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1 Introduction

Let G be a connected Lie group, I' be a lattice in G and U = {u,},.g be a unipotent
one-parameter subgroup of G, viz. Adu is a unipotent linear transformation for all
ue U. Consider the flow induced by the action of U (on the left)on G/I'. Such a flow
is referred as a unipotent flow on the homogeneous space G/I'. The study of orbits
of unipotent flows has been the subject of several papers. For a nilpotent group G,
a result of Green [13] implies that if U has one dense orbit in G/I" then every orbit
of U is uniformly distributed with respect to a G-invariant measure on G/I'. In the
case when G = SL(2,R), it was proved by Hedlund that every orbit of the unipotent
(horocycle) flow is either dense or periodic; periodic orbits exist only when G/T  is
non-compact. For a co-compact lattice, this result was strengthened by
Fiirstenberg [11] proving that every orbit is uniformly distributed with respect to
a G-invariant measure. For non-uniform lattices in SL(2, R), using a classification
of invariant measures obtained by Dani in [2], Dani and Smillie [3] proved that
every non-periodic orbit is uniformly distributed. There are also various results
obtained on orbit closures and invariant measures etc. of larger subgroups
consisting of unipotent elements, especially the horospherical subgroups.
Recently, there was a spurt in the area initiated by Margulis’ proof (cf. [15],
see also [7]) of Oppenheim conjecture on values of quadratic forms at integral
points using the study of unipotent flows. The reader is referred to the survey
articles by Dani [4] and Margulis [14] for various related developments.

We now note some conjectures expected to hold for orbits of a unipotent flow,
namely the U-action on G/I' as above {though we restrict to U being a one-
parameter subgroup, the first two conjectures are expected to hold for any
subgroup generated by unipotent elements contained in it). A conjecture due to
Raghunathan on orbit closures states the following:

Conjecture 1. For every x € G/I; there exists a closed subgroup F such that Ux=Fx.

For G=SL(2,IR) the conjecture follows from the result of Hediund mentioned
above. It was recently verified for “generic” unipotent flows in the case of
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G=SL(3,R) [8]. Upto certain easy modifications, these are the only cases of
semisimple groups where the conjecture is known to hold.

The following measure theoretic analogue of the above conjecture was recently
proved by Ratner [19].

Conjecture 2. For any finite ergodic U-invariant measure ¢ on G/T, there exists a
closed subgroup F containing U and xe G/T" such that Fx is closed and o is a
F-invariant measure supported on Fx.

In this paper we shall be concerned with the following conjecture which
strengthens Conjectures 1 and 2.

Conjecture 3. For every xe G/I', there exists a closed subgroup F such that Fx is
closed, Fx admits a F-invariant probability measure ¢ and the U-orbit through x is
uniformly distributed with respect to o ; that is, for all bounded continuous functions f
on G/T,

T
lim L f flux)dt= | fdo.
T-w 1 0 Gr

It may be observed that if the U-orbit of x e G/I" is uniformly distributed with
respect to the F-invariant probability measure on Fx as above then Ux = Fx. Thus
Conjecture 3 includes Conjecture 1. Also since for any ergodic invariant measure
there are “generic points” [10], Conjecture 3 is stronger than Conjecture 2.

Our object is to prove the following result on the asymptotic behaviour of the
orbits of certain unipotent flows. Specifically, we choose G to be a reductive Lie
group and let U be a regular unipotent one-parameter subgroup of G, in the sense
that U is contained in a unique maximal unipotent subgroup of G (see Theorem 4.3
for other equivalent conditions) and prove the following.

(1.1) Main Theorem. Let G be a connected reductive Lie group, I be a lattice in G
and U = {u,},.g be a regular unipotent one-parameter subgroup of G. Let X =G/I'
and let Y be the subset of X consisting of all points y such that Fy is closed for some
proper closed subgroup F of G, containing U. Let x e X\Y. Then, given £¢>0, there
exists a compact subset KCX\Y such that for all T>0,

—;—,{{te[O,T]Iu,xeK}>1——e,

where ¢ is the Lebesgue measure on R.

Together with Ratner’s classification of finite ergodic U-invariant measures,
the theorem enables us to describe geometrically the set of points whose U-orbits
are uniformly distributed with respect to a G-invariant measure; in particular, we
are able to conclude the validity of Conjecture 3 for regular unipotent one-
parameter subgroups when either G/I' is compact or the R-rank of [G, G] is 1. The
results may be stated as follows:

(1.2) Corollary. Let G, I, and U be as in the Main theorem. Then for every xe X\Y,
the U-orbit of x is uniformly distributed with respect to the G-invariant probability
measure on G/I'. In particular, all these orbits are dense in G/T".

(1.3) Corollary. Let G, I', and U be as in the Main theorem. Suppose further that
G/I" is compact. Then Conjecture 3 holds ( for all xe X ).
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(1.4) Corollary. Let G be a connected reductive Lie group such that the R-rank of
[G,G]is 1. Let T be a lattice in G and U be any unipotent one-parameter subgroup
of G. Then Conjecture 3 holds (for all xe X ).

Like the earlier results on unipotent flows [ 14], the above results on uniformly
distributed orbits raise certain interesting possibilities of application to Diophan-
tine approximation. In particular, given a nondegenerate indefinite quadratic
form Q onIR3 which is not a multiple of a rational quadratic form and £>0 one can
get lower estimates, for all larger reR, for the number of solutions xeZ3,
x|l <r for the inequality |Q(x)|<e. On account of the somewhat incomplete
nature of the results currently obtained and some new ideas involved in the
proof, we shall deal with the applications elsewhere.

The method of proof of the Main theorem is an adaptation of the ideas
developed in [3] and the Appendix of [8]. In this method one relates thin
neighbourhoods of subsets of Y as above to certain subsets of linear G-spaces and
uses polynomial behaviour of orbits of one-parameter groups of unipotent linear
transformations in vector spaces, to study properties of U-orbits on G/I.

The paper is organized as follows. In Sect. 2 we prove that if xe G/I" and F is
the smallest closed subgroup of G containing U such that Fx is closed then Fx
admits a finite F-invariant measure and the U-action on Fx is ergodic. This result,
which would also be of general interest, is used in Sect. 3 to show that any F as
above comes from a special class of subgroups. The conclusion is used in Sect. 5 to
give a geometric description of the set Y defined as in the Main theorem. Using this
description we complete the proof of the Main theorem in Sect. 6. The Sect. 4isan
independent section devoted to a discussion on regular unipotent elements.

2 Finite volume, ergodicity and Zariski density

Let G be a connected Lie group, I be a lattice in G and L be a subgroup such that
the unipotent one-parameter subgroups of G contained in L generate. L. Let
X =G/I'. In this section we note some properties related to closed orbits of the
form Fx, where xe X and F is a closed subgroup containing L such that Lx = Fx.

(2.1) Notation. For xe X and a subgroup FCG define
F.={geF|gx=x}.
We first note the following.

(2.2) Lemma. Let F and H be Lie subgroups of G, Z, and Z, be closed orbits of F
and H, respectively in X and let Z=Z,nZ,. Then every orbit of FnH in Z is both
open and closed in Z. In particular, for any x € X there exists a unique smallest Lie
subgroup F such that LCF and Fx is closed.

Proof. Let ze Z. Then Fz=Z, and Hz=Z, are closed. Therefore, F/F,~Fz and
H/H,~H:z. Also G,, F,, and H, are discrete. Therefore, there exists a neighbour-
hood Q of the identity e in G such that QQ~'nG,={e}, (FznQz)=(FNQ)z and
(HznQz)=(HNQ)z. This implies that (Fzn HzNnQz)=(FNnHnN£&2)z. Hence (FNH)z
is open in FznHz=2Z for every zeZ. Now (FnH)z is closed, because its
complement in Z is the union of open FnH orbits in Z and Z is closed. [J

One of our aims in this section is to prove the following;
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(2.3) Theorem. For x € X let F be the smallest subgroup of G such that LCF and Fx
is closed. Then

(@) F, is a lattice in F and

(b) L acts ergodically on Fx with respect to the F-invariant probability measure.
In particular, Fx contains a dense L-orbit.

We recall some preliminaries and a result due to Margulis before going to the
proof of the theorem.

(2.4) Definition. A subgroup H of G is said to have property (D) if for every locally
finite H-invariant measure o on X, there exist measurable H-invariant subsets X;,
ieN such that 6(X;)< oo for allie N and X = U X,

In partlcular if H has property (D) then every locally finite ergodic H-invariant
measure on X is finite.

(2.5) Proposition [5, Theorem 4.3]). Any unipotent subgroup UCG has
property (D). []

(2.6) Definition. Let F be a topological group, HCF and LCF. We say that the
triple (F, H, L) has the Mautner property if the following condition is satisfied: for
any continuous unitary representation of F on a Hilbert space 4, if a vector £ € #°
is fixed by L then it is also fixed by H.

The following Proposition is a slight modification of Theorem 1.1 in [16].

(2.7) Proposition. Let F be a Lie group and L be a subgroup such that the unipotent
one-parameter subgroups contained in L generate L. Then there exists a closed
normal subgroup H of F such that () LCH and (ii) the triple (F,H, L) has the
Mautner property.

Proof. Let U be a unipotent one-parameter subgroup contained in L. By
Theorem 1.1 of [16], there exists a normal subgroup H,, C F such that (a) (F, Hy, U)
has the Mautner property and (b) the image of Ad(U) in the automorphism group
of the Lie algebra of F/H , is relatively compact. For each ue U, Adu is a unipotent
transformation of the Lie algebra of F, therefore the image of U in F/H, is in the
center. Hence the group UHy is normal in F and (F, UH, U) has the Mautner
property.

Suppose unipotent one-parameter subgroups U,,...,U, generate L. Let
Hy,...,H, be normal subgroups of F such that U;CH; and the triples (F,H;, U})
have the Mautner property for all 1gi<n. Then H H, .. H, satisfies the
conditions (i) and (ii). ]

The proof of Theorem 2.3 depends on the following observation by Margulis.

(2.8) Lemma [14, Remarks 3.12]. Suppose HCG admits a Levi decomposition
H=S- N, where S is a semisimple group without compact factors and N is the
unipotent radical of H. Then H has property (D).

Proof. Let o be alocally finite H-invariant measure on X. H admits a left regular
unitary representation on #2(X, o).

Let W be a maximal unipotent subgroup of S. Then W-N is a unipotent
subgroup of G. By Proposition 2.5 there exists a measurable W- N invariant
partition {X;};cn of X such that o(X;)<oo for all ieN. If y; denotes the
characteristic function of X, then x; is a W- N invariant function in #3(X, ¢). By
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Proposition 2.7 there exists a normal subgroup Q of G containing W- N such that
x; is Q invariant for all ie N. Since S is a semisimple group without compact fac-
tors, SCQ. Hence X, is H invariant for all ie N, This completes the proof. []

Now we describe the group theoretic structure of a closed subgroup
generated by unipotent one-parameter subgroups.

(2.9) Lemma. Let HCG be a closed subgroup which is generated by unipotent one-
parameter subgroups contained in it. Then H admits a Levi decomposition H=S - N,
where S is a semisimple group with no compact factors and N is the unipotent radical
of H.

Proof. It is enough to prove the lemma for the adjoint group of G. Therefore we
may assume that GCGL(n,R) and its unipotent elements are unipotent linear
transformations. By Levi decomposition H=S-R, where S is a connected
semisimple group and R is the radical of H (cf. [18, Sect. P.1.3]). Suppose H, is a
normal subgroup of H containing R such that H/H, is a compact semisimple
group. Note that under a surjective morphism a unipotent element projects to a
unipotent element. Since compact semisimple groups contain no nontrivial
unipotent elements, by hypothesis H=H,. This shows that S has no compact
factors.

To prove the other part we argue as follows; we refer the reader to [18,
Preliminaries 2] for the results used in the argument.

Let H be the smallest algebraic R-subgroup of GL(n, €) containing H. Let N be
the unipotent radical of H. By Levi decomposition there exists a connected
semisimple R-subgroup SCH such that S-N is a normal subgroup of H and
T=H/S - N)is an algebraic R-torus. Now the projection of any unipotent element
of Hin T is unipotent. But any algebraic torus contains only semisimple elements.
Hence by hypothesis HCS - N. By minimality of H, H=S-N.

Since H normalizes the Lie subalgebra r corresponding to its radical R, by
definition H normalizes r® €. Hence R is contained in the radical of H. Since the
radical of H is unipotent, R consists of unipotent linear transformations. This
completes the proof. [

We also need the following lemma.

(2.10) Lemma. Let F be a Lie group, A be a discrete subgroup of F and H be a
normal subgroup of F suchthat HA=F. Then H acts ergodically on(F/A, ), where o
is alocally finite F-semi-invariant measure on F/A with the modular function of F as
its character (cf. (18, Sect. 1.4]).

Proof. The proof of Lemma 8.2 in [2] goes through as it is, if we replace
Z*(F/A,0) by the spce of locally integrable functions on (F/4,06). [J

Proof of Theorem 2.3. By Proposition 2.7 there exists a smallest closed normal
subgroup H of F containing L such that the triple (F, H, L) has the Mautner
property. L

Since H is normal in F, HF  is a subgroup of F.If H, =HF  then H, D H and
H,x is closed in Fx. By minimality of F, H,=F. Hence HF,=F.

Let H' be the closure of the group generated by all unipotent one-parameter
subgroups of G contained in H. Then LC H' and H' is normal in F. Therefore, by
the hypothesis on H, H' =

Let o be a locally finite F-semi-invariant measure on F/F_ with a character 4,
where Ay is a modular function of F. If f is the Lie subalgebra corresponding to F
then Ag(f)=|det(Ad f|,)| for all feF.



320 N. A. Shah

Since H is the closure of a subgroup generated by unipotent one-parameter
subgroups, A;(H)=1. Therefore, ¢ is H-invariant. By Lemma 2.10, H acts
ergodically on (F/F,,0). Since Fx is closed, the natural inclusion F/F, ¢ X is
proper. Therefore, we may treat o as a locally finite ergodic invariant measure of H
on X. By Lemmas 2.8 and 2.9, H has property (D). Hence o is finite. But a finite
F-semi-invariant measure ¢ must be F-invariant. Now by the Mautner property of
the triple (F, H, L), L also acts ergodically on (Fx,s). [

Our next aim is to show that F as in Theorem 2.3 is contained in the Zariski
closure of F, (cf. Corollary 2.13). We first prove the following result related to
Borel’s density theorem.

(2.11) Proposition. Let F be a connected Lie group, A+ {e} be a discrete subgroup of
F and U={u},.x be a one-parameter subgroup of F such that UA=F. Let
¢:F—~GL(E) be a finite dimensional representation of F such that o(U) consists of
unipotent linear transformations of E. Then every A-stable subspace of E is also
F-stable.

Proof (cf. [9, Proposition 9]). Let W be 4-stable subspace of E. Passing to a
s‘itable exterior power of g, we may assume that dim(W)=1.Let g: F—>PGL(E) be
the projective linear representation of F on the projective space PP(E). Let
we W\{0} and ¢ :IR—E be the map given by ¢(t)=g(u,)w for all teR. Fix an
orthonormal basis {e,, ...,e,} of E with respect to some inner product. Since o(U)
consists of unipotent linear transformations, there exist polynomials ¢,, ..., ¢, on

R such that ¢(t)= Z @{t)e, for all te R. Now @?(t) / Z @*(t) converges as t— o0
for1gisn Hence hm o(t)/llo(t)] =p for some peE\{O}

If dimF=1 then U F and there exists t,€IR\{0} such that u,, e 4 for all
keN. Therefore, g(d)w=w and ¢(kt,)=w for all keN. Since ¢ is a polynomial
function, it must be constant. Thus o(F)w=w in this case.

Suppose dimF>1. Since U4d=F, for every feF, there exist sequences
{t,,},,ENCIR and {6k}keNC A such that £, — 00 and u, 0,—f as k—oo. For xe E\{0},
let ¥ denote its image in IP}(E). Since gA)w=

a(fyv= lim g(u, W= lim e(utk)w = lim o(t)=p.
Putting f=identity we get p=w. Hence g(F)w=w. [

(2.12) Corollary. Let F be a connected Lie subgroup of G and L be a subgroup of F
generated by unipotent one-parameter subgroups U, ..., U, of G. Suppose Lx=Fx.
Let ¢: F->GL(E) be a finite dimensional representation such that for each 1 Zi<k,
o(U,) consists of unipotent linear transformations of E. Then every F,-stable
subspace of E is F-stable.

Proof. Fix i. Let F, be the smallest closed subgroup of F such that F;>U;and Fx s
closed. By Theorem 2.3 there exists g;e F;such that U,g;x=Fgx=Fx.Let A=F,
and 4,=ANF;. Then U,g;4,g7 ' =F,.

Now let W be a 4-stable subspace of E. Let W;=g(g) W. Then W is stabilized by
(g 4.2 ). By Proposition 2.11, W, is stablhzed by F,. Since g; '€ F,;, we have
W,=o(g;” )W,= W. Therefore, F; stablhzes W. This happens for each i=1,...,k.
Therefore, o(L)yW=W and hence o(LA)W=W. Now by continuity of ¢ we have
e F)W=W.- J

(2.13) Corollary. Let the notation be as above. Suppose further that G is the
component of identity in Gg=GNGL(n,R), where GCGL(n,T) is an algebraic
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subgroup defined over R. Let F be a connected Lie subgroup of G and L be a
subgroup generated by all algebraic unipotent one-parameter subgroups contained in
F. Suppose x € X is such that Lx = Fx. Then F is contained in the Zariski closure of
F, in GL(n,R).

Proof. Let P, be the space of real polynomials of degree <d defined on M(n,R),
the space of nxn matrices with real entries. Consider the representation ¢ of
GL(n,R) on P, defined as follows: for ge G, pe P; and xe M(n,R), [o(g)p1(x)
=p(g~ 'x). Clearly, g(g)pe P,. Since ¢:GL(n,R)—>GL(P,) is an algebraic mor-
phism, ¢ preserves algebraic unipotent subgroups. Thus g restricted to F
satisfies the conditions of Corollary 2.12. Define I,={peP,|p(5)=0 for all
deF,}. Since F, is a group, F, stabilizes I,. Therefore, by Corollary 2.12, for all
feF and pel, we have o(f "Y)pel, and hence p(f)=_[o(f~ ")pl(e)=0. Thus
p(f)=0 for all feF, pel, and d=0. This shows that F is in the Zariski closure
of F,in GL(n,R).

3 On subgroups with closed orbits

(3.1) Proposition. Let G be a connected semisimple Lie group without compact
factors, with trivial center and of R-rank=1. Let I be a lattice in G and L+ {e} be
a subgroup generated by unipotent elements of G contained in L. Let xe G/T" and
suppose that Lx=Fx for a connected Lie subgroup F CG. Then either

(a) F is a reductive group with compact center, or

(b) F is a unipotent subgroup of G.

Proof. G =G for a semisimple algebraic R-group G (cf. [21, Sect. 3.1.6]). Let F be
the smallest algebraic R-subgroup of G containing F.

Suppose that the unipotent radical R ,(F) is trivial. Then Fg is a reductive group
(cf. [18, Prelim. 2.5]). Since the IR-rank of G is 1 and the commutator subgroup of
F§ is noncompact, this also implies that the center of Fg is compact. Since F is
Zariski dense in F, the radical of F is contained in the radical of ¥g. Hence F is a
reductive group with compact center.

Suppose the unipotent radical of Fy is nontrivial. Let N be a maximal
unipotent subgroup of G containing R ,(FR). Then F C P = Ng(N), the normalizer of
N in G (cf. [18, Sect. 12.6]). Since N contains all unipotent elements in P, LCN. If
F =L then we are through. Otherwise, since Lx = Fx, there exist sequences {/;} C L
and {f;} CF such that [,— oo, f;—e and l;x= fx for all ie N. Now for all large i, ,
=f," ;e F,\{e}. Since P is a minimal parabolic subgroup of G, P admits a
decomposition P=Zg(A4)- N, where A is a Cartan subgroup of G and Zy(A4) is the
centralizer of A in G. There exists Y in the Lie algebra of 4 such that if g=exp(— Y)
thenforallle N, g"lg ™" —e as n— oo. Therefore there exists an increasing sequence
{n;};en such that g"y,g ™™ —e as i— 0. For each jeN, put y;=e if j<n,, and put
Yi="7n fm; < j<n;, . Then q"y,qg ~"—e as n— oo, Therefore by Lemmas 3.5 and 3.6
in [121 NG, #+0. Now by Lemmas 3.16 and 3.17 in [12], N/NNG, is compact,
equivalently Nx is compact. This shows that Lx C Nx. Hence F C N. This completes
the proof. [

In view of arithmeﬁcity of irreducible lattices in semisimple groups of rank
greater than 1, we formulate the next result in the setup of algebraic groups.

(3.2) Proposition. Let G=GJ for an algebraic Q-group GCSL(n,C), I'=G
NSL(n,Z) and L be a subgroup generated by algebraic unipotent one-parameter
subgroups of G contained in L. Suppose LI =FT for a connected Lie subgroup F of
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G. Let F be the smallest algebraic Q-group containing L. Then the radical of F is a
unipotent algebraic Q-group and F =F§.

Proof. By the arguments as in Lemma 2.9, it follows that the radical of Fis a
unipotent algebraic @-group. Therefore F admits no nontrivial character defined
over Q. Let A=SL{(n,Z) and A=FgnA. Then the natural inclusion map i:Fg/4
—SL(n,R)/A is proper (cf. [18, Sect. 10.15]). Let j: G/I = SL(n,IR)/A be the natural
inclusion map. Now F{I'=j~ }(F§4) is closed in G. Therefore F CF3. Hence LA
=F4 in F§/A. Since i is proper, LA=FA.

Note that A is a lattice in SL{n,R) (cf. [18, Sect. 10.5]). Let F’ be the Zariski
closure of 4 in G. Therefore F' is defined over @ (cf. [21, Sect.3.1.8]). By
Corollary 2.13, FCF'. Since LCF, by minimality of F we have F'=F. Hence F is
Zariski dense in F.

By Levi decomposition F =S ' R, where S is a semisimple group and R is the
radical of F. Let S and R be the smallest algebraic R-groups containing S and R,
respectively. Now S normalizes R and R is a solvable group. Therefore F=S:R.
Since the radical of F is unipotent, S is a semisimple group and R is a unipotent
group. Therefore R=Rg (cf. [18, Sect. P.2.2]). Now S is a connected normatl
Zariski dense subgroup of the semisimple group S3. Hence S=S§. Thus
F=S§-R3=F}. 0O

g3.3) Notation. For a semisimple Lie group G and a parabolic subgroup P, define
P={ge P|det(Adg|,)=1}, where w is the Lie subalgebra corresponding to the
unipotent radical of P.

(3.4) Lemma. Let G=G§ for a semisimple algebraic Q-group G, I' = GnSL{(n,Z)
and U=UY for a unipotent algebraic Q-subgroup UCG. Then there exists a
parabolic Q-subgroup P CG such that if P=P% and W =R (P) then (a) UCW and
NG(U)CP, (b) W/WAT is compact and (c) °PT is closed.

Proof. Let P be the maximal algebraic Q-subgroup of G such that UCR(P) and
Ng(U)CP. Let W=R_(P). Then W is a @-group, P, =Ny(W) is a Q-group, PCP,
and WCR(P,). By the maximality P, =P. Therefore P is a parabolic subgroup of
G (cf. [18, Sect. 12.8]). This proves (a).

Let W=W3. Since W is defined over @, W/WnI is compact (cf. [18,
Sect. 2.13]).

Let g and w be Lie algebras corresponding to G and W, respectively.
Let r=dim(w) and ¢:G—-GL(A'g) be the r-th exterior of the Adjoint
representation Ad:G—GL(g). Let {e,...,e,} be a basis of w and put
p=e; A ... Ae,. Then for all aeP, ap=(Ada)e, A ... A(Ada)e,=(det Adal,)p.
Therefore, °P={ge G| o(g)p=p}-

Since G and W are defined over @, g and w admit compatible rational
structures. Now A’g, A"w and g are defined over Q. Fix a rational basis of A'g. For
anonzero rational vector pe A'w, let a: G— A’g be the map defined by a(g)=o(g)p
for all ge G. Then «a is defined over Q. Therefore (") consists of rational points
with bounded denominators in each co-ordinate. Hence a(I') is discrete and I'°P
=o~ Y(IN) is closed. Therefore °Pr is closed. []

The next lemma is useful when we want to change a lattice by a commensurable
one.

(3.5) Lemma. Let Gbea Lie group and I and I'' be discrete subgroups of G. Suppose
I'crand[I:TI"]<oo.Let ¢: X' =G/I"= X =G/I be the natural quotient map. Let
x'eX’, x=@(x')€X and F and H be closed connected subgroups G. Then the
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following statements hold.

1. F;‘c—’=b’x' = Fx=Hx.

2. Fx=Hx = Hx' is closed and FX" contains an open subset of Hx'.

3. If 'isalattice in G and F is generated by unipotent one-parameter subgroups
of G then Fx=Hx = Fx'=Hx'.

Proof. Since [I": "] =n< oo, the map ¢ is proper. If Fx' = Hx' then by properness
of ¢, Fx=p(Fx')= @(Fx')=@(Hx')= Hs. This proves 1).
Let I'"= () yI"y~!. Then I'” is a normal subgroup of finite index in I'". There-

el
fore in view ovf 1), we may assume that I’ is normal in I” for proving 2) and 3). There-
fore I' acts on X’ from the right and X=X'/T.
Suppose Fx=Hx. Let Z'=¢ YHx) and E'=Fx' CZ'. Now ¢(E)=Fx=Hx

= @(Hx'). Hence there exits {y,, ..., 7, CI" such that {} Hx'y;=Z'= |} E'y,. This
i=1 i=1

shows that Hx’ and E’ contain open subsets of Z'. Therefore Hx'y, is open in Z' for
each i and hence Hx' is closed in Z'. This proves 2). L

Assume the hypothesis in 3). Then I is also a lattice in G. Now since Fx’
contains an open subset of Hx', H is the smallest Lie subgroup of G such that FCH
and Hx' is closed. By Theorem 2.3, Hx' contains a dense orbit of F, which must
intersect Fx'. Therefore Fx'=Hx'. This proves 3). [

(3.6) Definition. Let G be a Lie group. We call discrete subgroups I" and I'" of G
commensurable if [[:T'nI"< oo and [I":I'nIM] < .

(3.7) Remark. The Proposition 3.2 and Lemma 3.4 hold when I is commensurable
with GNSL(n,Z). To show this use Lemma 3.5 and Theorem 2.3.

The next lemma is useful when we want to factor agroup a group by a compact
normal subgroup.

(3.8) Lemma. Let 9: G— G, be a surjective homomorphism of Lie groups G and G,.
Let T be a discrete subgroup of G. Suppose It =o(I') is a lattice in G, and the
canonical quotient map g: X =G/I' - X, =G /T is proper. Let Lbe a subgroup of G
generated by unipotent one-parameter subgroups contained in L. Suppose ker(g)
normalizes L. Let Ly=0(L), xe X and x,=g(x)€X,. Then Lx=Fx for a con-
nected Lie subgroup F of G if and only if L,x,=F,x, for a connected Lie sub-
group F, of G,. In this case F,=q(F).

Proof. Since @ is proper, I' must be a lattice in G.

If Lx=Fx then by properness of o, L x, =g(Lx)=§(Lx)=o(Fx)=o(F)x,.

Suppose L, x; =F,x,. If H=¢~!(F,) then Hx=g§"'(Fx,) is closed. Let F be
the smallest Lie subgroup of H such that FOL and Fx is closed. Now F x,
=g(Hx)Do{(Fx)D>o(Lx}=L,x;=Fx,. Therefore since F and F, are connected,
we have F, = g(F). By Theorem 2.3 there exists y€ Fx such that Lx = Fx. Since
a(Lx)=g(Fx) there exists he kerg such that hy e Lx. Since ker(g) normalizes L, Lx
>Lhy=hLy=hFx=(hFh™")hy. Therefore hFh™ ' C F and by dimension consider-
ation hFh™'=F. Hence Lx=Fx. [J

(3.9) Lemma. Let G be a connected semisimple Lie group without compact factors,
with trivial center and of R-rank > 1. Let I be an irreducible lattice in G and L be a
subgroup generated by unipotent one-parameter subgroups of G contained in L.
Suppose LT =FI" for a connected Lie group F CG. Then the radical of F is a
unipotent subgroup of G. Moreover, if the radical of F is nontrivial then there exists a
proper parabolic subgroup P of G such that (a) F C°P, (b) °PI is closed in G/T, and (c)
W/WAI is compact, where W=R (P).
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Proof. By the arithmeticity theorem of Margulis (cf. [21, Theorem 6.1.2]), I is an
arithmetic lattice in G. That is, there exists a semisimple algebraic @-group Hand a
surjective homomorphism ¢: H—G such that ker(g) is compact and g(4) is
commensurable with I', where H =Hg and 4=HnNSL(n,Z). By Lemma 3.5, there
no loss of generality in assuming that g(A4)=T.

There is a normal semisimple subgroup H, C H such that g(H,)= G and ker(g)
nH, is discrete. Note that H, contains all unipotent one-parameter subgroups of
H and ker(g) commutes with H,. There exists a subgroup L'C H, such that L is
generated by algebraic unipotent one-parameter subgroups contained in it and
olLy=L. If g:H/A—-G/I" is the natural quotient map then g is _proper. By
Lemma 3.8, there exists a subgroup F'C H such that g(F)=F and LA=F'A.

By Proposition 3.2, the radical of F' is U'=Ug for a unipotent @-subgroup
U'cH. Since g is surjective and ker(g) is compact, the radical of F is also a
unipotent subgroup of G.

If U” is not trivial then by Lemm 3.4 there exists a proper parabolic subgroup P’
of H such that a) L' CNg(U")CP’, b) °P’A is closed in H/A, and ¢) W//W' N4 is
compact, where W’ =R (P’). Since L is generated by unipotent one-parameter
subgroups, L' C°P’' and hence F'COP'. If P=¢g(P) then P is a proper parabolic
subgroup of G with the required properties. [J

(3.10) Proposition. Let G be a connected semisimple Lie group without compact
factors and with trivial center. Let I' be a lattice in G and L be a subgroup generated
by unipotent one-parameter subgroups contained in L. If xe G/I" and Lx=Fx for a
connected Lie subgroup F CG then one of the following possibilities holds.

1. F is a reductive group with compact center.

2. There is a proper parabolic subgroup P of G such that (a) FC°P, (b) °Px is
closed and (c) R (P)x is compact.

Proof. Let G,=A. For G there exists a direct product decomposition G=G,...G,
such that A4,=G,nA is an irreducible lattice in G, for 1Sk<n and
[4:4,...4,]< oo (cf. [18, Sect. 5.22]). By Lemma 3.5, without loss of generality we
may assume that A=A, ... A,. Then G/A~G,/4, x ... X G,/4,. Let ¢ : G—>G; be
the projection homomorphism of G onto G, and @ G/A-G, /A4, be the natural
projection. Let x;, = @,(x), L, = ¢,(L) and F; = ¢,(F). By Theorem 2.3, Fx supports
a finite F invariant measure 6. Now the projection of o on F,X, is a finite F,
invariant measure. Therefore FynA, is a lattice in F,. Hence F,x, is closed in G,/ 4,
(cf. [18, Sect. 1.13]). Now L.x, =F;x,.

Let R be the radical of F. Then R, = ¢,(R) is the radical of F,. If F, is reductive
for all k then by Proposition 3.1 or Lemma 3.9, R, is compact and abelian for all k.
Hence R is compact and abelian. In this case 1) holds.

Now suppose F, is not reductive for some k. Then by Proposition 3.1 or
Lemma 3.9, there exists a parabolic subgroup P, S G, such that (a) F, C°P, (b) °Px,

is closed and (c) R,(P,)x, is compact. If P =( Gj)Pk then P is a parabolic
J¥k
subgroup of G, °P=([] G;\°P, and R,(P)=R,(P,). Now (a) FC°P, (b) °Px
J¥k
=@, }(°P,x,) is closed and (c) in view of the natural inclusion G,/4; < G/4, R (P)x
=R, (Py)x; is compact. []

4 Regular unipotent elements

(4.1) Definition. Let G be a connected reductive Lie group. A unipotent element of
G is called regular if it is contained in a unique maximal unipotent subgroup of G. A
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unipotent one-parameter subgroup of G is called regular if it contains a regular
unipotent element.

(4.2) Lemma. Let 9: G—G’ be a homomorphism of connected reductive Lie groups.
Let ue G be a unipotent element.
1. If g is surjective and u is regular in G then g(u) is regular unipotent in G'.
2. If kerg CZ(G) and g(u) is regular unipotent in G’ the u is regular in G.

Proof. 1) follows immediately from the definition.

Suppose kerg C Z(G). Since G is connected and reductive, G=Z(G)S, where S is
a connected semisimple group. Now any maximal unipotent subgroup of G is of
the form Z(G)N, where N is a maximal unipotent subgroup of S. Since § is
semisimple and connected, g(N) is a unipotent subgroup of G’ (cf. [21, Sect. 3.4.2]).
Now 2) easily follows from the definition. []

(4.3) Theorem (cf. [20, Theorem 3.7]). Let G be a connected semisimple Lie group
with trivial center, A be a Cartan subgroup of G and Py=MAN be a minimal
parabolic subgroup of G, where M is a maximal compact connected subgroup of
Z(A) and N is amaximal unipotent subgroup of G. Let u be a unipotent element of G.
Then the following statements are equivalent.

(a) u is regular.

(b) u belongs to a unique conjugate of a given parabolic subgroup of G.

(c) If ueN and u=exp( y X,,) then for every simple root a, X,+ X,,%+0.

aeR*

Here R* is the set of positive roots associated to the parabolic pair (Py, A) and X , is
an element of the a-root space of A.

Proof. We refer to [18, Chap. 12] for the results used in this proof. First note the
following. G = G§ for an algebraic R-group G. If P is a parabolic subgroup of G
then P=PnG. Let W=R (P). There exists a semisimple R-subgroup S CP such
that if S=S% then any unipotent element of P is contained in S- W (cf. [18,
Prelim. 2.5]). Therefore any maximal unipotent subgroup of P is of the form V- W,
where V is a maximal unipotent subgroup of S. Since § is a semisimple group, any
two maximal unipotent subgroups of S are conjugates. Therefore, any two
maximal unipotent subgroups of P are conjugate by an element of P. More-
over, any maximal unipotent subgroup of G is conjugate to a subgroup of P.

Now assume (a). Let N’ be a maximal unipotent subgroup of G containing u.
Suppose there exist g,, g, € G such that g,ug; !, g,ug; ! € P. By regularity of gug;™*
and the observations made above, g;N'g;” ! C P for i=1,2. Now there exists pe P
such that g,N'g; ' =pg,N'g; 'p~ . Since the normalizer of a maximal unipotent
subgroup of P is contained in P, we have pg,g; ' € P. Hence g; 'Pg, =g, ' Pg,.
Thus (a) = (b).

Assume the contrary to (c). Suppose ueP,, u=exp( Y X,) and for some

aeR*
simple root B, X+ X,5=0. Let X _,+0 be an element of the (— B)-root space. If
acR* and a= B or 2f then for every ke N, either x—kBeR* or a—kp is not a
root. Since ad*X_, (X, belongs to the éa—kﬁ)—root space, we have
Adg ( }‘““ X a) =ae;+ Y,, where g =exp(X _;) and Y, belongs to the a-root space.

Therefore, gug~'e P,. Hence ue PongPyg~ . But g¢ P,. This contradicts (b).
Thus (b) = (c).
Let ue N be such that u= exp( y X ,gand X+ X,5+0for every simple root
aeR*

B. Suppose for some ge G, uegNg~*. By Bruhat decomposition of G, g=p,w*p,
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where p,, p, € P, and w* eNf,(A) represents a Weyl group element we W(G, A).
Therefore gug™'=(p; 'w*~!p Yu(p,w*p,)e N. Hence w*~!(p;'up,w*eP,.

Now «'=pup; '=exp{ ¥ X.,\eP,. Suppose p, =amn, where ac 4, me M and
aeRY

neN. Then for every simple root f, Xz=Ad(am)X, and when X,;=0, X',
=Ad(am)X ;5. Now w* " 'ww*=exp( ¥ Y., \€P,, where Y, ,,=(Ad w*)X, be-
aeR*

longs to the w(e)-root space of 4. Hence w{a)e R unless X, =0. But X;+ X%;+0
for every simple B; therefore w stabilizes the positive Weyl chamber. Since the \i’eyl
group acts simply transitively on the Weyl chambers of 4, w is an identity element
of W(G, A). Therefore w* e Z4(A)C P,. Hence gNg~ ! = N. Since any two maximal
unipotent subgroups of G are conjugate, (c)=>(a). [

(4.4) Remark. Suppose G is a semisimple group of R-rank 1. Then in the notation
of the Theorem 4.3, R* contains only one simple root. Therefore, any non-
trivial unipotent element of G is regular.

(4.5) Lemma. Let G be a semisimple group with trivial center and let HCG be a
reductive algebraic subgroup of G. If H contains a regular unipotent element of G
then Zs(H) is compact.

Proof. Let the notation be as in Theorem 4.3. Let ue H be a regular unipotent
element of G. We may assume that ue N. Then Z4(u)C P,. By Theorem 4.3(c), it is
easy to see that Z;(u) C MN. Therefore Z5(H)C MN. But Z4(H) is reductive group
(cf. [18, Sect. P.2.6]). Hence it must be compact. [

5 Union of lower dimensional homogeneous closures

Let G be a semisimple Lie group with trivial center and no compact factors, 'be a
lattice in G and U={u,} g be a regular unipotent one-parameter subgroup of G.

Let X=G/I' and Y={ye X | Fyis closed for a connected Lie subgroup F of G
such that dimF <dimG and UCF}.

Take y € Y and let F be the smallest Lie subgroup of G such that U C F and Fy is
closed. Then dim F <dim G. By Theorem 2.3 there exists x € Fy such that Ux=Fx
= Fy. By Proposition 3.10, either 1) F is a connected reductive group with compact
center or 2) there exists a proper parabolic subgroup P of G such that (a) U C °P, (b)
®Px is closed and (c) R (P)x is compact.

Consider the first possibility. Let F™° denote the maximal connected normal
semisimple subgroup of F with no compact factors. Let H =Ng(F"). Then H is an
open subgroup of R-points of a real algebraic group. Hence H has finitely many
components (cf. [18, Prelim. 2.4]). Since F™ is connected and semisimple, H®
CZg(F™)F™. By Lemma 4.5, Z(F"™) is compact. Therefore Hx is closed and
an = Fnc‘

Let 2 be the set of all pairs of the form (H, x), where x € Y and H is a reductive
subgroup of G such that (a) U C H, (b) Hx is closed, (¢) dim H <dim G and (d) there
exists a connected reductive subgroup F with compact center such that
H=Ng4(F*) and Ux=Fx.

Let 2 be the set of all pairs of the form (°P, x), where x € Y and P is a parabolic
subgroup of G such that (a) U C H, (b) Hx is closed, (c) dim H <dim G, and (d) there

(5.1) Remark. Let F =2 UA. Then from the above discussion,
Y= |} Fx.

(F,x)e F
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(5.2) Lemma. There is a countable subset F* of # such that if (F',x')e F then
there exist ge G and (F,x)e F* such that F'=gFg~! and x' =gx.

Proof. Let 2 be the set of connected Lie subgroups of G such that if A€ 2 then (i)
either A4 is a reductive group with compact center or A4 is unipotent subgroup of G
and (ii)) AnTI" is a Zariski dense lattice in A. In both cases A is the identity
component of a real algebraic group. Moreover AT is finitely generated (cf. [18,
Sects. 2.10, 13.20, 13.25]). Thus A4 is completely determined by finitely many
elements of I'. Hence £ is countable.

Let (H,,x,), (H,,x;) €. Let F, and F, be closed connected subgroups such
that Ux, =F x, and Ux,=F,x,. Letg,,g,e Gbesuchthatx, =g, and x,=g,TI.
Then by the definition of # and Corollary 2.13,g,F,g7 !, g,F,g5 - € 9. Suppose if
g:F,g '=g,F,g;"' then g,Ng(Fi’)g;'=g,Ng(F5)g;'. By definition H,
=Ng(F5°) and H, =Ng(F%°). If we put g=g,g, ! then H, =gH,g ™' and x, =gx,.
Thus by countability of 2 we can choose a countable subset 2* of # with the
property that for every (F, x') €2, there exits ge G such that (g7 ' F'g, g~ 'x) e #*.

Take (°P,x)e#?. Then R, (P)x is compact. Take geG such that x=gI.
Then by Theorem 2.1 in [18], gR(P)g '€ 2. Since P is a parabolic sub-
group, P=Ngx(R (P)). Now argue as in the above case. []

(5.3) Notation. For a Lie subgroup F of G containing U define
L(F)={geG|gFg"'2U}.
Note that Ng(U)L(F)Ng(F)= L(F).

(5.4) Remark. Let (°P,x)e 2. If ge L(°P) then U C PngPg~". Since U contains a
regular unipotent element of G, by Theorem 4.3, L(°P)=P.

(5.5) Notations. Define F,=PnF* and for all neN define
F,={(H,x) e RnF *|dim(H*)=n}.
Put Y_, =0 and for all ne NU{0} define

Yn=YHU( U me).

(F,x)eFp
The next corollary is a direct consequence of the above discussion.
(5.6) Corollary. Y,=Y for allnzdimG—-1.

6 Proof of the main theorem

We follow the notations of Sect. 5. To prove the main theorem (for G as above)it is
enough to prove the following.

(6.1) Theorem. Let ne NU{0, —1}. Given £>0 and a point y e X\Y, there exists a
compact subset K C X\Y, such that for all T>0,

1/T){te[0, T]uyeK}>1—e¢.

For n= —1, that is when Y, =0, the theorem is essentially proved in [5, 6] and
the above form is deduced in Proposition 1.8 of [8]. For n=0 it is proved in the
Appendix of [8]. In this paper we exploit the techniques of [8] to study the case
of neIN. We shall assume the theorem for n= —1 and give a proof by induction
on ne NuU{0}.
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(6.2) Lemma. For each (F,x)e % there is a finite dimensional real vector space E
equipped with a linear G action and a point pe E such that

(a) F is the isotopy subgroup of p,

(b) if (F,x)e R then Gp is closed, and

() if (F,x)=(°P, x)e P then ap=det(Adal,)p for all ac P, where w is the Lie
subalgebra corresponding to R (P).

Proof. First note that G =G for an algebraic R-group G. Suppose (F, x)e £. By
the definition F=GnH for a reductive algebraic R-subgroup HCG. Now
Proposition 7.7 in [1] provides such a representation.

For (F,x)=(°P,x)e 2 such a representation is constructed explicitly in the
proof of Lemma 34. O

(6.3) Lemma. Let (°P,x)e % and (E,p) be a linear G-space with a distinguished
vector as in Lemma 6.2. Let W =R (P) and w be the Lie subalgebra corresponding to
W. Then the following holds.

1. If aeP then Vol(W/W,)=det(Adal,)|Vol(W/W,), the volumes of the
quotients being understood to be relative to a fixed Haar measure on W.

2. If ax=a'x for some a, a' € P then ap=ta'p.

3. Forasequence {a;};.nCP, if a;p—0 asi— oo then no subsequenceof {ax};.n
converges in X.

Proof. Let o be a Haar measure on W. Let & be a fundamental domain for the
lattice W, in W, Then Vol(W/W,)=0a(¥). Since W,,=aW,a™ !, the set a¥a" ' is a
fundamental domain for  W,. Therefore  Vol(W/W,,)=0(a¥a"!)
=|det(Ad dl,)lo(¥). Hence 1) holds.

Now 2) is an immediate consequence of 1) and the condition (c) of Lemma 6.2.

Now suppose that a,p—0. Then by 1), Vol(W/W, ,)—0. Since W, .=a,W,a; !,
there exists a sequence {y,};c.nC W, CG,, such that y,+e and ay,a; ' —e. Hence
{a,x};n is divergent in X (cf. [18, Sect. 1.12]). This proves 3). O

(64) Remark. In the notation of Lemma 6.3, 0 € Pp. Therefore if X is compact then

The following lemma will enable us to apply induction in the proof of
Theorem 6.1.

(6.5) Lemma. Let (H,x)eR. Define
Z={zeY|zel,Hxnl,Hx and |, H+1,H for some l,, |, € L(H)}.
Then Z(CY,..,, where n=dim(H"°).

Proof. Let zel,Hxnl,Hx be such that I, H+[,H, where l,, I, € L(H). Now LHx
=(LHI ) (Ix) for i=1,2. Since Hx is closed, by Lemma 22 if F=(/ HI")
n(l,HI; ') then Fzis closed. By the definition of I:(H), U CF. Let F, be the smallest
Lie subgroup of G such that U C F, and F,z is closed. If F is not reductive then by
definition z€ ¥,

Suppose F, is reductive. Since FoCF, we have F3°C(l,H™I{"). If dim(F°)
<dim(H") then ze Y, _,.

Now suppose dim(F3°)=dim(H"). Since F§° and H"® are connected,
Foe =] H™I '=1,H"I; !, Therefore, I{ 'l Ng(H™)=H, a contradiction. This
completes the proof. []

The following notations are used in Sect. 6.8 to Sect. 6.13.

(6.6) Notations. Let (F,x)e # and (E, p) be a linear G-space with a distinguished
vector, satisfying the properties mentioned in Lemma 6.2.
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Let L={veE|Uv=v}

be the fixed point space of U in E. For a subset SCE define
S(x)={gxe X |geG and gpeS}.

(6.7) Remark. If ge G and gpe L then U(gp) =gp. Therefore g~ 1Ug C F and hence
ge L(F). Thus L(x)=L(F)x.

(6.8) Lemma. Let 4=1{(gx,gF)e X xG/F|geG}. Let w:4—-X xE be the map
defined by yp(gx, gF)=(gx, gp) for all geG. Then vy is injective and proper.

Proof. First note that v is well defined and injective. Also y is G-equivariant with
respect to the obvious G-actions.

Suppose (F, x)e &. In this case Gp is closed. Therefore the map a:G/F—-E
defined by a(g F)=gp for all ge G is proper. Hence y is proper.

Suppose (F,x) =(°P,x)e#. By Iwasawa decomposition there is a maximal
compact subgroup K, of G such that G=K,P. Let 4p={(ax,a’P)e 4|aeP}.
Then 4=Kqdp. Let p,:4p—X x E be the restriction of p to 4p. Since K is
compact and v is G-equivariant, it is enough to show that v, is proper. Since Pp
= Ppu{0}, the properness of p, follows immediately from 3) of Lemma 6.3. []

(6.9) Corollary. For ye X, the set S={gpe E|ge G and y=gx} is closed.

Proof. Since Fx is closed, the set GF is closed in G. If y=gx for some g € G then the
set 4,=(y,gG,F)C4 s closed. For the map y as in Lemma 6.8, y(4,)=(y, S). Since
y is proper, S is closed. [

(6.10) Lemma. Let ¢:G/F,— X x E be the map defined by ¢(gF,)=(gx, gp) for all
g€G. Then ¢ is proper.

Proof. Let n: G/F,— X x G/F be the map defined by n(gF,)=(gx,gF)forall ge G.
Then @ =vyox. In view of Lemma 6.8, it is enough to prove that = is proper.
Let {g;} CG be a sequence such that {g,x} and {g;F} are convergent. Then
there are sequences {6;} CG, and { f;} CF such that {g;4,} and {g, f;} converge in G.
Therefore {f;"'6;} ={(g.f) '(g:6;)} converges in G. Hence f;”'x converges in X.
Since Fx is closed, the map i:F/F,—X given by i(fF,)=fx for all feF,is a
homeomorphism on to its image. Therefore {f;”'F,} converges in F/F, and
hence {g,F,}={(g.f)f;”*F} converges in G/F,. This shows that = is proper. []

(6.11) Proposition. Let neINU{0} and (F,x)e %,. Let K be a compact subset of
X\Y,_ and C be a compact subset of L. Then there exists a neighbourhood Q of C in
E such that if g, g'eG, gx=g'xeK and gp, g'pe 2 then gp=+¢'p.

Proof. Suppose this is not true. Then there exist sequences {g;} and {g}} con-
tained in G and points ye K and ¢, ¢’ € C such that the following holds. (i) For each
ieN, y,=gix=gixeK and g;p+gp. (i) As i—c0, y;—y, gip—c and gip—c'.

Since the map ¢ as in Lemma 6.10 is proper, the sequences {g,F,} and {gF,}
have convergent subsequences in G/F,. Passing to subsequences and replacing g;
and g; by appropriate elements of g;F,, and g;F, we may assume that g,—g and
g;—g forsome g,g’e G. Now g; 'gie G, forallieN. Since g; 'g/—~g !¢’ and G, is
discrete, there exists d e G, such that gi=g, for all large i. Since g,p+ +gip
= +g,0p, we have dp+ +p. Hence gp+ +g'p. Since gp=c, gp=c’ €L, by
Remark 6.7, g, g'€ LgF). Also y=gx=g'x.

Suppose (F, x)=("P, x)e #. By Remark 54, g, g’ € L(°P)=P. Now gx=g'x but
gp= +g'p. This contradicts 2) of Lemma 6.3.
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Suppose (F, x)=(H, x) € R. Since g, g'€ L(H), yegHxng'Hx and gH +¢'H, by
Lemma 6.5, ye Y, _,. Thl)S contradicts the fact that ye K and KnY,_; =0. This
completes the proof. |

The following Lemma about polynomial growth is very useful in studying the
dynamical behaviour of orbits of a unipotent flow in a vector space.

(6.12) Lemma [8, Lemma A.8]. Let ncIN and £>0 be given. Then for any a>0
there exists a Be{0, &) and for any B >0 there exists an a > B such that the following
condition is satisfied: if ¢ is a polynomial on R of degree atmost n such that |p(0)) = o
then there exists te(1, 1+¢) such that ez O

(6.13) Proposition. Let ne NU{0} and (F.x)e Z,. Let ye X\Y,, K be a compact
subset of X\Y,_, and C be a compact subset of L. Then, given £> 0, there exists a
neighbourhood ¥ of C in E such that for all T>0,

¢{te[0, T} uye ¥P(x)nK}<eT.

Proof. Let I* be a complementary subspace of Lin E. Let c =dim L, d =dim L* and
m=c+d=dimE. Let {e,,...,e;} be a basis of L and {f,,...,f;} be a basis
of L*. For r>0 define

()= {zzl Eer| 121 <r for all 1§i§c} cL

and

d
J(r)= {21 &ifi|1€1<r for all 1§j§d} CL*.
IS

Let >0 be such that I(8)>C. By Lemma 6.12 there exists a> f§ such that
if ¢ is a polynomial on R of degree atmost m and if |@(0)| 2« then there exists
te(1,1+¢/(2m?)) such that |o(t) = B.

Let C'=I(x). By Proposition 6.11 there exists a neighbourhood €' of C'in E
such thatifg,g'e G,gx=g'xe Kand gp, g'pe ', then gp= + g'p. Since y ¢ ¥, 5 [(x),
by Corollary 6.9 there exists a>0 such that if Q=1I(x)x J(a} then y¢x) and

Q.

By Lemma 6.12 there exists 0 <b<ga such that if ¢ is a polynomial on R of
degree atmost m and if |p(0))=a then there exists te{1,1+¢/(2m%) such that
()= b. Let ¥=1I(B)x J(b). Then ¥ C2 and ¥ is a neighbourhood of C in E.

For geG and T> 0 define,

Ag)={te(0,T)|nlgp)e2}.
Note that A(g) is a union of open intervals.
Step 1. If gp¢ Q, I=(r,s) is a connected component of A(g) and s'e(r,s] then
¢{telr,s]uflgx)e P(x)nK} <e(s —1)-

Proof. Since gp ¢ 2, u,(gp) € O\Q. Therefore replacing g by u,g, we may assume that
r=0. Now if t € [0,s] and u(gx)e P(x)nK then ugp)e 2 and there exists g'e G
such that g'x=(u,g)x and g'pe ¥. By the choice of Q, (u,g)p= +g'p. Since ¥ is
symmetric about the origin, u/(gp)€ . Therefore

¢{te[0,5]|u(gx)e P(x)nK} <¢{te[0,5] |ulgp)c ¥}. )

Note that U acts by unipotent linear transformations on E (cf. [21, Sect. 3.4.2]).
Therefore there exist polynomials ¢, ..., ¢, and y,, ..., w, on R of degree atmost
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m(=dimE) such that for all teR,
c d
ugp)= 2z plr)e;+ _Zl {0 f;-
& i=

Let A, ={te(0,5)|ufgp)e ¥}. Then A, is open. Let (ay, by) be a connected
component of A4,. Since gp¢ ¥, u, (gp)e P\VP. Therefore there exist ie {1,...,c}
such that |pfao)|=p or je{l,...,d} such that |yfa,)|=b. Hence A, consists of
atmost 2m? connected components. Now 4, =(a,,b;)u...u(a, b)), where 1 <2m?
and b, <a;,, for 1 k<l

Take ke{1,...,1}. Since u,(gp) ¢ Q, there exist ie {1, ..., ¢} such that |p(0)| 2« or
je{l,...,d} such that |p,(0))=a. Now by the choice of o and b, there exists
te(1,1+¢/(2m?) such that @(fta))=p or yta,)=b. Therefore, 0<b,<ta,.
Hence (b, —a,) <(e/(2m?))a, <(¢/(2m?))s’. Thus

¢{te[0,5T|ufgp)e ¥} =4(4,)= kil (by—a)<es'. )

Since r=0, Step 1 follows from (1) and (2).
Let
G,,,={geGlgx=y}.

Fix T>0. Let € be the collection of pairs of the form (I, g), where ge G, ,and Iis a
connected component of A(g). For an interval I=(r,s)CR define J(I)=(r,s],
where

s =sup{te[r,s]luyekK}.

Step 2. We can choose a subcollection €,C¥ satisfying the following conditions.
1. {te[0, T} |uye P(x)nK}C U J(ID).

U.g)e€o
2. For (I,,8,), (I,8,)€%, if (I1,81)% (5, 8,) then J(I)nJ(I,)=9.

Proof. For t >0ifu,y e Kn¥(x) then there exists (I, g) € ¥ such that t € J(I). Suppose
J(I)NJ(I,)*0 for some (I,,g,), (I,,g,)€¥. Then there exists t, € I, NI, such that
u, ye K and u, g, p, u,.g,p€ 3 CE. By the choice of €, we have u,(g,p) = + u,(g,P)-
Thus ug,)p= +ulg,)p for all teR. Since Q is symmetric about the origin, 4(g,)

= A(g,)and hence I, =I,. Now it is clear how to choose €, C % so that 1) and 2) are
satisfied.

Thus by Step 1 and Step 2,
£{te[0, T]|uye P(x)nK} §e( ¥ ((J(I))) <eT. 0O
1,81 %o

Proof of Theorem 6.1. For n= —1 the theorem is same as Proposition 1.8 in [8].
Take ne NU{0}. Then by Notations 5.5 and Remark 6.7,

Y=toao(, U, L),

(F,x)eFn

Now &, is countable and for each (F, x)e &, the set L is a countable union of
compact subsets. Therefore, for each ieIN we can choose a 3-tuple (F;,x; C)
such that (a) (F,x;)e %,, (b) C, is a compact subset of L;, and (c) |J L(x)
= qq C{x)). (F,x)eFn

By induction there exists a compact subset K’ C X\ Y, _, such that for all T>0,
£{te[0,T]|uyeK'}>(1—¢/2)T. 3
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By Proposition 6.13, for each ie N there exists a neighbourhood ¥; of C; in E;
such that for all T>0,

£{te0, T|uye ¥,(x)nK'} <(e/2'* Y)T. @)
Let K=K’\(_{L szf,(x)). Then K CX\Y, By (3) and (4),

(1/T){tel0, T]luyeK}>1—¢2— ¥ g2 ' =1—e. O
ieN

(6.14) Reduction to semisimple case. Let G be a connected reductive Lie group; that
is, the adjoint action of G on its lie algebra is completely reducible. Let G* be the
adjoint group of G. Then G* admits a direct product decomposition G*=C - G/,
where C and G’ are normal (and hence semisimple) subgroups of G*, C is compact
and G’ is a semisimple group with trivial center and no compact factors. Let
0:G— G’ be the projection homomorphism of G onto G'.

Let I'bealatticein G. Let g: X = G/T' - X' = G’/p(I') be the map defined by g(I")
=g(g)e(I) for all geG.

(6.15) Lemma [2, Lemma 9.1]. o(I') is a lattice in G’ and ¢ is proper.

Let U be a regular unipotent one parameter subgroup of G. Then U’'=¢(U)is a
regular unipotent one parameter subgroup of G'. Let Y={ye X | Fyis closed for a
connected Lie subgroup F of G such that dimF <dimG and UCF}. Let Y'CX' be
similarly defined with respect to U'CG'.

(6.16) Lemma. (i) ¢~ (Y)CY. (ii) If Y+ X then g(Y)=Y".
Proof. (i) follows from properness of g.

Now let ye Y. Let F be a connected Lie subgroup of G such that UCF, dimF
<dimG and Fyis closed. Since g is a proper map, if ' = g(F) and y’' = g(y) then F'y’
=g(Fy) is closed. Also U’'CF'. To show that y'e Y’ we need to show that dim F’
<dimG".

Suppose dim F' =dim G'. Since G’ is connected, F' = G'. Therefore G=F - kerg.
Since kerg commutes with U, UCgFg ™! for all geG. Also (gFg ™ ")(gy)=gFy is
closed for all ge G. Therefore gye Y for all ge G. Hence o(Y)CY' if Y4&X. O

Proof of the maintheorem 1.1.Letg, G, U’ ={u},.g, X', Y’ etc. be as defined earlier.
Let x’=g(x). Then x'€ X'\ Y’ by Lemma 6.16. By Corollary 5.6 and Theorem 6.1,
there exists a compact subset K'C X"\ Y’ such that for all T>0,

(/T){te[0, T]|ux eK'}>1—¢.

Let K=g"Y(K'). Then K is compact and by Lemma 6.16, KCX\Y. Now
ux e K if and only if u;x'e K'. Hence for all T>0,

(1/TY{te[0,T}|uyeK}>1—-¢. I
7 Deductions

(7.1) Corollary. Let G be a connected reductive Lie group, I" be a lattice in G and
U={u,},cr be a regular unipotent one-parameter subgroup of G. Let xe X=G/I’
and F be the smallest Lie subgroup of G containing U such that Fx is closed. If Fisa
reductive group then the U-orbit through x is uniformly distributed with respect to the
F-invariant propability measure supported on Fx.

Proof. By Theorem 2.3, F is a lattice in F. By Lemma 4.2, U is a regular unipotent
one-parameter subgroup of F. Suppose if F+G then dimF <dimG and since
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F/F, ~ Fx, the corollary will follow by induction. Now in the notation of the main
theorem, we may assume that xe X\Y.

Let X = X u{c0} be the one point compactification of X. For T> 0 let v, be the
measure on X such that for all continuous functions f on X,

1T
}gfdvT= T (j;f(u,x)dt.

Note that the space of Borel probability measures on a compact second countable
space is compact with respect to the weak* topology. Now to prove uniform
distribution of the {u,}-orbit through x, it is enough to prove that whenever for a
sequence T;— co the sequence of measures vy, converges (in the weak* topology),
the limit measure v is supported on X and is G-invariant.

First we claim that W(Yu{oo})=0. Let £>0 be given. By the main theorem,
there exists a compact set KCX\Y such that for all T>0,

(A/T){te0, T uyeK}>1—¢.

Now Q=X\K is a neighbourhood of Yu{cw} and v{Q)<¢ for all T>0. Hence
¥(§2) < e. This proves the claim.

It is easy to see that v is U-invariant. Therefore there exist a partition of X into
U-invariant subsets X, Ce¢, probability measures n; on X and a probability
measure 7 on & such that (a) for almost all C € &, n is U-ergodic invariant, and (b)
for any measurable 4CX, AnX, is measurable for almost all Ce{ and W(A4)
= [r{ANC)dn(C)(cf. [2, Sect. 1.4]). Since W(Y)=0, we have n(Y) =0 for aimost all

g
Ceé. By Ratner’s Theorem [19], the preceeding observation implies that for
almost all C, =, is G-invariant. Hence v is invariant under the action of G. This
completes the proof. []

(7.2) Remark. Corollary 1.2 is a particular case of Corollary 7.1.

Proof of Corollary 1.3. Let the notation be as in Sect. 6.14. Let xe X and
x'=g(x)e X'. Let F be the smallest Lie subgroup of G such that UCF and Fx is
closed. If F' is the smallest Lie subgroup of G’ such that U’'C F’ and F'x’ is closed
then F,=¢(F). Now X' is compact. Therefore by Remark 6.4, F' is reductive.
Hence by the definition of g, F is reductive. Now apply Corollary 7.1 to complete
the proof. [

Proof of Corollary 1.4. Let the notations be as in Sect. 6.14. For xe X let x', F and
F’ be defined as in the proof of Corollary 1.3. If F’ is reductive then F is reductive
and we can apply Corollary 7.1 to complete the proof.

Otherwise by Proposition 3.1, F’ is a unipotent subgroup of G’ and F'x’ is
compact. Since F' = g(F), it follows that F =C - W, where C is a connected compact
normal semisimple subgroup of F and W is the nilpotent radical of F. Therefore
UcCWand CCZg(W). Since Wisnormalin F,R= %F- is a subgroup of F and Wx
= R%. By a theorem of Auslander (applied to F/F,), R” is a solvable group (cf. [18,
Sect. 8.24]). From the structure of F it is clear that R? is actually a nilpotent group
and by the definition of F, R®=F. Now the uniform distribution of the U-orbit
through x follows from a result of Green (cf. [13], see also [17, Theorem 5]) about
flows on compact nilmanifolds. This completes the proof. [

(7.3) Remark. Let G=SL{3,R), I be a lattice in G and U be any unipotent one
parameter subgroup of G. Then using the method of this paper, it is not very
difficult to verify the validity Conjecture 3 in this case.
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(7.4) Remark. Let G=S0(n,1), I be a lattice in G and L be a closed subgroup
generated by unipotent one-parameter subgroups contained in L. In this case
using the methods of [ 15, 7, 8] and the method of the proof of the main theorem the
author is able to verify Conjecture 1 (for L in place of U), without using the
classification of invariant measures involved in the proof of the above corollaries.
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