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Abstract

Let G and H C G be connected reductive real algebraic groups defined
over Q, and admitting no nontrivial Q-characters. Let T' C G(Q) be an
arithmetic lattice in G, and 7 : G — '\ G be the natural quotient map. Let
prr denote the H-invariant probability measure on the closed orbit 7(H).
Suppose that 7(Z(H)) is compact, where Z(H) denotes the centralizer of
H in G. We prove that the set {up - g: g € G} of translated measures is
relatively compact in the space of all Borel probability measures on T'\G,
where i - g(E) = pug(Eg~!) for all Borel sets E C T'\G.

1 Introduction

Let G = G(R)” and H = H(R)" for reductive algebraic groups G and
H C G defined over Q. Suppose that G and H do not admit nontrivial
characters defined over Q. Let I' be an arithmetic subgroup of G with
respect to the Q-structure, i.e. I' C G(Q) and I' N G(Z) is of finite index
in G(Z) as well as in I'. By a theorem of Borel and Harish-Chandra [BH],
I'and H N T are a lattices in G and H, respectively. Let 7 : G — I'\G
be the natural quotient map. Then the orbit #(H) = (H NT")\H admits a
(unique) H-invariant probability measure, say puy. Such a measure and its
‘translates’ are referred to as algebraic measures.
For a measure p on I'\G, its translate by g € G is defined as

w-g(E)=u(Eg™), V measurable £ C I'\G .

This also defines a continuous G-action on the space of Borel probability
measures on ['\G endowed with the weak-* convergence. The measure ppg
is supported on 7(H)g and it is invariant under g1 Hg.
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In [DuRuS] and [EMc], it was shown that if H is the connected compo-
nent of the identity of an affine symmetric subgroup (i.e. the set of fixed
points of an involutive automorphism of G) and G is Q-simple, then pzg;
converges to the Haar measure on I'\G, provided the image of {g;} on H\G
has no convergent subsequence. Using this result they obtained asymptotic
estimates for the number of integral points with norm less than T' (as
T — o0) on rational affine symmetric varieties (i.e. isomorphic to H\G
over Q) contained in R™. Their method of proof suggests that, in the gen-
eral case, if there is an appropriate ‘algebraic’ criterion for the sequences
{g:} C G such that ug - g; — pg as i — oo, then one can provide solutions
to the following general counting problem: Suppose that G is realized as a
Q subgroup of GL,(R) and there exists p € Z™ such that the orbit V = p-G
is closed. The problem is to estimate the cardinality of V N Z" N Br, as
T — oo, where Br is the ball of radius 7" around 0 in R"™. (Note that V is a
rational affine variety, H is the stabilizer of p in G, and V = H\G over Q).

The above mentioned approach to the counting problem motivated us
to study the limiting distributions for the collection of measures {puz -
g}gec. We study this question in two steps. First we would like to describe
the sequences {g;} C G for which the measures pg - g; have convergent
subsequences in the space of all probability measures on I'\G. Then we
can describe the probability measures on I'\G which arise as the limits of
such sequences, and obtain some algebraic condition on {g;} to ensure that
the limit measure is G-invariant. In this paper we address the first part
under some additional assumptions on H. The second part is answered in a
more general setup in [EMozSh]|, using the classification of ergodic invariant
measures for unipotent flows due to Ratner [R].

Consider the following: Since H is a reductive Q-subgroup, the same
holds for Z(H) (the centralizer of H in G). Therefore there exists a linear
representation of G defined over QQ and a (Q-vector vg in the representation
space such that the stabilizer of vy in G is Z(H) (see [B, Prop. 7.7]).
Hence the orbit vq - I' is discrete (see [B, Prop. 7.13]). In particular, the set
Z(H)-T' is closed in G, and hence the orbit 7(Z(H)) is closed in G/T". Now
if 7(Z(H)) is not compact, then there exists a sequence {z;} C Z(H) such
that {m(z;)} has no convergent subsequence. Thus for any compact sets
K cT\G and C C w(H), we have Cz; N K = () for all but finitely many 1.
Hence ppzi(K) — 0 as i — oco. In other words, {upz} converges to the
unit mass on the point at infinity in the one-point compactification of I'\G.
Thus if 7(Zg(H)) is not compact, then certain sequences of translated
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measures ‘escape to infinity’.
The main goal of this article is to show that if 7(Zg(H)) is compact,
then any sequence {up - g;} has a convergent subsequence. In other words:

Theorem 1.1. Let the notation be as above. Suppose that 7(Z(H)) is
compact. Then given € > 0 there exists a compact set K C I'\G such that

parg(K)>1—¢, Vged.

REMARK 1.2. The condition that 7(Z(H)) is compact, is equivalent to
saying that H is not contained in any proper Q-parabolic subgroup of G,
or that any Q-subgroup of G containing H is reductive (see Lemma 5.1 for
a proof).

In particular, if a reductive subgroup H is a proper maximal connected
Q-subgroup of G, then w(Z(H)) is compact, and hence the conclusion
of theorem 1.1 holds. Note that the symmetric subgroups considered in
[DuRuS] are proper maximal over Q.

The above theorem is related to the results due to Dani and Margulis
[DM2] on recurrence properties of individual unipotent trajectories on finite
volume homogeneous spaces (see also [M],[D1,2]). We first generalize their
result to higher-dimensional trajectories of a more general type. The gen-
eralized result provides an algebraic condition to determine when a given
compact subset of I'\G has positive relative measure with respect to a given
trajectory in I'\G. The major component of the proof of Theorem 1.1 is
to show that the algebraic condition, which is given in terms of certain
linear representation of G, is satisfied for the sequence of trajectories un-
der consideration; namely for {m(02)g;}, where  is a relatively compact
neighbourhood of identity in H.

Thanks to Theorem 1.1, given any sequence {g;} C G, there exists a
subsequence {g;, } C {g¢;} such that the sequence {up - ¢;, } converges to a
probability measure p on I'\G as i, — co. In [EMozSh| we show that any
such limit measure is ‘algebraic’; i.e. for any ¢ € m~!(supp(u)) there exists
a connected real algebraic Q-subgroup L of G containing H such that p
is supported on 7(L)c and it is ¢ ! Lc-invariant. These results are then
applied to obtain some new results on estimating the number of integral
points on certain closed rational orbits of linear actions of G. For instance,
one may determine the asymptotics of the number of integral matrices A
in a large ball in M,,(R), whose characteristic polynomial det(/ — AA) is a
fixed monic irreducible polynomial p(\).

Theorem 1.1 can be reformulated as follows:
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Theorem 1.3. Let the notation be as before. Suppose that w(Z(H)) is
compact. Then given a Borel set H C H of positive Haar measure, there
exists a compact set C C G such that G = HI'C.

As an application of the above formulation we have the following.

COROLLARY 1.4. Let H be a connected reductive real algebraic subgroup
of SL,(R) defined over Q and acting irreducibly over Q on R™. Let W be
a linear subspace of R™ defined over Q. Then for any linear subspace V of
R"™, there exists h € H such that

dim(W-hNV) < %dim(W) dim(V) .
Note that the set of h satisfying the above condition is Zariski open in H.

We are not aware of any direct proof of this result. We note that John
Stalker obtained a nice direct proof for the analogous assertion over R, in
place of Q.

The paper is organized as follows: In section 2 we introduce certain
spaces of functions (denoted by E(n,m,A)) and describe some of their
basic properties. These functions arise as matrix coefficients of finite di-
mensional linear representations. Section 3 provides a generalization of the
theorem of Dani and Margulis [DM2] for E(m,n,A) type of trajectories.
The main part of the paper, which is section 5, is to show that the condi-
tions of the generalized Dani-Margulis theorem hold under the hypothesis
of Theorem 1.1. Some results about linear representations of G which are
required in section 5 are proved in section 4. The Corollary 1.4 is deduced
at the end of section 5.

For the proof of Theorem 1.1 in section 5, we shall only need the state-
ment of Theorem 3.9 out of sections 2 and 3. The reader may find it
convenient to first assume the statement of Theorem 3.9, and then start
from section 4.

We would like to thank S.G. Dani and John Stalker for helpful dis-
cussions and suggestions. We would like to thank the referee for helpful
suggestions.

2 Certain Growth Properties for a Class of Functions

Certain growth properties of polynomials of bounded degrees observed in
[M] have played an important role in the study of limit distributions of
orbits of unipotent flows on homogeneous spaces of Lie groups (cf. [DM3]).
We show that the same properties, interpreted appropriately, hold for a
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much larger class of functions. This generalization is useful in studying
the limit distribution of translates of algebraic measures in homogeneous
spaces.

Functions of one variable

DEFINITION 2.1. Let n € N and A > 0 be given. Let E(n,A) be the set
of functions f : R — C of the form

n n—1

(1) ft) = Z Z a; ttetit (VteR),

i=1 1=0

where a;; € C, and \; € C with |\;| < A.

The spaces FE(n,A) arise naturally as follows.
LeEMMA 2.2. Let n € N and X € M,(C). Then for any v,w € C™, the
map f : R — C defined by

f(t) = (w-exp(tX),v) , VteR,

is in E(n,A) for some A > 0; in fact the \;’s appearing in equation (1) for
f are precisely the eigenvalues of X.
Proof. Use Jordan decomposition. O

Observe the following.

LEmMA 2.3. If f € E(n,A), to € R, and n > 0, the map f; : R — R
defined as fi(t) = f(nt +to), Vt € R, is in E(n,nA). O

The main tool for studying these spaces is provided by the following
lemma.
LEMMA 2.4. Letn € N, X = (M,..., ) € C", and £ = (t1,...,t,2) €
R™. Let D(t,)\) be the determinant of the n? x n? matrix whose entries
are tie)‘it’@, where 0 <1<n—1,1<i<n,and1 <k <n? Then

D(X) = [Tt —t5) [T = Ap)™# F(EX)
i<k i<p
where m; ,€N and F' is an entire function on C" xC™ such that F(0, X);é 0.
Proof. See [Ha). O

NoTE 2.5. In view of Lemma 2.4, given n € N and A > 0, there exist
So(n,A) > 0 and ¢y > 0 such that [F(£,X)| > ¢o for all i = (t1,...,t,2)
with [tx| < o(n, A) for each k =1,...,n, and for all X=(A,..., ) with
|Ai]| < Aforeachi=1,...,n.

We fix n, A, and 69 = dp(n, A) for this section.
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LEMMA 2.6. Let 0 <t; <...<t,2 <y be given. Then there exist entire
functions Gj : C x C* — C for j = 1,...,n? such that for any f € E(n, A)
expressed as in equation (1), and s € R, we have that

(2) 1) =m0 Gils, N - (T #452) £8)

j=1 k>j
where £ = (t1,. .., t,2) and X = (A1, ..., An).
Proof. For s € C and j =1,...,n% put
05(8) = (t1, - tj—1, S, tj1s .- tp2)

Then by Lagrange’s interpolation formula,

Put Gj(s,X) = F(U_J’(s),X) for all s € C and X € C". Then Gj:CxC"—=C
is an entire function and equation (2) holds. O

COROLLARY 2.7. Given 6§ € (0,6¢], there exists an Mg > 0 such that for
any f € E(n,A), we have

(3) sup [4(t)] < Ms - sup |£(1)] -
t€[0,80] te[0,6]
Further,
(4) sup |9 (1) < (60/6)Ms, - sup |f(2)] .
t€(0,8] t€[0,6]

Proof. Fix 0 <t < ... < t,2 < 6. Express f as in equation (2). Since
Gj(s, X) and %(S,X) are entire functions on C x C", and since s and X
vary over compact sets, the absolute values of these functions are bounded
above. Also by our choice of 6y, we have that 1/|F(%, X)| is bounded above
by 1/cg. Therefore there exists Ms > 0 such that

£ <M sw |fE] L Vs €[00

This proves equation (3).
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To obtain equation (4) define g(t) = f((6/80)t). Then g € E(n, (6/60)A)
C E(n,A). Now apply equation (3) for g, 8, and 63 /6 in place of f,§, and
bo, respectively.

COROLLARY 2.8.  Given n > 0 there exists M, > 1 such that for any
6 € (0,60] and any subinterval I of length at least né in [0,6], and any
f € E(Mn,A),

sup |f(t)| < My -sup[f(t)] .

te[0,6] tel
Proof. In view of Lemma 2.3, it is enough to prove the result for 6 = §g
and I = [0,n60]. Fix 0 < t; < ... < t,2 < nbdy and express f as in
equation (2). Since each G (s, X) is entire, and s and X vary over compact
sets, the value of Gj(s,X) is bounded. Also 1/|F(,X)| is bounded above
by 1/cg. Therefore there exists M,, > 1 such that

[f(s)f < My~ sup |f(te)], Vs €06

=1,...,n

This completes the proof. O

COROLLARY 2.9. Any nonzero function E(n,\) admits at most n? — 1
distinct zeroes in [0, 6.

Proof. Let f € E(n,A). If there are n? distinct zeroes of f in [0, 8], we
choose 0 < t; < ... < t,2 < &g to be zeroes of f. But then from the
expression of f as in Lemma 2.6, we obtain that f is identically zero. O

We are now ready to prove the main growth properties of functions in
E(n,\).
COROLLARY 2.10. (cf. [M, DM2]) Given € > 0, there exists M > 0 such
that for any f € E(n,A) and any interval I of length at most 6y,
[{tel:[f®)<@1/M) S;lelg)lf(t)lﬂ <e-|I].

Proof. Without loss of generality we may assume that f # 0 and I C [0, &o).
For any a > 0 put

Ia)={tel:—a< f(t)<a}.

Since f(t) —a and f(t)+a are in E(n+ 1, A), due to Corollary 2.9, f(t)+a
has at most (n+ 1)? — 1 distinct zeros in [0, 8p]. Therefore I(a) has at most
(n+1)? connected components. Let n = ¢/(n+1)2. By Corollary 2.8, there
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exists M > 1 depending only on n and A, such that for any subinterval J
of I with |J| >n- |1,

sup | f(t)| < (M/2) ilelg\f(t)! :

tel

Putting a = (1/M)sup,c;|f(t)|, we obtain that |J| < n - |I| for every
connected component J of I(a). Hence

()] < (n+1)%- 1| =e-|I] .
This completes the proof. O

COROLLARY 2.11.  (cf. [M],[DM2]) Let 6 € [0,60] and o > 1 be given
and let § = 0=2""§. Then there exist constants 0 < (1 < (B9 such that the
following holds: For any f € E(n,A) such that sup,cpos1|f(t)| = 1, there
exists k € {1,...,n%} such that

(5) B <|fO<Ba,  Vtel[o® 1 0% .
Proof. By Lemma 2.6 there exists J3 > 1 such that for all f € E(n,A),
Sup}!f()|<52 sup, [f@)] -

t€[0,6
For any choice of t;, € [02#71§,0%%¢'], k =1,...,n?%, one has
thpr — te > (02T —0?M)5"

Hence applying Lemma 2.6 as in the proof of Corollary 2.8, there exists a
constant M > 1 such that for any choice of t; as above we have

sup |f(t)| < M- sup |f(tx)] -
t€0,6] k=1,..,n2

Now if we choose 31 = 1/(2M), then for some k € {1,...,n%},
inf [f(t)] = B -

te [O.Qk— 1 6/,0-% 5/}

This completes the proof. O

Functions of several variables. Now we generalize some of the above
results for functions of several variables.

DEFINITION 2.12. For m € N, n € N, and A > 0 let E(m,n,A) be the set
of functions f : R™ — C of the form

n—1 m
(6) flte, .o tm) = Z Z azy H b i

7:17 77'777,71 lly 7l =0
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where i = (i1,...,im) and I = (I1,...,ln), az7 € C, and \; € C with
Akl < A

Our interest in considering this space comes from the following obser-
vations.
LEMMA 2.13. Let m € N, n € N, and Xy,...,X,, € M,,(C). For any
v,w € C", define f : R™ — C as

f(t) =(v-exp(t1X1)---exp(tmXm), W), Vt=(t1,...,tn) €R™.
Then f € E(m,n, ), where A is the maximum of the absolute values of all
the eigenvalues of all the X}’s.
Proof. Tt is straightforward to verify this using Lemma 2.2. O

From the definition we obtain the following two consequences.
LEMMA 2.14. Form e Ny ne N, A >0, f € E(m,n,A), veR"™ with
|lvl| =1, and to € R™, define a function ¢ : R — C as

o(t) = f(tv + to) , VieR.

Then ¢ € E(mn,/mA). O

LEMMA 2.15. Let P be a complex polynomial in k variables and with
total degree d. For f1,..., fr € E(m,n,\), define

g(t) = P(fa(t),..., fu(t)) ,  VEER™.
Then g € E(m,n%,d- A). O

NoTE 2.16. Fix m € N, n € N, and A > 0. We define 6y = o(mn, /mA)
as in Note 2.5.

COROLLARY 2.17. Given n > 0, there exists M > 1 such that for any
6 € (0,60], any ball B of diameter 6 in R™, any ball D of diameter at least
nd contained in B, and any f € E(m,n,\),

(7) sup|f(¢)| < M -sup |f(t)] -
teB teD

Proof. Let tg be the center of D. Let S be the unit sphere in R™ centered
at 0. Take any v € S, and consider the function ¢ : R — C defined as
oOyv(t) = f(tv +tg), Vi € R. Then ¢y € E(mn, /mA).

By Corollary 2.8, there exists M, > 0 such that for any ¢ €
E(mn,\/mA), any interval I of length at most 6, and any interval J C I
of length at least 10,

(8) sup [¢(¢)] < My - sup [(2)] -
tel teJ
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Now for each v € S, by putting v = ¢y, I = {t € R : tv +ty € B}, and
J={teR:tv+tp € D} in equation (8), we conclude that equation (7)
holds. O

COROLLARY 2.18. Given M > 1 there exists n > 0 such that for any
f € E(m,n,A), any 6 € (0,60, and a closed ball B in R™ of diameter §
there exists a closed ball D C B of diameter nd such that

(9) igg!f(t)l < M- inf |f(t)] -

Proof. Let to € B be such that supcp |f(t)| = |f(to)|. For every v € S,
define ¢y (t) = f(tv+to), Vt € R. Then ¢y € E(mn,/mA). Let I, = {t >
0:tv+tg € B}. Since supyg, |¢v(t)| < |f(to)], by Corollary 2.7 there
exists My > 0 such that

(10) sup [ G (6] < (Mo/IL)If (ko) v s

Put n = (1/My)(1—1/M). Then due to equation (10), for any 0 < ¢t < n|Iy|,
we get

Bv(t)] = |dv(0) +t- 9% (t;)], for some t; € [0,1]
= (1= Mon)|f(to)]
> (1/M)|f(to)] -
Clearly
D= J0,nL] - v+ to
veS
is a ball of diameter né contained in B, and equation (9) holds. 0

3 An Algebraic Condition for Returning to
Compact Sets

In this section we extend an important result due to Dani and Margulis
[DM2] about large compact sets in finite volume homogeneous spaces hav-
ing relative measures close to 1 on trajectories of unipotent flows. The
generalization is made for the following class of trajectories in a Lie group
G in place of unipotent one-parameter subgroups.

DEFINITION 3.1. Let GG be a Lie group and g be its Lie algebra equipped
with a positive definite inner product. For m € N, n € N, and A > 0,
let Eg(m,n,A) be the set of all functions f : R™ — G such that for any
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v, W € g, the map
t— (v-Ad(f(t)),w), ViteR™
is in E(m,n,A). Denote by Eg(n,A) the set Eg(1,n,A).
COROLLARY 3.2. Let G be a Lie group and g its Lie algebra. For
X1,...,X,, €g, define a map ¢ : R™ — G as
o(t) = exp(t1.X1) - -exp(tmXm) , Vt=(t1,...,tm) € R™.

Then ¢ € Eg(m,n,A), where n = dimG and A is the maximum of the
absolute values of the eigenvalues of all the ad X;’s.

Proof. 1t is a direct consequence of Lemma 2.13. O

Geometric condition for return in measure. In order to derive some
of the results for higher-dimensional trajectories from the one-dimensional
case, we make an elementary observation.

LEMMA 3.3. Let B be a bounded open convex subset of R™. Let S be
the unit sphere in R™ centered at the origin. Fix xq € B. For every v € S,
and a Borel measurable subset E of B, define

E,={t>0:x0+tveFE}.

Then
|E|/|B] < m - sup|Ey|/|By],
veS

where |A| denotes the standard Lebesgue measure of a measurable subset
ACR™,

Proof. Let o denote the rotation invariant probability measure on S such
that the volume of a unit ball in R™ is ¢(.S)/m. Using polar decomposition
of B at the pole tg, we have

[Bv|
Bl= [ _dotv)- [ xm (et
ves 0
< [ do(v)-IB - |BY
ves
<m(sup Byl/1Byl) [ |Bof™/mda(v)
ves ves
= m(sup |Ey|/|B|)|B] 0
ves

Theorem 3.4. Let G be a Lie group, I be a lattice in G, and 7 : G — I'\G
be the natural quotient map. Given m,n € N, A > 0, a compact set
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C CcT\G, T >0 and an € > 0, there exists a larger compact set C' C T\G
such that for any ¢ € Eg(m,n,A) and a ball B of diameter at most T in
R™ . one of the following holds:

1. 7(6(B))NC = 0.
2. |{t € B:n(4(t)) € C'}| > (1—¢)|B].

Proof. In [DM3, Theorem 6.1] the result is stated for an Ad-unipotent
one-parameter subgroup u : R — G, in place of ¢ as above.

We observe that the only property of the map u : R — G used in that
proof is that u € Eg(n1,0) for some n; € N depending only on G. Specifi-
cally the relevant properties of E(n,0) are Corollary 2.8, Corollary 2.9, and
Corollary 2.11.

Hence using the above mentioned corollaries, the same proof works to
give the result for all ¢ € Eg(n,A).

Now choose a compact set C’ C T'\G such that the conclusion of the
theorem is valid for €/m in place of ¢, and all ¢ € Eg(mn,/mA) in place
of ¢, and 69 > 0 as in the Note 2.5 depending only on GG, m,n, and A.

First assume that T < 6. Let ¢ € Eg(m,n,A). Suppose that condi-
tion 1 above does not hold. Then there exists tg € B such that 7(4(tg)) €
C. Define

E={teB:n(¢(t)) ¢C'}.

Let the notation be same as in Lemma 3.3. Take v € S. Define a map
P(t) = @(tv + tp), Vt € R. By Lemma 2.14 ¢ € Eg(mn,/mA). Therefore
by the above hypothesis,

|Ev| =|{t € By : w(¥(t)) & C"}| < (¢/m)|By]| .

Therefore by Lemma 3.3,
|E| <e-|B].

For the general case, observe that there exists a natural number N
depending only on m, T', and §g such that the following holds: In R™, any
ball B of diameter at most T can be covered by a sequence { B;}¥; of balls
of diameters at most 6y such that

|Bi N Biy1| > (1/4)sup{|Bi|,|Bis1l} , i=1,....,N—1.

Applying the theorem for T' = éy, € = 1/4, and the given C, we obtain
a sequence {C’j}év:l of compact sets in I'\G such that C; = C, C; C Cj4q,
and the conclusion of the theorem holds for C' = C; and C’ = Cj;1, where
j=1,...,N—1.
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Again apply the theorem for 6y, ¢/N, and Uévlej in place of T €, and
C, respectively, and obtain a compact set C’ such that the conclusion of
the theorem holds.

Now let B be any ball of diameter at most 7" in R™ and suppose that
#(B)NC # (). Cover B by a sequence of balls {B;}; as above. Then by
the choice of {C}}, we have ¢(B;) U Uj»vzl C; # (. Hence by the choice of
',

Hte B;:o(t) €C'} < (¢/N)|By|, i=1,...,N.
Hence [{t € B: ¢(t) € C'}| > (1 —¢€)|B. O

Algebraic formulation of the geometric condition for returning to
compact sets. The usefulness of the previous theorem is enhanced by
the next result which provides an algebraic condition, in terms of certain
representations of G, equivalent to the geometric condition 7(¢(B))NC = (.
For simplicity we consider only the case of arithmetic lattices. In order to
formulate the result, we need some notation.

Let G a connected semisimple real algebraic group defined over Q. Let
I' € G be an arithmetic lattice with respect to the Q-structure on G and
m: G — I'\G be the natural quotient map. Let r be the Q-rank of G. We
can assume that r > 1; if » = 0, then by Godement’s compactness criterion
(see [B, Theorem 8.4]), I'\G is cocompact and the results of this section
are trivial in this case.

Let P be a minimal Q-parabolic subgroup of G. Then by [B, Theo-
rem 15.6], there exists a finite set F' C G(Q) such that

(11) GQ =T -F-PQ).

Let S be a maximal Q-split torus of G contained in P. Let II be the set
of Q-roots with respect to S. The roots whose corresponding root spaces
are contained in the Lie subalgebra of g associated to P form a system of
positive roots. Let A = {aq,...,a,} denote the corresponding system of
simple roots.

Take i € {1,...,r}. Let P; denote the standard maximal parabolic
subgroup associated to the set of simple roots A\ {a;}. Let U; be the
unipotent radical of P;. For each ¢ construct a representation of G on a
finite dimensional vector space V; as follows: Let u; be the Lie subalgebra
of g associated to U;. Put l; = dimU;. Let V; = /\lig, the [;-th exterior
power, and consider the Al Ad-action of G on Vj. Fix any Euclidean norm
on g and let {e1,...,e,} be an orthonormal basis of g. Define a Euclidean
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norm on V; such that the basis
{eil/\~-/\e,~li eViil<ip <<y <n}

is orthonormal in V;.

Note that since G is defined over Q, its Lie algebra g inherits a Q-
structure. Now V; also has a natural Q-structure and Alu; is a rational
one-dimensional subspace of V;. Now take p; € Aliu;(Q) \ {0}. Then for
any g € P;(R), we have

(12) pi - g = det(Adgly,) - pi -
Define a function d; : G — R* as

di(9) = pi-gI*> Vgeq.
Theorem 3.5. Letm € N,ne N, A>0,T >0, and a > 0 be given.
Then there exists a compact set C C I'\G such that for any ball B C R™
of diameter at most T and any ¢ € Eg(m,n,A), one of the following
conditions is satisfied:
1. There exists i € {1,...,r} and A € I'F' such that

di(AT'o(t) = [pi- AT o(t)|P <, VteB.
2. w($(B))NC 0.

This theorem is proved in [DM2] for unipotent one parameter subgroups;
ie. for ¢ € Eg(1,n,0). The organization of that proof crucially uses the
one-dimensionality of the trajectory. Here we modify their proof to take
care of the higher dimensional cases.

Algebraic description of compact sets in I'\G. First we recall a
result in [DM2] which gives an algebraic description of relatively compact
open connected subsets of I'\G using the reduction theory.

Let I C{1,...,r}, and put J ={1,...,7}\ I. Define

P = (P
i€l
Qr = {gGP[:di(g):l, ViEI}.

Note that each Qr is a Q-algebraic group with no nontrivial characters
defined over Q, and P N @7 is a minimal Q-parabolic subgroup of @Q;.
Therefore by [B, Theorem 15.6], there exists a finite set F1 C Q7(Q) such
that

(13) QrQ) = TneNF(PNQQ) .
We define A(I) = F;~Y(I'NQy). Note that Py = Qg = G and A(0) = F~'T.
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LeMMA 3.6. Let j e {l,....r}, I Cc {1l,...,r}\ {4}, and I' = T U {j}.
Then there exists a finite set E C P(Q) such that
AIA(I) C E-A(I) .
Proof. By definition
AIAI) = Fr=H(QrnT) - F Y (QrNT) .

Note that any g € G(Q), gI'g~'NT is a subgroup of finite index in I (see B,
Corollary 7.13]). Therefore there exists a finite set L C Q;(Q) such that

(QprNT)-Frtc(QnD)FcL(QNT) .
Now by equation (13), there exists a finite set E1 C (PN Q7)(Q) such that
(Fpr 'Ly c (PN Q) FIE; .

Hence
AINA(I) C (Fp~'L)(QrNT)
c B 'FHQrnD)
= E-A(),
where E = B, F; 1 ¢ P(Q). O

NOTATION. Let Z be the collection of all ordered p-tuples, where 0 < p < r;
by a 0-tuple we mean the empty set. Let I = (i1,...,4,) € Z. Then there
exists a finite set L(I) C G(Q) such that

A({ir,. o ipa}) - A })A(0)
We define L(0) = {e}.
For positive reals 0 < a < b and o > 0, and any A € L(I)I", define
Waap(I,A) ={g€G:dj(0Ng) >a,Vje{l,...,r} \ T and VO € A1),
and a < dj(A\g) <b,Viel}.

LT .

Note that for any v € T,
Wa,a,b(la )\’7) = 7_1Wa,a,b(17 )\) .
Define the following subsets of I'\G:

Wa,a,b(I) = U W(W(Ia )‘)) = U W(W(I, )‘)) :
AEL(I) AeL(I)T

The following result is obtained in [DM2, Prop. 1.8].
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PROPOSITION 3.7. The set W, 44(I) is compact.

In order to prove Theorem 3.5, we need to find constants 0 < a < b and
B > 0 (which are independent of ¢ and B) such that if condition 1 fails to
hold, then 7(¢(t)) € W3 qp(I) for some t € B and I € .

Basic proposition. The following proposition is a main technical tool
for finding a, b, and (. It is based on some ideas from [DM1, Appendix].

By Lemma 2.15, there exists ny € N and A; > 0 such that for any
¢ € Eg(m,n,\), any g € G, and any ¢ € {1,...,7}, themap f: R™ - R
defined by f(t) = di(go(t)) is in E(m,nq,A1). Let 69 = do(m,n1, A1) be
as in Note 2.16.

PROPOSITION 3.8. Leta > 0 and D C R™ be a ball of diameter at most 6.
Suppose a family F C E(m,ni, A1) satisfies the following conditions:

1. For any t € D and any 3 > 0,

#{feF:|f(t) < B} <.

2. For every f € F,

sup [f(t)] > o .
teD

Then at least one of the following conditions is satisfied:

(a) There exists a to € D such that |f(to)| > « for all f € F.
(b) There exist a ball D1 C D and fy € F such that:
(i) fo(D1) C (/2 );
(ii) there exists M > 1 (depending only on m, ny, and A1) such that
for all f € F,

sup [f(t)] > a/M .
teDy

Proof. Let to be the center of D. If (a) does not hold then due to con-
dition 1, there exists a finite set F; C F such that |f(tg)| > « for all
f € F\F1. Now let E be the ball centered at t( of some diameter 0 < § < &
such that

1) supsep |f(t)] > o,V f € Fi, and
2) there exists fo € Fy such that supicp | fo(t)| = a.

By Corollary 2.18, there exist a constant 7 > 0 (depending only on
m,n1, and A;) and a ball D; of diameter 76 contained in E such that

| .
ot 1fo(6)] > a/2
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Now by Corollary 2.17, there exists a constant M > 1 (depending only on
n,m,n1, and A1) such that for any f € F we have

sup [f(£)] = a/M .

teD,
This completes the proof. O

Proof of Theorem 3.5. Let a > 0 be given. Let B C R™ be a ball of
diameter at most 8y, and let ¢ € Eg(m,n,A). Suppose that condition 1 of
the theorem fails to hold.

By a stepwise construction we shall obtain I € Z, A € L;I', and con-
stants 0 < ay < by and aj > 0 depending only on I and « such that

m(¢(B)) N7 (Warar b (1, A) # 0 -

In view of Proposition 3.7 this will imply that the second condition of the
theorem holds.

Consider the following procedure: Suppose I € Z, A € L;I', a ball
D C R™ of diameter at most 6y, and constants 0 < aj < by are such that

(A) di(A¢(B)) C (ar,br) , Viel.

Let F(I,)\) denote the family of all functions f : R™ — R+ of the form
f(t) =d;j(0rg(t)) for all t € R™, where # € A(f)and j € J = {1,...,r}\ 1.
Suppose further that for some ay > 0, we have

(B) sup |[f(t)| >ar, VfeFU,N) .
teD

Observe that condition 1 of Proposition 3.8 is satisfied for the family
F(I,)), because the set p; - A(I)L; - I' is discrete in V; for every j €
J. Condition 2 of Proposition 3.8 follows from condition (B) as above.
Therefore due to the proposition, one of the following holds:

(a) There exists to € D such that d;(6A¢p(tg)) > o for all € A(I) and
all j € J.
In this case by condition (A) we have I'¢p(tg) € Wa, 4, p,(1). We fix
this I € Z, tg € B, and constants 0 < a;y < by and a; > 0 and stop
the procedure.
(b) There exist jo € J, 8y € A(I), and a ball D; C D such that the
following holds:
(i) djy(0oA(D1)) C (ar/2,ap).
(ii) For all 6 € A(I) and j € J,

sup d; (OAG(t)) > ar/M .
teD,
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In this case, let 11 = I U jg, and Ay = GgA. We will now show that
conditions (A) and (B) are satisfied for D, I; and A\, with suitable
constants ay,, br,, and oy, .
Since d;(6og) = di(g), Vi € I and Vg € G, condition (A) is satisfied
with a7, = ay/2 and by, = ay.
By Lemma 3.6, there exists a finite set £ C P(Q) (depending only
on [ and jp) such that for any 6 € A(IU{jo}), there exists 6 € A(J)
and z € E such that 00y = x6’. Hence for every j € J\ {jo},
sup d;j(0A10(t)) = sup d;(06A¢(t))
teDy
= supd;(z0'Ap(t))
= supd;(x) - d;(0'Ap(t))
> 5 : a]/M )

where = mingecp dj(z) > 0 depends only on I and jy. Therefore
condition (B) is also satisfied for the family F(I;, A1) and a7, =
ﬂa[/M > 0.

This completes the description of our procedure.

To prove the theorem, we start with I = (), A = ¢, and D = B. Then
condition (A) is vacuously satisfied. We can assume that condition 1 in the
statement of the theorem does not hold. Then condition (B) is satisfied for
F(0,e).

We can repeatedly apply the above procedure till we get I, A € LI,
and constants 0 < ay < by and a; > 0 such that d;(0A¢(B)) > ay for all
6 € A(I); at which step we are through. Since the cardinality of I increases
each time we apply the procedure, it must stop after at most r steps. This
completes the proof for T' < §.

For the general case, cover the ball B with finitely many balls of radius
b0 such that for any two intersecting balls the measure of their intersection
is at least 1/4 of the measure of each. The number of balls required for
this purpose depends only on m, T, and 6. Suppose condition 2 fails to
hold. Then condition 1 holds for any one of the smaller balls. Now apply
Corollary 2.17 successively for n = 1/4. Condition 1 holds for the full ball
B, with a replaced by a bounded multiple of it. Since the multiple depends
only on m,ny, A1 and the number of smaller balls, the theorem follows. O

Combining Theorem 3.4 and Theorem 3.5 we obtain the following
stronger version.
(For the notation used in the statement of the following theorem, we
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refer the reader to Corollary 3.2 and the definitions and notation stated
just before the statement of Theorem 3.5.)

Theorem 3.9. Givenm e Nyn e NJA>0,a>0,¢>0,andT > 0 there
exists a compact set C C I'\G such that for any ball B C R™ of diameter
at most T and any ¢ € Eg(m,n,A), one of the following conditions is
satisfied:

1. There exists i € {1,...,r} and A\ € T'F such that
di(A7'o(B)) = [pi- A OB < .
2. {te B:nw(¢(t) e C}H > (1—¢)|B|.

REMARK 3.10. Condition 1 in Theorem 3.9 can be reformulated as:

1. There exist i € {1,...,7}, X\ € F (which is a finite set), and v € T’
such that for p = p; - A\~ we have

oy o(B)* <.

Note that p is contained in the one-dimensional subspace of V; = Alig
associated to the Lie algebra u of the unipotent radical of P = v~ 1Py,
which is a maximal proper Q-parabolic subgroup of G. Also p € V;(Q)\ {0}
and P={ge€ G:g-p€R*.p} (see equation (12)).

REMARK 3.11. Note that Theorem 1 of [DM2] for unipotent one-parameter
subgroups can be recovered from Theorem 3.9 by puttingm = 1, n = dim g,
and A = 0. Since A = 0, by changing the parameterization, here we can
avoid the dependence of C' on the choice of T'.

REMARK 3.12. See [Sh2, Theorem 2.2] for a result similar to Theorem 3.9
for any Lie group G and any lattice I' in G.

See also a recent preprint “Flows on homogeneous spaces and Diophan-
tine approximation on manifolds” by D.Y. Kleinbock and G.A. Margulis
for related results.

4 A Result About Linear Representations of G

In this section we obtain a result in linear algebra with allows us to apply
the results of the previous section in order to prove Theorem 1.1 when H is
an algebraic torus. The proof uses a certain decomposition of the group G
(Proposition 4.4) and the following properties of finite dimensional spaces
of functions on a set.
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LEMMA 4.1.  Let X be any set and {(i,...,0,} be a set of linearly
independent complex valued functions on X. Then there exists a finite set
{t1,...,tp} C X such that the matrix A = (B;(tj))i j=1,..n IS nonsingular.

In particular, for any a = (aq,...,a,) € C", we have
n
(14) swp [ S aisit)| = 147 Jall
Jj=l..n',

where ||T'|| denotes the operator norm of a linear transformation T'.

Proof. By induction we choose ti,...,t,—1 such that (5;(t;))ij=1,..n—1
is a nonsingular matrix. Suppose there does not exist ¢, such that A is
nonsingular, then

det((Bi(t))ij=1,.n) =0, Vit,e€X.

This is a linear dependence relation between the 3;, 7 = 1, ..., n as functions
in the variable t¢,,. It is a nontrivial relation because the coefficient of 3, (t,)
is £det((B:(t;))i,j=1,..n—1) # 0. This contradicts the linear independence
of the (;’s, and the proof is complete. |

COROLLARY 4.2. Let X be a set and S be a subset of a finite dimensional

subspace of the space of complex valued functions on X. Then there exists
a finite set Xo C X such that for any f € S, if f(Xo) =0 then f(X) =0.0

Using the fact that an analytic function on a compact neighborhood €2
of 0 in C™ is determined by its restriction to R™ N} one has:

COROLLARY 4.3. Let S be a subset of a finite dimensional subspace of
the space of analytic functions on a compact neighborhood §2 of 0 in C™.
Then there exists M > 0 such that for any f € S,
(15) sup [f(t)| < M- sup |[f(t)] .
teQ teQNR™
|

The next proposition is the main result of this section. In the proof
of Theorem 1.1, it takes care of the central torus of H and reduces the
problem to the case of semisimple H.

PROPOSITION 4.4. Let G be a connected semisimple real algebraic group
and T a real algebraic torus in G. Then there exists a closed subset Y of
G such that the following holds.

1. G=Z(T)-Y.
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2. For any linear representation of G on R", and a given neighborhood
Q of e in T, there exists ¢ > 0 such that

sup||v-ty|| >c-||v]|, VveR"andVyeY .
teQ

For instance, if G = SL,(R) and T a diagonal subgroup containing a
regular semisimple element, we get ¥ = NK in the theorem, where N is
the lower triangular unipotent subgroup and K = SO, (R).

Proof. Let S be a maximal complex algebraic torus in G(C) containing
T(C). Fix a complex Borel subgroup B of G(C) containing S. Consider
the root system of G(C) with respect to S. Consider the system of positive
roots associated to the Borel B. Let A denote the corresponding system
of simple roots. Let ¥ C A be the set of roots which are trivial on T'. Let
P denote the standard complex parabolic subgroup of G(C) associated to
V. Let U be the unipotent radical of P. Then P = Zg)(T(C))U. Put
M = Zg(T). Then M(C) = Zg(c)(T(C)).

Let 6 be a Cartan involution of G which stabilizes T. Extend the differ-
ential of # on the Lie algebra of G to a conjugate linear automorphism on
the complexification of the Lie algebra. This lifts to a Cartan involution of
G, also denoted by 6, where G(C) is treated as a real algebraic semisimple
group. The complex conjugation on G¢, denoted by o, is an involution on
G(C). Note that the involutions § and ¢ commute with each other.

Let K be the maximal compact subgroup of G(C) corresponding to 6.
Then

G(C)=PK=M(C)UK .

Note that o and 6 stabilize M(C). Therefore M = {m € M(C) :
o(m) = m} is a symmetric subgroup of M(C). Treating M(C) as a real
algebraic group, there exists a real algebraic R-split torus A in M (C) such
that

f(a)=a'=0(a), VacA,
and
MC)=M-A-(KNM(C))
(see [Sc, Prop. 7.1.2-3]). Since M (C) normalizes U, we have

G(C) = MAUK .
Put Y = (AUK)NG. Since M C G, we have
G=M-Y.
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We need to show that Y satisfies condition 2. The linear G-action on
R™ extends to a complex linear G(C)-action on C". Let p : G(C) — SL,(C)
denote the associated representation.

Cram 1. Let Q be a neighborhood of e in T'. Then there exists a constant
c1 > 0 such that for any q € C" and u € U,

sup [q - (tut™")[ > e1 - [l -
teQ

To prove the claim, let S’ be a maximal complex algebraic torus of
SL,,(C) and B a Borel subgroup in SL, (C) containing S” such that p(S) C
S" and p(B) C B'. The set of characters on S” with respect to the adjoint
action on sl, (C) forms a root system. Consider the system of positive roots
associated to the Borel B’. Let A’ be the corresponding system of simple
roots. Let ¥/ C A’ be the set of roots which are trivial on p(T). Let P’
be the standard parabolic subgroup of SL,,(C) associated to ¥'. Let U’ be
the unipotent radical of P’. Then it is straightforward to verify that

p(U)CU .

Hence to prove the claim we can assume that u € U’.
We can choose an orthonormal basis {ei,...,e,} of C" (used only for
the proof of Claim 1) such that for each 1 < k <mn,

e S’ C C-span{er} and e B’ C C-spaney,...,ex} .

Note that the elements of C™ are row vectors and SL,(C) acts from the
right.

Let a5 (1 < i < n, 1 < j < n) be the characters on T' such that
for any matrix X = (x;;) € M,(C) and t € T, the (4, j)-th coordinate of
p(t)Xp(t)~! is ;j(t)z;;. When for some ig < jo, the character ajy;, = 1,
then by the definition of U’, we have w;,;, = 0 for every (u;;) € U'.

Let g =711 ¢ie; € C", u= (u;;) € U', and t € T. Then

q- (tut™!) = Zn:yi(t)ei ,
i=1

where .
yi(t) =g+ Y ij(tuijg; -
J=i+1
Fix ¢ € {1,...,n}. Since distinct characters on T" are linearly independent

on {2, we can choose characters Gy = 1, (1,...,0, on T, for some k, which
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are linearly independent on €2 and

{ﬁo,...,ﬁk}:{l}U{aZj:i<j}.

Moreover since u;; = 0 if a;; = 1, we have

p
yit) =ai+ Y Bilt)z
P

where each z; is obtained by summing the coefficients u;;q; corresponding
to those aj; which are same as 3;. Now for every ¢ = 1,...,n, by Lemma 4.1
there exists a constant C; > 0 such that

sup [yi ()| > Ci - |qi] -
teQ)
Therefore there exists a constant ¢; > 0 such that

(16) c1- [lall < sup g - (tut™)]] -
teQ

This completes the proof of Claim 1.
Since € is relatively compact, there exists a constant ¢’ > 0 such that
for any v € C" and ¢t € 2,

(17) Il > ¢ [lv - ¢ -

Therefore by equations (16) and (17), for any q € C" and u € U, we
have

(18) sup [[q - tul > ¢z - [lal| ,
teQ

where cg = c'c; > 0.

CrAamM 2. There exists a constant c3 > 0 such that for any v € R™ and
a€A,

(19) [v-all = ¢ - [[v]|

(Note that when T is an R-split torus, A is compact and the claim is trivial.)

To prove the claim, let A be the finite set of characters on A such that
if we define

VA={veC':v-a=v-Na), Vac A}, VYAe€A,

then
Cr = @AGAV)\ )
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For every v € C", write v = ), V), Where v, € VA for all A € A. Then
there exists ¢3 > 0 such that for all v € C",

(20) c - [Vl < sup [[vall < 5™ - [Iv]] -
AEA
Then for every A € A and a € A,
(21) [v-all = ez - |A(@)] - [lvall -
Since o preserves norm || - || on C" and o(a) = a~! for all a € A, for
any v € R" and a € A,
Iv-a=t =llv-o(a)l = lov-a)ll=v-al .

Therefore due to equation (21),
[v-all Zcs-[[val, VA€EA.

Now by equation (20),

[v-all = vl -
This completes the proof of Claim 2.

Now since K is compact, there exists ¢4 > 0 such that for any v € C”

and k € K,
(22) vkl = ca- vl

Let v € R™. Given y € Y there exist a € A, u € U and k € K, such
that y = auk. Then by equations (18), (19), and (22), we get

sup||v-ty|] > c4-sup||v - taul|
teQ)

teQ
= ¢4 -supl|(v-a)tul|
teQ)
> cqco - ||V -al
> cqcocs - ||v]|-
This completes the proof of Proposition 4.4. O

5 Returning to Compact Sets
In this section we complete the proof of Theorem 1.1.

LEMMA 5.1. Let G and H C G be connected reductive real algebraic Q-
groups admitting no nontrivial Q-characters. Then the following conditions
are equivalent:
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1. (HNT)\H is compact for any arithmetic lattice ' C G(Q) in G with
respect to the Q-structure on G.

2. Zg(H) is Q-anisotropic; that is, it contains no nontrivial Q-split
torus.

3. H is not contained in any proper Q-parabolic subgroup of G.

4. Every Q-subgroup of G containing H is reductive.

5. H does not normalize any nontrivial unipotent subgroup of G defined
over Q.

Proof. 1 < 2: This equivalence is the Godement’s compactness criterion
(see [B]).

2 = 3: Suppose H is contained in a proper Q-parabolic subgroup P.
The centralizer of any Levi subgroup of P defined over Q contains a non-
trivial Q-split torus. Now H being reductive and defined over Q, it is con-
tained in a Levi subgroup of P defined over Q. Therefore Z(H) contains
a nontrivial Q-split torus.

3 = 2: Since G admits no nontrivial Q-characters, the same holds for
G/|G, G], where |G, G] is the commutator of G and it is semisimple. Now
since G/|G, G] is a torus defined over Q, it does not contain a nontrivial Q-
split torus. Suppose that Zg(H) contains a nontrivial a Q-split torus, say
T. Then T C [G,G]. Hence Z;(T) is the Levi part of a proper Q-parabolic
subgroup of GG, necessarily containing H.

3 = 5: Follows from the fact that a subgroup normalizing a nontrivial
unipotent subgroup defined over QQ is contained in a proper Q-parabolic
subgroup (see [Mo]).

Clearly 5 = 3 and 5 = 4.

4 = 5: If H normalizes a unipotent Q-subgroup U, then N¢(U) is a
non-reductive Q-subgroup containing H. O

Proof of Theorem 1.1. We shall prove the theorem by induction on dim G.

Reduction to the case of semisimple G: Let Z be the maximal central
torus in G. Then G7 = Z\G is a semisimple real algebraic group defined
over Q, and the quotient homomorphism ¢ : G — G is defined over Q.
Now H; := q(H) is a reductive Q-subgroup with Q-anisotropic centralizer
in Gy. Also T’y := ¢(T") is an arithmetic lattice in G;. Let ¢ : I'\G — I''\G1
be the natural quotient map, whose fibers are orbits of Z. By Lemma 5.1,
applied to G itself in place of H there, we have that m(Z) is compact.
Therefore every Z-orbit in I'\G is compact. Hence, if the conclusion of the
theorem for GG1, Hq, and I'1; holds, it will also hold for G, H, and I". Thus



Vol.7,1997 NON-DIVERGENCE OF TRANSLATES OF ALGEBRAIC MEASURES 73

if dim Z > 0, viz. if G is not semisimple, the result follows by induction on
dim G. Therefore we can assume that GG is semisimple.

Applying Theorem 3.9: Let b be the Lie algebra of H, m = dim H,
and {X1,..., X} be a basis of h (over R). Put Hc = H(C). Define a map
©:C™ — H¢ as

O(t1, ..., tm) =exp(t1X1) - - - exp(tmXm) , YV (t1,...,tm) € C™.

By Corollary 3.2, there exist n € N and A > 0 be such that for any g € G,
if we define ¢(t) = O(t)g (Vt € R™), then ¢ € Eg(m,n,A).
Now to prove Theorem 1.1, it is enough to show that given any € > 0

and any bounded ball J in R™ the following holds: there exists a compact
set K C I'\G such that

(23) {te J:m(O@t)ge K} >(1—e)l]|, YVged.

Suppose that there does not exist such a compact set K. Take any
sequence «; — 0 and obtain a sequence of compact sets C; C I'\G as in
the statement of Theorem 3.9. By our assumption, there exists a sequence
{9} C G such that the equation (23) fails to hold for K = C; and g = g; for
each i. Hence for each i and ¢(t) = ©(t)g;, condition 2 in the conclusion of
Theorem 3.9 fails to hold. Therefore condition 1’ in Remark 3.10 must be
satisfied for each i. Therefore after passing to a subsequence, the following
holds: There exist a representation of G over Q on a vector space V with
a Q-structure, a point p € V(Q) \ {0} and a sequence {v;} C I such that

(24) lim sup [|p - %:O(t)gil| =0,
1— 00 tEJ
where || - || is a fixed Euclidean norm on V(C).

Reduction to the case of semisimple H: Let T be the center of H.
There exists a neighborhood €2 of e in T" and a nonempty ball J; in R™
centered at 0 such that

(25) O(1)Cc o).

By Proposition 4.4, there exists a closed subset Y C G such that
(26) G=2ZsT)-Y
and there exists ¢ > 0 such that for any v € V(R) and y € Y,

(27) sup [|v - wyl| = c|v]].
weN
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From equations (24), (25), (26), and (27) one can deduce that there
exists a sequence {z;} C Zg(T) such that

(28) lim sup ||p - 7iO(t)z] =0 .
1= teJy

Since the orbit p - I' is discrete in V/(R), the set p-I'C' is bounded away
from 0 for any given compact set C' C G. Hence there exists an ig € N,
depending on C, such that

(29) (O(L) - zNx(C) =0, Yi>i.

Note that Go = Zg(T') is a reductive real algebraic group defined over
Q and Zg,(H) C Zg(H) is Q-anisotropic. Since Zg,(G2) C Zg,(H) is
Q-anisotropic, GGo admits no nontrivial characters defined over Q. Hence
Iy = T'N Gy is an arithmetic lattice in Gy. Let 7' : Go — T'3\G2 be the
natural quotient map. In view of the natural injection I'o\Ge — I'\G,
we have that 7'(H) = w(H). Therefore uy is the H-invariant probability
measure on 7' (H).

Let € = (1/2) - pg(©(J1)) > 0. Then by equation (29), there exists a
sequence {z;} C G such that for any compact set K C I'9\Ga,

(30) pr(Kz7h) <1—¢e Vi>ig,

for some ip € N depending on K.

If dim G5 < dim G, this contradicts the induction hypothesis. Therefore
we may assume that Go = G. Since T is central in G5 and G is semisimple,
we have that dim T = 0; in other words, H is semisimple.

Taking care of compact factors of H wvia complezification of T\G: It
is straightforward to verify that the collection of entire functions of the
form C™ 3 t — ||v - O(t)g||?, where v € V(C) and g € G, is contained in
a finite dimensional subspace of the space of complex valued functions on
C™. Therefore by Corollary 4.3 and equation (24), there exists a ball D of
positive radius in C™ such that

(31) lim sup ||p - 1:O(t)g;|| =0 .
’L—>OOt€D

By restriction of scalars from Q[i] to Q, we can treat G(C), H(C), and
V(C) as real algebraic groups defined over Q.

Let I'c be an arithmetic lattice in G(C) with respect to the Q-structure
of Rgjij/o(G) such that I'N T'c is of finite index in I'. Hence without loss
of generality we may assume that I' C I'c. Let m¢ : G(C) — I'c\G(C) be
the natural quotient map. Since p € V(Q) and I'c is arithmetic, the orbit
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p - I'c is discrete in V(C). From this and equation (31) it follows that for
any compact set K C I'c\G(C), there exists i9 € N such that

(32) mc(OD)g NK =0, Yi>io.

Since H(C) is a complex semisimple group, it is generated by unipotent
one-parameter subgroups. Therefore by the Moore’s ergodicity theorem
and Birkhoff ergodic theorem, there exists a unipotent one-parameter sub-
group {u(t) : t € R} ¢ H(C) such that the orbit {mc(u(t)) : t > 0} is
uniformly distributed with respect to pi(c), which is the H(C)-invariant
probability measure supported on the closed orbit 7¢(H(C)). Hence there
exists Ty > 0 such that for any T' > Tp,

(33)
(1/T)|{t € [0, 7] : mc(u(t)) € mc(O(D))}| > (1/2) (o) (me(O(D))) -

Put € = (1/2)py(c)(mc(O(D)). For every i € N, put u;(t) = g u(t)gs
for all t € R. Now given any compact set K C I'c\G(C), by equations (32)
and (33), there exists ig € N such that

(34)
(1/T){t € [0,T] : mc(gi)ui(t) e K} < (1 —¢€), Vi>igand VT > T .

Take any sequence a; — 0. For each i, we apply Theorem 1.1 of [DM2]
(see Theorem 3.9 and Remark 3.11) to the Q-group G(C), the arithmetic
lattice I'c, «; in place of «a, and the unipotent one-parameter subgroup
{ui(t) : t € R} (or ¢(t) = g;ui(t)). Hence by inequality (34), condition 2 of
Theorem 3.9 fails to hold. Therefore condition 1’ of Remark 3.10 must be
satisfied.

Now since the collection {p; - A™' : 1 < i < r, A\ € F} as in this
condition 1" is finite, after passing to a subsequence of {g;}, there exists a
proper Q-parabolic subgroup P of G(C) and a sequence {v;} C I'c such that
the following holds: Let gc be the Lie algebra of G(C) with the inherited
Q-structure. Let n be the Lie subalgebra of g¢ associated to the unipotent
radical of P and defined over Q. Put d = R-dimn. Consider the d-th
exterior of the Adjoint representation of G(C) on W = Acgc (here gc is
treated as a vector space defined over R). Then A% is a one-dimensional
rational subspace of W. Let q € AN W (Q) \ {0}. Then

(35) la-vigiwi(t)|| <o, Vt>0.

Hence
q-vgiui(t) =q-vg, VicNandVtcR.
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Hence
(36) a-vi-ut)=q-v, VieNandVteR.

Let G(C)y denote the stabilizer of an element v of W in G(C). Note
that since the orbit q - I'c is discrete, the orbit mc(G(C)gy,) is closed in
I'c\G(C). Since w({u(t) : t € R}) is dense in 7(H(C)) and u(t) € G(C)q.v,,
we have H(C) C G(C)q,;. Now since P = Ng(c)(n),

(37) H(C)c~ Py, VieN.

Reduction to the case of v; = 7;, Vi,j: Let S be a maximal Q-split
torus in G. From the standard construction of a Siegel domain (see [B]),
we deduce that there exists a finite set ' C G(Q) and a compact set C C G
such that

(38) G=TFSC .

In view of equations (35) and (38), we obtain sequences {\;} C I'F" and
{ai} C S such that

Since S is a Q-split torus, there exists a finite set ® consisting of Q-
characters on S such that if we define

WY={veW:v.a=v-v(a)Vae S}, Vved,
then WY is the set of R-points of a Q-subspace of W and

W =®,caW" .
Let
" ={vecd: limv(a)=0} and "=\ d .
Then o
(40) limsup [v(a;)| >0, Vve ot
Put

W™ =®uee-WY and W =@ cqo W .
Then W = W~ @ W9, Since W~ and W°F are R-points of Q-subspaces,
the projection 7o, : W — W9t with kernel W~ is defined over Q.
Since F' C G(Q) is finite and q € W(Q), there exists k € N such that

(41) q-I'cF C W(3Z) .
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(see [B, Prop. 7.12]). Hence

(42) inf {||mo4 (V)| : v € W(FZ)\W ™} >0 .
By equations (39), (40), (41), and (42), there exists ip € N such that
(43) q- ’Yio)‘io cCWw—.

Put qo = qv;, and Py = v;, "' P~;,. (Note that as a subgroup of G(C),
Py is defined over Q.) Then by equation (37),

(44) HC)cPh .
Put b; = )\ioai)\io_l, Vi e N. Since \;, € I'F C G, we have
(45) {bitien C G .
By equation (43) and the definition of W~ we get
(46) Jim lqo - bif] =0

The group PoyNG: Since Z(H) is Q-anisotropic, by Lemma 5.1, H does
not normalize a nontrivial unipotent Q-subgroup of G. By equation (44)
we have H C PyNG. In view of Lemma 5.1, this will lead to a contradiction
if we prove the following;:

CLAIM.  The group Py N G normalizes a nontrivial unipotent subgroup
of G defined over Q.

To prove the claim let Ny be the unipotent radical of Py, pg be the Lie
algebra of Py and ng be the Lie algebra of Ny. For any g € Py,
(47) | det(Ad gly,)| = [det(Ad(g)]n,)] -

Fix a Euclidean norm on gc. Now for every g € G(C) and a subspace
E C gc, let J(Ad g|g) denote the Jacobian of Ad g on the subspace E. Let
K be a maximal compact subgroup of G(C) such that Ad(K) preserves the
norm on gc. Also we have G(C) = PyK. Therefore by equation (47),

(48) J(Adgly,) = J(Adgly) , VgeG.

Note that A%ng is a one-dimensional subspace of W = A%gc contain-
ing qg. Therefore (see equation (12))

(49) J(Adgln) = llao - gll/llacll » YgeG.

Let o be the complex conjugation. Then o commutes with Ad g for all
g € G. Now since the Jacobian of ¢ restricted to any subspace of gc is 1,
we get

(50) J(Adg‘a(no)) - J(Adg’ﬂo) , Vged.
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Now by equations (45), (46), (48), (49), and (50), we obtain that
‘lim J(Adbl|p0) =0= hm J(Adbllg(no)) .

Therefore
(51) 211}120 J(Ad bi|(p0+g(n0))) =0.

Now since G is reductive, J(Adg|g.) = 1 for all g € G(C). Hence we
have that

po & o(ng) # gc -

Therefore, since

dim pg + dimo(ng) = dim pg + dimng = dim gc
we get

(52) po N a(ng) # {0} .
Since Py No(Np) is a unipotent group normalizing Ny, the group
U= (PoﬂO’(NQ)) - Ny

is unipotent. Note that U is normalized by Py N o(Fp). Hence U NG is a
normal subgroup of Py NG.

Take any X; € poNo(ng). Put X = X +0(X;). Then X is in the Lie
algebra of U N G. If X # 0, the unipotent radical of Py N G is nontrivial
and the claim holds. Otherwise

(53) o(X1)=-X1, VXi€pono(ng) .

Then po No(ng) C ng. Hence by equations (52) and (53), the Lie algebra
o(ng) Nng # 0, and it consists of purely imaginary vectors in gc = g ® C.
Also since o(ng) Nng is the Lie algebra of a unipotent group, it consists of
ad-nilpotent elements. Therefore i(o(ng)MNng) is a nonzero Lie subalgebra of
g consisting of nontrivial ad-nilpotent elements. Observe that it is Ad(PyN
G)-invariant, and it is the set of R-points of a Q-subspace of g. Thus the
Lie group associated to i(o(ng) Nng) is a nontrivial unipotent subgroup of
G which is defined over Q and normalized by Py N G. This completes the
proof of the claim, and the proof of the theorem. |

Proof of Corollary 1.4. Let V be a real subspace of R". Let V' be a
complementary subspace for V. Let r = dim(V). For ¢ > 0, let a(t) €
SL,(R) be such that

0 alt) = t==y ifveV
] tw ifvevt.
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Let W be a real subspace of R”. Let d = dim(W). Then AW is a
one-dimensional subspace of A?R"™. Let py € A2 W \ {0}.
We claim the following;:

(54)
pw - a(t) = 0ast — oo < dim(VNW) > L dim(V) dim(W) .

To prove the claim, let £ = dim(VNW). We extend a basis {w1, ..., w}
of VNW to a basis {wi,...,wg} of W such that pyy = w; A -+ Awy. For
E+1<j <d, we may write w; = w; +w;f, where w; €V, wf eVt
Note that pf}, := wi A -+ Awg A w,':ﬂ ARRRWAY wj # 0. Expressing py in
terms of the eigenvectors of a(t) of the form wy A+ Awy, /\w,i_1 A-- -/\wfj,
we see that as t — oo,

pw -a(t) >0 & ply-a(t) =t IHTERpE 0.

Thus pw - a(t) — 0 as t — oo if and only if nk > rd; i.e. ndim(VNW) >
dim (V') dim(W). This completes the proof of the claim.

Now assume that W is a Q-subspace of R™. Then we can choose pw
to be a rational vector in A?R™. Our hypothesis that the action of H is
irreducible over Q is equivalent to the condition that H is not contained
in any proper Q-parabolic subgroup of G = SL,(R). Let I = SL,,(Z) and
7w : G — G/T the natural quotient map. Then by Lemma 5.1, n(Z(H)) is
compact, so that Theorem 1.1 applies.

Suppose the proposition is false; then by equation (54) and its proof,
pw - ha(t) — 0, Yh € H, and the convergence is uniform over compact
subsets of H. Let H C H be a compact set with positive Haar measure.
By Theorem 1.3 there exists a compact set C' C G such that G = HI'C. For
each t > 0, let hy € H such that a(t) C hyT'C. Then py-h; ta(t) C pw-T'C.
Since pyy is a rational vector, pyy - I' is discrete. Thus pyy - I'C' is bounded

away from 0, which contradicts py - by ta(t) — 0 as t — oo. O
References
[B] A. BOREL, Introduction aux groupes arithmetiques, Publ. de I'Inst. de

Math. de I'Univ. de Strasbourg, XV. Actualités Scientifiques et Indus-
trielles, No. 1341. Hermann, Paris 1969.

[BH] A. BOREL, HARISH-CHANDRA, Arithmetic subgroups of algebraic
groups, Ann. of Math. 75 (1962), 485-535.

[D1] S.G. DANI, Invariant measures, minimal sets and a lemma of Margulis,
Invent. Math. 64 (1979), 239-260.

[D2] S.G. DANI, On orbits of unipotent flows on homogeneous spaces II,

Ergodic Theory Dynam. Systems 6 (1986), 167-182.



80
[DM1]
[DM2]

[DM3]

[DuRuS]
[EMc]
[EMozSh]

[Hal

[Shi]

[Sh2]

Alex Eskin

A. ESKIN, S. MOZES AND N. SHAH GAFA

S. G. Dani, G.A. MARGULIS, Values of quadratic forms at integral
points: an elementary approach, Enseign. Math. 36 (1990), 143-174.
S.G. Dan1, G.A. MARGULIS, Asymptotic behaviour of trajectories of
unipotent flows on homogeneous spaces, Proc. Indian Acad. Sci. Math.
Sci. 101 (1991), 1-17.

S.G. Dani1, G.A. MARGULIS, Limit distributions of orbits of unipotent

flows and values of quadratic forms, In “I.M. Gelfand Seminar”, 91-137,
Adv. Soviet Math., 16, Part 1, Amer. Math. Soc., Providence, RI, 1993.

W. DUKE, Z. RUDNICK, P. SARNAK, Density of integer points on
affine homogeneous varieties, Duke Math. J. 71 (1993), 143-180.

A. EskiN, C. MCMULLEN, Mixing, counting and equidistribution in
Lie groups, Duke Math. J. 71 (1993), 143-180.

A. EskIN, S. Mozgs, N. SHAH, Unipotent flows and counting lattice
points on homogeneous varieties, Ann. of Math. 143 (1996), 253-299.
R.E. HArTWIG, Applications of the Wronskian and Gram matrices of
{tieMt} Linear Algebra Appl. 43 (1982), 229-241.

G.A. MARGULIS, On the action of unipotent groups in the space of

lattices, In “Proc. of Summer School in Group Representations”, 365—
370, Budapest, 1971. Bolyai Janos Math. Soc.

V.V. MoRrozoV, Proof of the theorem of regularity (in Russian), Us-
pehi Mat. Nauk (N.S.) 11 (1956), no. 5(71), 191-194.

S. Mozgs AND N.A. SHAH, On the space of ergodic invariant measures
i)g S;mipotent flows, Ergodic Theory Dynam. Systems 15 (1995), 149—

M. RATNER, On Raghunathan’s measure conjecture, Annals of Math.
134 (1991), 545-607.
H. SCHLICHTKRULL, Hyperfunctions and Harmonic Analysis on Sym-

metric Spaces, Proiress in Mathematics, 49. Birkhauser Boston, Inc.,
Boston, Mass., 1984.

N.A. SHAH, Limit distributions of polynomial trajectories on homoge-
neous spaces, Duke Math. J. 75 (1994), 711-732.

N.A. SHAH, Limit distributions of expanding translates of certain or-
bits on homogeneous spaces. Proc. Indian Acad. Sci. (Math. Sci.) 106
(1996), 105-125.

Shahar Mozes Nimish Shah

Dept. of Mathematics Inst. of Mathematics School of Mathematics

University of Chicago Hebrew University Tata Institute of
Chicago, IL 60637 Jerusalem 91904 Fundamental Research
USA Israel Mumbai 400005, India

e-mails: eskin@math.uchicago.edu, mozes@math.huji.ac.il,
nimish@math.tifr.res.in

Submitted: December 1995
Revised version: December 1996



