ergodic and (5.1) holds for every 1 <1 < m. By Ratner’s
measure-classification theorem, there exists a closed connected subgroup L C G such that pu, is
L-invariant and supported on a closed orbit LgI'/T" for some g € G. For each [, the projection

m(Lgl'/T') = m(L)m(g)L't/Ty

has full pg, /r,-measure by (5.1). This is only possible if 7;(L) = G;, since otherwise m;(L) is a proper
lower-dimensional subgroup and the projected orbit has zero Haar measure.

Finally, let L1 = g~ 1Lg. Then LiT'/T is closed, and (L) = G; for every I. By assumption, this
forces Ly = G, and hence L = G. Therefore pi,, is the G-invariant probability measure pg .

Thus py = pg/r for pi-almost every y, and consequently = g r.

5.1.2. Proving Proposition 5.1. Let n > 3 and let ¢, j be nonnegative integers such that i+j7 =n—1.
Set

g1 := SO(n, 1)0, Go := SL(Z—FLR), Gs := SL(]—l—l,R),
and let g; denote the corresponding Lie algebras.

The subgroup H. Let

ar(t) :=af(t), a(t) :=di(t), as(t):=da(?),
where a(t),di(t),ds(t) are as in (3.2) and (4.4). Let gy = g; @ g) ® g; be the corresponding
weight-space decomposition for Ad(«y(t)), and let 7rl D — gf be the associated projection. Then

l
of =u, of ={[%l:xeR'}, gf ={[}0] :yeR},

where u = Lie(U).
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Now denote
Hq = Hi,j, Ho = SO(’L =+ 1), 7’[3 = SO(], 1)0,
and let b; := Lie(H;).

Lemma 5.5. For each | =1,2,3 we have 7rl+(bl) = g;r.

Proof. For a € R" and b € R/, consider

0 (ab) © 0 2a 0 O
(5.2) vy = [—%W ) (“g’ﬁ}’ 2= [0 0] V3= {—21; o} '
Let
0 (a0) O© 0 a 0 b7
(5.3) hy = 2[(110,0)7 (o?b) (Oé))T} hy (=2 [—aT O} , hy:=2 {—b 0 ] .

Then h; € b, for [ = 1,2, 3, and
Ad(ay(t))(ly — o) = e (b —wp), 1=1,2,3.

Hence h; — v; € ker(m}"), so m" (hy) = vy, 1 =1,2,3.
As a and b vary, the vectors v1, v9, v3 run through all of gf, g%’, ggr. This proves the lemma. [

Let
H = {(h,hl,h;) th= |:h1 h2:| S Hi,j} C Hy X Ha x Hs,
and let b := Lie(H). Set
a(t) == (en(t), aa(t), as(t)),
and let 71 : g — gt be the positive-weight projection for Ad(a(t)).

Lemma 5.6. For a € R® and b € R7, set
0 (ab) 0 0 2a 0 0
- _
e (O R )}

Ad(a(s))v;b = esvz’b, v;b et (h).

Then

Proof. Let v1,v9,v3 and hy, ha, hs be as in (5.2) and (5.3), and set
h:= (hl,hg,hg) €bh.

By Lemma 5.5, m" (hy) = v;, [ =1,2,3.
Hence
7T+(h) = (Wf(hl),ﬂ';(hz),ﬂ'gr(hg)) = (1)1,’1)2,’03) = ’U;b.

The eigenvalue relation is immediate from the definitions. O
The subgroup Y. Write

0(t) = (01(t), 62(t)) € SL(i + L, R) x SL(j + 1, R),
where 0(t) is as in (4.11), and set

Bi(t) :==al(t), Pa(t) :=01(t), Pa(t) := da(t).

Let gy = g, © g0 P g;r be the weight decomposition for Ad(F;(t)), and let w;r D — gf be the
associated projection. Then

0 a ; 0 b ;
+ _ + _ . i + _ . j
(5.4) g =u, 92—{[0 O].aGR}, 93—{[0 0].b€R}.
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Let
U=UCG, =L % acrlca wu={' ? vewlcq,
0 I 0 I

and let u; := Lie(l4;).

Lemma 5.7. For each | = 1,2,3 we have ;" (w) = g;.

Proof. For | = 1, we have 41 = u = gf. For [ = 2,3, the groups U, are precisely the expanding
horospherical subgroups of 5;(t), so u; = gl+. The claim follows. O

Let up := Lie(U) C g1 @ g2 @ g3, and write = = (a,b) € R* x R/. Define

0 _(ab) 0 0 a] [0 bD
+
= —(a,b)T 0 (a,b)7 |, , .
wis= ([ & ey b 8 o

Lemma 5.8. For every a € R' and b € R/,
Ad((a(s), (5(5)))10:{7,) = esw;b, w;b € 1t (ua),

where ©+ denotes the positive-weight projection for Ad((a(s),d(s))).

Proof. The vector w;; p 18 tangent at the identity to the one-parameter subgroup

t— (u(t(a,b)),v(t(a,b))) CU,

hence ’w;b € ua. By (5.4), ua C g™, and therefore 7+ (w/ ) = w/,.

)

The eigenvalue relation follows from the definitions of a(s), 51(5)7, and da(s). O

Proof of Proposition 5.1 for n > 3. Let I' C SO(n, 1)° be a lattice, and set
[y :=D, [p:=SL(i+1,Z), Dy:=SL(j+1,7),

so that T = 't xT'g x I's.
We first verify that there are no proper algebraic joinings. Set

R:=PGL(i + 1,R) x PGL(j + 1, R),

and let meg 1 G1 X R — G1 and g : G1 X R — R be the natural projections.

We claim that if L C G x R is a closed connected subgroup such that both mies|r and mgnt|r
are onto, then L = G x R.

Indeed, let [ C g1 @ t be the Lie algebra of L, where

g1 =so(n,1), v=pgl(i+1,R) ®pgl(j + 1,R) =sli11(R) & sl11(R).

Since both projections are surjective, the differentials dmeg|r : [ = g1 and dmygne|r @ [ — ¢ are
surjective. Consider
n:= ker(dwright\[) Cg1 & {0}

Identifying n with its projection to g;, we see that n is an ideal in g;. Since g1 = s0(n, 1) is simple
for n > 3, either n =0 or n = g; & {0}.

If n = g1 ® {0}, then g1 ® {0} C [, and surjectivity of dmgnt gives [ = g1 @, hence L = G; x R.

Assume now that n = 0. Then dmgn|( is an isomorphism, so [ is the graph of a surjective Lie
algebra homomorphism ¢ : v — g;. Writing

t=t1 @y, v gﬁ[iJrl(R), L) gE[J'Jrl(R),

we have [t1,te] =0, so ¢(r1) and p(r2) are commuting ideals in g;. Since g; is simple, one of them
is 0 and the other is all of g;. Thus for some m € {i+ 1, j+ 1} there exists a surjective Lie algebra
homomorphism sl,,,(R) — so(n, 1).
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As both Lie algebras are simple, this must be an isomorphism. But rankg(sl,,(R)) = m — 1
and rankgr(so(n, 1)) = 1, so this is possible only when m = 2, which would force sl3(R) = s0(2,1),
contrary to n > 3. This proves the claim.

Now fix £ € {H,U}, and let v be a weak-* limit of ;5. We verify the hypotheses of Proposition 5.4
uniformly in L.

For k = 1,2, 3, define

Hip, L=H, ag(t), L
Ly = ok (t) :=
Z/{kv L= Z/{, Bk(t)a L

Il
=

Then the k-th marginal of p% is of the form
f—=, F (i (s)ay) wy(£) 2,
k

for some nonnegative wy € C¢(L;). By Theorem 5.2, together with Lemma 5.5 when £ = H and
Lemma 5.7 when £ = U, it follows that (7x).v = ug, v, for (7x)«v = pg, r,, k = 1,2,3, with the
obvious convention in the trivial-factor cases ¢ = 0 or j = 0.

Next, by Lemma 5.3, together with Lemma 5.6 when £ = H and Lemma 5.8 when £ = U,
the measure v is invariant under a nontrivial unipotent element whose projection to each nontrivial
factor is nontrivial. By [Moo66], these projections act ergodically on the corresponding factor spaces.

Thus, all the hypotheses of Proposition 5.4 are now satisfied, so v = Hg - ]

5.2. The case of n = 2. We first treat the unipotent case, and then the two possibilities H; o and
H()’l.

The unipotent case. Let

/20 1t
(5.5) i(s) = [ 0 65/2} , o) = [O J .
Let G :=S0O(2,1)°. Then, there exists an isogeny ® : SL(2,R) — G such that:
00s 0¢t0

a(s) = B(8(s)) = exp[g 0 8}’ u(t) = ®(u(t)) = exp[ 6 3}.
Let X5 := SL(2,R)/SL(2,Z), let I' C G be a lattice, and let w € C.(R) be nonnegative. Given
(w0, 0) € G/T x Xa, for each s € R, let u¥ be the measure defined by

pY(F) = / F(a(s)u(t)xo,d(s)v(t)yo) w(t)dt, VF € C.(G/T x Xs).
R

Set T' := ®1(T), and let @ : SL(2,R)/T — G/T be the map induced by ®. If & € SL(2,R)/T
projects to xg, then

W) = [ F(@(s)0(0)70).8(5)o(0)n) w(t) .
R
Definition 5.9. Let
SL2(2,R) :={(®(g),9) : g € SL(2,R)} € G x SL(2,R).
We say that (zo,10) € G/T x X is commensurable if the SL2 (2, R)-orbit of (zq, o) is closed.

Proposition 5.10. Let w € C.(R) be nonnegative, and let (xo,yo) € G/T x Xa. Then, for every
F € C.(G/T x Xs), the following hold:

(1) If (xo,y0) is not commensurable, then

(56) i 1Y (F) = ey @ () [ (o).

§—00
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(2) If (xo,y0) is commensurable, then

(5.7 i 1 (F) = sy 0230 (F) [ 008)

§—00 R

where HSLA (2,R)(z0,90) denotes the SLA(Q, R)-invariant probability measure on the closed orbit
SLA(2,R) (0, o)

Proof. Let

M := G x SL(2,R), H :=SL?2,R)C M.
The subgroup {(®(v(t)),v(t)) : t € R} C H is the expanding horospherical subgroup of (a(s), d(s)) €
H. Let L C M be the smallest closed connected subgroup containing H such that L(zg, yo) is closed.
Since H = SL(2,R) is generated by one-parameter unipotent subgroups, L(zg,y9) carries a unique

L-invariant probability measure fif,(s,,,); see [Mar88, Property-D], [Sha9l, (2.3) Theorem|. By
[Sha96, Theorem 1.4,

i, (6 (F) = it (F) [ i)t

5—00

Let p1 : M — G and p2 : M — SL(2,R) be the coordinate projections. Since pi1(H) = G, we
have p1(L) = G. Set

N:=LnN(G x {e}).
Then pi(N) is a connected normal subgroup of the simple group G, so either N = {e} or N =
G x {e}.
If N =G x {e}, then L contains G x {e} and H, hence L = (G x {e})H = M. Therefore,

P (o) = Ha/T @ px,, and (5.6) follows.

If N = {e}, then pa|r : L — SL(2,R) is injective. Since H C L and p2(H) = SL(2,R), it is also
surjective. Hence ps|z, is an isomorphism. For each g € SL(2,R), the unique point of L with second
coordinate g must be (®(g),g) € H, since H C L. Thus L = H = SL*(2,R). Therefore (z9,yo) is
commensurable and 1y, (z0,40) = HSL.A (2 R) (2,y0) Which gives (5.7). O

The cases Hip and Hp 1. Recall

cosf —sinf 0 1 0 0
H10:{|:sin0 cos ()i| :GGR}, H(]l:{[ﬂcoshtsinht] ZtER},
’ 0 0 1 ’ 0 sinht cosht

and let
hl,O(t) e [COSt —sint]’ hO,l(t) — [cosht sinht].

sint cost sinh ¢ cosht

Let w € C.(R) be nonnegative, let (xg,y0) € G/T x X3, and for each s € R, define
() = [ F (o) [P0 2z, Sena(m) w(o) e,
) i= [ F(als)[3 S o (505Dhos () ) wit

for all F' € C.(G/I" x X3).
Proposition 5.11. For (i,7) = (1,0), (0,1) and every F € C.(G/I' x X3),

i 9 (F) = ey () [ ot
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We observe that there exists an isogeny @ : SL(2,R) — G such that

s/
®|:602 e—g/2:| = CL(S),

53) o 0(6/2)) =[5 9],
Do (t/2)) = [31, 0|

Using this isogeny, we reduce the proposition to an equidistribution statement in SL(2,R)/ [ x

SL(2,R)/SL(2,Z). Let I' := & 4T') and let ® : SL(2,R)/T — G/T be the induced map. Also let

U(g) :=(g")7; since ¥(SL(2,Z)) = SL(2,Z), it induces an involution of X3, still denoted by W.
If Zy € SL(2,R)/T projects to zo, then by (5.8),

W) = /R F(B(5(5)h10(t/2)70). 6(s)hno(B)yo) wit) dt.
Similarly,
WO (F) = /R F(B(6(s)ho 1 (t/2)F0), W(6(s)ho . (£)70)) w(t) d.

Here o = ¥ (yo)-

The required equidistribution is therefore a consequence of the following product statement.
Proposition 5.12. Let I' =T'; x 'y € SL(2,R) x SL(2,R) =: M be a lattice, and let zg € M/T.
Let I = [a,b], and let

»(t) == (h(t/2), h(1)),

where h(t) is either hyo(t) or hoa(t).

Then, for every continuous nonnegative nonzero function w : I — R, the probability measures
_ [ F((6(5), 8(s))e(t)z0) w(t) dt

Jrw(t)dt ’

converge to the M -invariant probability measure on M/T.

ns(f) feC(M/T),

We now prove Proposition 5.12. Our main tool is [Yan22, Theorem 1.6, Remark 1.7|, which is
stated as follows in a form suitable for our needs.

Theorem 5.13. Let I' =T'; x I'y C SL(2,R) x SL(2,R) =: M be a lattice, and let zy € M/T. Let
© = (p1,92) : [a,b] — R? be analytic. Assume that there exists sq € [a,b] such that

-1 ._ 1 !
(o(t) —p(s0)) " = <¢1<t) — p1(s0)” pa2(t) — 902(30)>

is defined for almost every t € [a,b], and assume that

(5.9) {(e(s1) = pls0) ™" = ((s2) = pls0)) ™" 1 51,52 € [a,b]}

is not contained in any line in R2. Then, for every subinterval J C [a,b], every f € Co(M/T), and
every continuous function w : J — R,

lim [ F(Gu(0).8(5)0(ea(t)a0) wlt) de = pagye(h) [ wie) d,
J J

where v(t) and 0(s) are given by (5.5).

We need the following lemma to verify the geometric condition (5.9) in our proof.
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Lemma 5.14. For ag, a1 € R, consider the curves
1 1 1 1
t) := , t) := ,
Yian(?) (tan(t/Q) — a1 tant — a0> Yrani () (tanh(t/2) —ap’ tanht — a0>
defined wherever the denominators are nonzero. Then neither image is contained in an affine line
in R2.

Proof. We show the proof for vian; the proof for 4t is the same as tanh(t) = —i tan(it).
Suppose, toward a contradiction, that its image is contained in an affine line. Then there exist
A, B,C € R, not all zero, such that
A n B
tan(t/2) —a;  tant — g
for all ¢ in some interval on which the curve is defined.
Set z = tan(t/2). Since tant = 12%;, this becomes
x
A 1—a?
+ 2
T — Q1 agx® + 2 — Qg

=C.

After clearing denominators,
Alapz® 4 2z — ag) + B(1 — 22)(z — a1) = C(z — o) (apz? + 22 — ap).
Comparing the coefficients of 23 and of the constant term gives
—-B = Cao, —BOél — AOéo = Caoal.
If ap = 0, then the first identity gives B = 0, and the original relation reduces to fal = (C, which
is impossible on an interval unless A = 0, contradiction. Thus ag # 0. Substituting C' = —B/«yg
into the second identity yields Aag = 0, hence A = 0. Comparing the coefficient of 22 now gives

Ba1 = 7(2 — 040041),
Qo

that is, agar; = —2 4+ agaq, a contradiction. O

Proof of Proposition 5.12. We first treat h(t) = h1o(t). Let
10 r 0
u_(x) = [ ] , b(r) = [0 rl] :

z 1
In view of u_ (R)b(R*)v(R) being Zariski open and dense in SL(2,R), for t ¢ § + 7Z, we find that
h(t) = u_(tant) b(cost) v(—tant),
and therefore
(5.10) d(s)h(t) =u_(e *tant)b(cost) d(s)v(— tant).
Let K := supp(w) C I. The singular set
Y= KN ((g +7TZ> U (7T~|—27TZ))

is finite; these are precisely the poles of tant and tan(¢/2) on K. Fix ¢ > 0. Choose an open
neighborhood U of ¥ in I such that [, w(t)dt < e. Since f is bounded,

[ #6172 506)0(0)) wle) dt\ < e

Write K~\U = U%:l Jm as a finite disjoint union of compact intervals. On each .J,,,, the functions
tant, tan(t/2), cost, and cos(t/2) are continuous and bounded. Fix such an interval J = [c, d].

By uniform continuity of f, for every € > 0 there exists an identity neighborhood O, C M such
that |f(gz) — f(z)| < eforall g € O, z € M/T.
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Since tant and tan(t/2) are bounded on J, (5.10) implies that for all sufficiently large s,
(u—(e”*tan(t/2)),u—_(e *tant)) € O, Vte J
Next, partition J into finitely many closed intervals Ji, ..., J} and choose t; € J; so that
(b(cos(t/2)), b(cost)) (b(cos(te/2)), b(costy)) eo, vte J;.
Then, for ¢t € J; and all sufficiently large s,
F(6()h(t/2),5()()20) = F2((6(s)u(— tan(t/2)), 6(s)u(— tant))z0) + O(e),

where
fe(z) = f((b(cos(tg/2)),b(costg))z).
Hence

[ 1(Ghe/2).8)m0)z0) i) de

= / fe((8(s)v(—tan(t/2)), 6(s)v(— tant))zo) w(t) dt + O (e/ w(t) dt) .
i Y

We now apply Theorem 5.13 on each J; with ¢(t) = (—tan(t/2), —tant). Fix s € J;. Then
(o(t) — @(s0))~ ! is defined for all t € J) \ {so}. To verify (5.9), suppose the set in (5.9) were
contained in a line in R?. Fixing s» € Jj, the curve

t = (p(t) = ¢(s0) 7 = ((s2) = p(50)) "
would then be contained in an affine line. But this curve is of the form covered by Lemma 5.14,
with aq = —tan(sp/2) and ap = —tan(sp). Hence (5.9) holds. Therefore, by Theorem 5.13,

lijn Je((6(s)v(—tan(t/2)),6(s)v(—tant))zo) w(t) dt = puprr(f) / w(t)dt,
s> Ly, 7
where we used the M-invariance of /.

Summing over ¢ and then over m, and using the bound on U/, we obtain

[ 22 86m0)20) 0Ot = () [wOa] < (sl + [wo@),
Letting € — 0 proves the proposition in the trigonometric case.
The hyperbolic case h(t) = ho1(t) is identical, using
h(t) = u_(tanht) b(cosht) v(tanht), d&(s)h(t) = u_(e ®tanht)b(cosht)I(s)v(tanht),

and applying Theorem 5.13 to ¢(t) = (tanh(¢/2), tanht). The required geometric condition follows
from Lemma 5.14 in exactly the same way. O

lim sup
S5—00

6. PROVING THE MAIN RESULTS

In this section we combine the volume estimates from Section 3 with the equidistribution results
from Section 5.
The results from the previous sections apply most naturally to integrals of the form

1
W /GT @(gl) f(g ([A4], [Az])) dg

when ([A1], [As2]) € Xp or ([A1],[As]) € Xpe; see (4.1) and (4.3) to recall P(9) and P*®. For a
general point of X, 1, we reduce to one of these situations by translation as follows.
Let ([A1],[A2]) € X;nt1. According to our conventions, either Ay is positive definite or degen-

erate. If Ay is positive definite, choose gy € G so that galf\l C Pl(o) = Spang{ei,...,e }. If A
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is degenerate, choose gg € G so that 961]&1 C Pf° = Spang{e; + €p+1,€2,...,€e,}. Consider the
skewed norm ||g|l4 := |lggg *|| and denote

90 ._ :
Gr ={9€G:|glgp <T}.
Then Grgo = G¥?, and by right-invariance of Haar measure,

1

60 o fo, @0 o (Rl BaD)do = e [ olass ™) 5o (1] [8a]) do

where

([A], [A2]) = go - (], [Aa]),
([A1],[A2]) € Xp(o) in the positive-definite case, and ([A1], [A2]) € Xpe in the degenerate case.

6.1. Partition of unity. Our next goal is to identify the weak-* limits of the measures p 17
from (4.6) and vy, from (4.15). As in [GWO07, Proof of Theorem 10.1|, the key point is a
partition-of-unity argument.

Lemma 6.1. Let H denote either H;j or U. For every 0 < e < 1/2, there exists a symmetric
identity neighborhood O C H such that for allh € H, k€ K, L >0, and uy,us,u3 € O,

br—e),r—1(k, hur) C by (k, huz) C by e, r+1(k, hus),
where by 1, (k,h) C R are defined by (3.13).

Proof. Choose 0 < ¢ < e such that (14 6)(1 —¢€) < 1. Let C > 1 be such that |AB]|| < C|A| || B||
for all matrices A, B. Choose a symmetric identity neighborhood O C H such that

IT —u| <6/C, YueO>
If hy, hy € hO, then h;lhl € O?, hence for any s € R,
Ika(s)hall < [lka(s)hall + [ka(s)ha(hy ' hy = DI < (1 + 6)llka(s)ha||
Interchanging h; and hg gives
(1= d)[|kals)ha|| < [lka(s)ha]| < (1 + 6)|[ka(s)hz]-
Now let s € by1_¢),r—1(k, hu1). Then
s>log(T(1—¢)—(L—1)>1logT — L,
and
|ka(s)hus|| < (14 6)||ka(s)hui|| < (1+8)T(1 —€) < T.

Hence s € by, 1(k, huz). The second inclusion is proved in the same way. O

For H = H; ; with ¢ # 0, or for H = U, define ¢ : K — R by
Jiz |koa(oo)h| ="~ dh

ko) =
c(ko) i oy IIka(oo)h]|=®=1 dh dk’

for kg € K.

For H = Hy,,—1 define
Jut (IIkoa(00)hl| == 4 [koa(~o0)h|| =1 dh

c(ko) ==
Jx fH<|k‘a )h||~ (= 1)+Hka(—oo)h||f(nf1)) dh dk

, for ky € K.

Proposition 6.2. Letn > 2, leti,j > 0 withi+j=n—1, let zg € G/T" and yo € Xiy1 X Xj41,
and let k € K. Then the following hold.

(1) For every F € Co(G/T' x Xjt1 X Xj41),
Th—I};o N:vo,yo,k,T(F) = C(k) Hta/r b2y HX;q ® 125 ¢ N (F)
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(2) Suppose that n > 3, or that n = 2 and (x0,y0) is not commensurable in the sense of
Definition 5.9. Then for every F' € Co(G/T' x X1 x Xj41),

Tlgrolo VIO@OJC,T(F) = C(k) 1 2Zeyin ® HXiq ® HXjq (F)
(3) Suppose that n =2 and that (zg,yo) is commensurable. Then for every F € C.(G/T x X3),

Th_r)rgo on,yo,k,T(F) = c(k) MSLA(ZR)(:vmyo)(F)’

where figra o R (zo.4) ¥ the SLA(2,R)-invariant probability measure on SL™(2,R)(zo, o).

Proof. We give the details for (1); the proofs of (2) and (3) are identical, with the same partition-
of-unity argument and the corresponding U-equidistribution statement from Section 5.

By linearity it is enough to treat F' > 0. Fix ¢ > 0. By Corollary 3.7, there exists L > 0 such
that

1 *
Nzo,yo,k,T( VOI(GT / /b h:co,d1( )h1y0’17d2(3)h2y072)w(8) ds dh
1
$)hxo, d1(s)h1yo,1, da(s)hsyo.2)w(s) ds dh + O(e),
~ Vol(Gr) / /b kh) 0,d1(s)h1yo 1, da(s)h5yo,2)w(s) ()

where w(s) = sinh(s)? cosh(s)’.
Again by Corollary 3.7, there exists ¢y > 0 such that br 1, (k, h) = 0 whenever ||h|| > coel.
Choose a symmetric identity neighborhood O C H; ; as in Lemma 6.1. Since

H,

coel =

{h € Hij: k| < coc™}

is compact, we may cover it by finitely many translates

N
Heeo € [ 1O,

q=1

Let wy,...,wy € C.(H; ;) be a partition of unity subordinate to this cover. Thus

> w(h)=1 VheHyu,

and for each [ the support of w; is contained in some hg;)O.
Using this partition of unity, we write

/ / (s)hxo, d1(s)hiyo,1, d2(s)hsyo2)w(s) ds dh
br, 1, (k,h)

:Z/ wl(h)/ F(a(s)hxo, d1(s)hyo,1, da(s)hsyo,2)w(s) ds dh.
1=1 7 he© br,z(k,h)

For fixed I, Lemma 6.1 gives

br.r(k,h) C brate),n+1(ks hgqy) Vh € hyq)O,
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and therefore

/ wy(h) / F(a(s)hao, d1(s)h1yo,1, d2(s)hiyo,2)w(s) ds dh
a0 br, L (k,h)
< / wl(h)/ F(a(s)hao, d1(s)h1yo,1, d2(s)hbyo,2)w(s) ds dh
«)©O br(i4e),L+1(Khqy)

:/ w(s) ds/ F(a(s)hxo, di(s)h1yo,1, d2(s)hsyo2)wi(h) dh.
bT(1+5) L+1(k,h ( )) q(l)O

We may now apply the expanding-H; ; equidistribution statements Proposition 5.1 and Proposition
5.11 to the h-integral. For T sufficiently large,

/ w(s) ds/ F(a(s)hao, d1(s)h1yo,1, d2(s)hsyo,2) wi(h) dh
br(14e),L+1(khqu)) a0

= L+ 0Oy © pix,s @ i, (F) [ w()ds [ wi(hdn
brite),+1k:hg@)) H;;

Using Lemma 6.1 once more,

/ w(s) ds/
brate),L+1(khga)) H;

i,j i, bT(1+e)2,L+2

wl(h)dhg/H wl(h)/ w(s) ds dh.

(k,h)

Summing over [ yields

fH fb w(s)dsdh

T(14¢€)2, L+2 (k,h)

Vol(Gr)

Hazo,yo k7 (F) < (1 +O(€))ayr @ pixi g @ px; (F

The corresponding lower bound is obtained in the same way:

in’j be(1_6)2,L_2(kvh) w(s)dsdh
Pz o k7 (F) = (14 0(€))payr © pixi g @ pux; . (F) Vol(Gr)

By Lemma 3.4, Corollary 3.5, and Corollary 3.7, both outer ratios converge to c¢(k) + O(e). Since
€ > 0 is arbitrary, this proves (1). O

6.2. Proof of the main results. We split the argument into two parts. The proofs of Theorems 1.1
and 1.2 and of the non-special case of Theorem 1.8 follow the same pattern. The special case in
Theorem 1.8 requires an additional argument to relate the limiting SL(2,R)-diagonal embedded
measure to our to the limit of the lattice norm ball averages.

6.2.1. The generic cases. We give the details for Theorem 1.1 when r > 2. The degenerate non-
special case is entirely analogous, and the case r = 1 is handled in the same way after keeping the
extra a(—oo)-term coming from the Hy ,—1-decomposition.

Let ([A1],[As]) € X and assume that A; is positive definite. Let go € G such that gy *A; C P( )
Denote ([A1], [A2]) := g5 ' - ([A1], [A2]) and let 2 := goI'. Choose yo € Xiy1 x Xj4+1 with p(0(y ) =

([Ad1], [Az]).
Assume ¢ > 0. Using (6.1) and the Haar decomposition (3.5), we obtain

1 ~ ~
Vol(GT)/G e(gD) f(g - ([A1], [A2])) dg
_/ VO1 / /bqo(kh o (ka(s)hao) f(ka(s)h - (A1, [A2])) w(s) ds dh dk,

where

b9 (k,h) == {5 > 0: |ka(s)hgy || < T}, w(s) = sinh(s) cosh(s).
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Apply Lemma 4.3 and Proposition 6.2 to the skewed norm || - ||4,. The dominated convergence
theorem then gives

Lim Vol(lGT) /GT o(gT) f(g- (A1), [A2))) dg = /K cgo (k) (kW) (pcr ® pix,y, ® pix,,, ) (9 @ f) dk,

where -
= |[koa(co)hgy |~ dh
cgo (ko) == wa 21 T , for ko € K.
Jic Ju, , Ika(co)hgy*[|==Y) dh dk

Since

(R0). (1 @ s,  10,01) (0 © 1) = iy (2) e (1),
we obtain

. 1 o

Finally, p1x,, poo = lX, peo fOr every k € Kpeo, so

[ e (et = [ o () (/[ enlh) i) d(fEpe).

This is exactly the density appearing in Theorem 1.1. Applying Proposition 2.1 finishes the proof.

6.2.2. The special case in Theorem 1.8. Let I' C G be a lattice, and let A be a degenerate 2-lattice
which is I'-special. Choose kg, € K such that A C kg, P°°.
Using (6.1) and the Haar decomposition (3.6), we obtain

1
VOI(GT)/GT o(gl) f(g-[A])dg

Y S S o s
- /0 Vol(G?GO) /R/b”TO(e,u(t)) p(koa(s)u(t)kg, T) f(Koa(s)u(t)ky,' - [A]) e* ds dt df

2T 1 B
= / — / /0 gp(km@(é(s)v(zﬁ))k@olf) f(kg_go . [pgg(é(s)v(t))A]) e’ dsdtdf,
0 Vol(G°) /R Jbg (Bu(t))
where @ : SL(2,R) — G is the isogeny characterized by (1.6), where recalling (1.9),
P (9) = koyp™(9)ky,', g € SL(2,R),

and where b (0, u(t)) := {s > 0 : ||ka(s)u(t)ky | < T}.

Since A is I'-special, the subgroup S := I‘g’o N Stabg, ([A]) is a lattice in SL(2, R); see Remark 1.4.
Set zg = ke_olf, and choose yo € SL(2,R)/SL(2,Z) such that pg°(yo) = [A].

Then (z0,yo) is commensurable in the sense of Definition 5.9. Hence, Lemma 4.5 and Proposi-
tion 6.2, applied with respect to the skewed norm || - ||, , yield

2
62 im s [ s W)do = [ o) (ko) (o0 1) o,
where
¥ o= SLA(2,R) (20, 30) = { (hey ®(9)k7. T [055 (9)A)) - g € SLE2,R)},
where py is the SL(2, R)-invariant probability on Y, and
P A O Gl
o Jz Ikea(oo)u(t)ky ||~ dt df

This is a pre-publication version of this article, which may differ from the final published version. Copyright restrictions may apply.



LIMIT DISTRIBUTIONS FOR SO(n,1) ACTIONS ON k-LATTICES IN R"+! 37

Identifying Y with SL(2,R)/S, and writing dn for the SL(2, R)-invariant probability measure on
SL(2,R)/S, we get

(ko0 upiy (9 ® f) = /SL@R)/S (ko® ()3 T £ (Ko - [0 (7)k; 1 A]) di

- / o (ko DK T) £ (Koo, - 1055 (902 A]) il
SL(2,R)/S

where we used the identity ky = ®(ky/2) and the left-invariance of dn.

Let 51 := 1@0, choose representatives o1, ...,0, € S for the finite quotient S;/S, and define
[AZ] = [P%(UZ)AL izla"'vm
Then {[A1],...,[An]} is precisely the (', A)-packet.

Consider the first-coordinate projection p : Y — G/T". Under the identifications Y ~ SL(2,R)/S
and G/T" ~ SL(2,R)/S;, the map p is the natural quotient map SL(2,R)/S — SL(2,R)/S;. Since
[S1 : S] = m, it is an m-sheeted finite covering.

Choose a sufficiently small identity neighborhood U C G and a bump function ¢ € C.(G/T)
supported on UT'/T" with ug/r(¢) = 1. Shrinking U if necessary,

P UT/T) = Yi Lo U Vi,

where each restriction ply, : ¥; — UT'/I" is a homeomorphism, and we may arrange that ¢;S € Y;.
Moreover, each sheet carries mass 1/m with respect to ¢ o p:

1
(6.3) /goopd,uy:, i=1,...,m.
m

Y;
Indeed, after lifting to a sufficiently small neighborhood UC SL(2,R), the sheets have the form
Uo;S/S, i=1,...,m,

and each Uo; projects injectively to both SL(2,R)/S and SL(2,R)/S;. Since Haar measure on
SL(2,R) is right-invariant, the corresponding sheet integrals are equal. Summing over i gives

Z/Ysoopduy:/ysoopdw:uc/r(@)=1,
=1 i

which proves (6.3).
Fix e > 0. By uniform continuity of f and compactness of 6 € [0, 27], after shrinking U further
if necessary, we may assume that uniformly in § and uniformly for 7 € Y},

f(ko—o, - [pGe (K—(9—00)/2MA]) = f(ko—6, - [p5s (K—(9—85)/20i)A]) + Ole).
Therefore,

(koU™)py (¢ ® f) = Z/Y (koo ®(M)kg,'T) f (Ko, - (05 (K—o-00)/2m)A]) di
=1 i

= (Koo, - [3 (5 g 90)/201)1\])/ ko, @ (1)kg, T) dif + O(e)

=1 i

- %Zf(ke—ﬁo 05 (K—(9—8)20i)A]) + O(e).

i=1
Substituting this into (6.2), we obtain

i 1/ PlgT) f(g - [A]) dg = 12/2ﬂf(’f [ ( 0i)A]) w(0) d + O(e)
T—o00 Vol(Gr) 0 6—00 * 1Pgo \F—(6—00) /291 .
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After the change of variables ¢ = 6 — 6y and by 2w-periodicity, this is exactly the formula in
Theorem 1.8(1), since w(¢ + 6p) = wg, (¢ + 6p) by definition.
Since € > 0 is arbitrary, Proposition 2.1 now implies Theorem 1.8 in the special case.
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