Week 12 Lecture Notes, Math 6451, Tanveer

1 Introduction to Energy Methods for existence of
solution

We now seek to illustrate the energy method to prove existence of solution to evoluationary
PDE. We choose the simple case of 1-D Burger’s equation for presentational simplicity:

Up — Ugye + Uty =0 x € (0,1), t>0 (1)
with initial and boundary conditions
w(z,0) =ug(x), , u(0,t)=0=u(l,t), (2)

where ug is a real valued function. With an attempt to avoid heavy mathematical machinery

in the proof, we will assume u[(fv) € Ly(0,1). This is not necessary; it turns out uy € Ly(0, 1)

suffices. We will prove the following theorem by energy method

Theorem 1 If u(()w) € Ly(0,1), for any T > 0, there exists classical solution to the initial
value problem (1)-(2)

The proof of this theorem will have to await some preliminary lemmas. The energy method
for existence of solution consists of three essential steps:

1. Determine upper bounds on L? norms of u and its higher derivative. This process is
called a priori ‘energy’ estimates since estimates are based on a u satisfying (1)-(2).

2. Appeal to ODE theory to get local in time solution to a finite dimensional approxi-
mation wu, of (1)-(2) satisfying the same energy bounds as u.

3. Appeal to some compactness argument to show that there exists a subsequence of
{un}.>, that converges and that the limiting solution u satisfies (1)-(2)

2 A priori energy estimate
In this section, we will prove the following proposition

Proposition 2 If smooth classical solution u(-,t) to (1)-(2) exists for t € [0,T)], then if
uéw) € L*(0,1), then ||09ul| 1,01y < C for some constant C' independent of t,T and only
depends on |[u§” || Ly01)-



The proof will involve a lengthy calculation, which we will initiate after some preliminaries.
In the following, the notation (-) denotes the L,(0,1) real valued inner-product and || - ||
denoted the Ly(0,1) norm, while || - || will denote the sup norm in space. The following
simple statement is most useful in obtaining energy bounds.

Lemma 3 (Gronwall): Assume k(t),g(t) € C° and a(t) € C* fort > 0 and it satisfies
a'(t) < k(t)a(t) + g(t) (3)
then
p(t)

a(t) < pu(t)a(0) + /0 t mg(T)dT ., where pu(t) = exp { /0 tk(T)dT} (4)

PROOF. Note (3) on multiplication by x~! implies
a'(t)  k(t)a(t)
pt)  p()

Then, using the fact that £u~" = —kp ™, it follows that

<

Integration leads to

Using u(0) = 1, we obtain

and the lemma follows. O

Remark 1 Gronwall’s Lemma as stated above does not prevent a(t) — —oo. However, it
is used mostly in situations where a(t) > 0 in which case, we have a useful bound on a.

Lemma 4 The following statements hold:
1. Ifv, € L*(0,1) and v satisfies v(0) = 0 = v(1), then ||v]| < [[v]loo < ||vel|-

2. If vge € L*(0,1), with v(0) = 0 = v(1), then ||vz|| < |velloo < |[Vazl-
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PROOF. - 1
'U(gj) :/ ”del' 7implies ‘U(Z’)‘ < / ‘Ua:’dw < HUI”
0 0

using Cauchy-Schwartz inequality. Therefore, ||v]/o < ||v.||. Further, from integral expres-
sion for || - ||, it follows at once that ||v|| < ||v||eo. The first part of the Lemma follows.

For the second part, since v,, € L3(0,1), from integration by parts it follows that
(¢, V2z) = =722 (¢j,v) = —m25%b;. Therefore, Parseval’s equality applied to the Ly(0,1)
basis {¢;}Z, implies that

o0
pF A [
j=1

Therefore,
d & = (1) 1 [m?
y . 77
10svlloo = ll—= > by sin(jma) oo < D [blim < — (Z .—2> [0zall = =/ = lVaall < [|vza|
T 4 , T\~ TV 6
Jj=1 7j=1 7j=1
From integral expression || - ||, ||vz]] < ||vz]loo- O

Remark 2 While the fundamental theorem of calculus is being used above in the first
part of the proof, if v is not so reqular, we can replace a sequence of smooth functions v,
satisfying v,(0) = 0 = v,(1) so that Oyv,, converges to d,v in the L*(0,1) sense. We can
use the above to show that {v,}, is a Cauchy sequence in the sup norm and hence v is
continuous.

Now, we determine a priori energy bounds on u and its derivatives. Taking inner-
product of (1) with u and use

1

1 1d [ 1 1 1 ud
/ wudr = =— wlde / Uy AT = —/ uid:r , / wuydr = {—] =0
0 2dt J, 0 0 0 310

to obtain i1
o lluC O + llua DI =0 ()
Time integration leads to
1 ¢ 1
Sl Ol +/0 e, P Pdr = S fluol” =: Eo (6)



It follows that each of ||u( )|| and fot |uz (-, 7)||*d7 is bounded as long as solution exists.
From Lemma 4 and (6), it follows that

[t ot < [t < B g
Taking the x derivative of (1) results in

Inner product of (8) with u,, using u,, = 0 at = 0,1 which follows from (1), we obtain
on integration by parts

dl1
el + uaall® = (v, wiz) < [l €)ool |||l (9)
dt 2
Using cd < 2¢% 4 $d?, where ¢ = |Jug, || and d = ||u(-, t)]|co||uz ]|, (9) implies
d1 1 1
o lluall® + Slual® < Slul I el (10)
This implies
d
el < k@llua|* - where k(1) = [lu(-, )15 (11)
Using Gronwall’s lemma on (11), this time with a(t) = ||u,||* and g(¢) = 0, we obtain from
) t
sl 12 < P | [ r)ar| < gl = £ (12)
0
From Lemma 4, applied to v = u,
lu( Ol < llua( O < Jlugl*e™ = Ex (13)

Note maximum principle gives the bound [Ju(+,?)||c < ||t0]/cc- Now, returning to (10) and
carrying out time integration, we have

Hux(-,t)\|2+/o [tz (-, 7)[*dr < HU’oH2+/O k(r) e (-, 7)|*dr (14)

Dropping ||u,(,t)||? on the left hand side of (14), and using (12) to estimate the right hand
side, we obtain

t t T
R U e I A e [ / k(f)df’] ar
0 0 0

t
< | exp [ / k(ﬂd{ < | = By (15)
0



However, the derivation (16) solely based on energy argument is signicant since similar
ideas are sometimes applicable when maximum principle does not hold. Going back to
(14) and ignoring ||u,(-,)||* on the left side, using (12), we obtain

t t T
[ st Par < gl 1l? [ wyesp | [ kirar| ao
0 0 0
t
< gl exp | [ hiryar] < e = B0 (10
0

Using second part of Lemma 4, with v = u, (16) implies

t
| oDl < fuolPet = (17)
0

Now, consider Energy bounds on ||u,.||. Taking two derivatives of (5) with respect to z,
results in

We note that since u, u,, is zero at z = 0, 1, it follows from (20) that w;.., = 0 at x = 0, 1.
Inner-product of (20) with u,,, and using u,, = 0 at x = 0, 1, integration by parts leads to

1d
2dt — l[taa | +||u$m||2 — (Uars 20U )+ (U, Whizzr) = 5 (U Wlizz) < 5| 8) || oo [ | |1 |
(19)
Again using cd < 3¢% + 3d?, with ¢ = Uz, and d = 5[Ju(-, t)||so||tigz ]|, it follows that
2 25 2
with k(t) given by (11). Then (19) implies
1d 25
thHUmHQ Humx|l2 < _k( )||uoc:cH2 (21)
Dropping %Hugm;”2 on the left of (21) and using Gronwall’s Lemma, we have
t
Il < P esp |25 [ ke | < e = )
0
Going back to (21) and doing time integration and using (22), we obtain
[ MoaalemlPtr < [ +25 [ Kt 7)o < B (23)
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From [[uy]loe < [[tal], (22) implies

t
/ s (-, 7)3edr < Jlug*e®™ = Ex (24)
0

This implies On taking third derivative of (1) with respect to z, we obtain

Inner product with ..., using u, t,., Uzre = 0 at the boundary points, we obtain on
integration by parts

1d
9 1
(26)
Using Lemma ??7 with v = tzy, [|Uge|| < ||tzez|] and therefore (26) implies
d 2 2 2 2
g [taaall” < (9 (-, )%, + Nlul-, 0)]1%,) Nttrael] (27)

Using Gronwall’s lemma, (7) and (17), it follows that

eI < e | [ Err] (28)

where
k() = 9llua (-, )3 + l[u- )2, - (29)

Therefore, using bounds on each term constiuting fot k()dr (28) implies

t
e e e e R T (30)
0

This implies that
e (- OII% < Es (31)

Now, going back to (26) and integrating from 0 to ¢, we have
t t
2
ltana (- DI + / tzmas (- 7) 27 < [l + / F) e (1) P (32)
0 0
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Dropping |[tizzz (¢, t)||* on the left hand side of (32), and using (30), we have
t
/ ttaas (-, T 7 < Jlug’|[2e> 50 = Eg (33)
0

We note taking an additional derivative of (25) with respect to x gives
[0pu] — O0u = =0, (3ul, + Aplyey + Ullyyyy) (34)

Therefore, on inner-product with d%u, and integration by parts using u, Uz, Uggee = 0 at
x = 0,1, we obtain

H84‘u||2 + | ul|* = (8u, 3(82u)? + 40,ud3u + udyu)

2 dt
§||(95U||2 + {Bllaw (- Ollooll [ta | + 4l (-, )llooltaaall + [1ul-, 1) ool Ozul }
1
< S102ull” + collua (-, O3 llta 1” + elltia (-, D) etz | + 2llul, )20zl
1 1
< SNBuC P + k(D)2 (35)
where
Fi(t) = 260]|taa (-, DI + 261 |taa (-, ) I*262 | ua (-, 1) | (36)
for constants cg, ¢; and ¢y independent of ¢, where we used ||tz || < ||[tgee|l < [|03u]].
d
ozl DI + 1076l DI < k(@) 10zull” (37)
It follows from (37) that
d
—lozull” < k(@)1 0zull” (38)
Therefore, using bounds (7), (17), (??), we obtain from Gronwall’s lemma applied to (38)
¢
Jogul? < 1o Pex | [ hutryir (39
0
Using (7), (17) we obtain
10,ul? < [[ul™? exp [2¢0 B + 2¢1 By + 2¢2Fo] =: 2y (40)

Going back to (37), and integrating in ¢, and using (39), we also obtain

/ 10%u(-, 7)|Pdr < E4 (41)



3 Galerkin Approximation and Energy Estimates

We now introduce a finite-dimensional approximation of (1)-(2). Define ¢;(x) = v/2sin(jmz).
We note that {¢;}’", forms an orthonormal basis for functions in Ly(0,1). We define
S, C Ly(0,1) a finite dlmenswnal subspace

Sn:{veLgOl ijgbj }

We define projection operator P, from L,(0,1) to S, so that if v € L?(0,1) with

o0 n

v=2 ui)s(x), then Pov =3 u;(t)o;(x) (42)

Jj=1

Note that ||P,v| < ||v]|, the equality holding for v € S,,. Here is a preliminary lemma that
will prove useful later.

Lemma 5 For any integer k > 0, if v € S,, then, for any w € Ly(0,1), we have
(9, 85Pw) = (O, Dbw) (43)

PROOF. For k = 0, we note from orthogonality of {¢;(z)})Z, that

(v, Pyw) Ev]wj—

If k is even, then it is clear from defining of P, that 89’; and P,, commute and we obtain
(9w, Pplokw]) = (9hv, diw)

Using the result for & = 0, this time with w replaced by 9%w and v replaced by 9%v, the
lemma follows. If k is odd, using even derivatives of v to be zero at x = 0, 1, on integration
by parts,

(D, 8iPw) = — ((9(k_1)v, (93(Ck+1)73nw)

= — (0% Vo, P, 0% V) = — (9% Do, o D) = (9Fv, 9Fw)

x T

O
Lemma 6 If w, — w in C'0,1], then ||Pow, — w||e — 0 as n — oo.
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PrOOF. Clearly w,0,w € L?; therefore there exists N so so that ||(I — Py)w|le <
|0:(I — Py)w|| — 0 as N — oo. Now, we have

1Px(wn = w)loo < N|0:Pr(wn = w)[| < |10z(wn —w)|| =0

0 In the spirit of numerical computation, we define a Galerkin approximation to (1)-(2)

by seeking solution w,, € §,, with a finite representation
un(,t) = a;(t)g;(x) (44)
j=1

with a; chosen to satisfy

U (z,0) = Prug (46)
This is equivalent to the set of finite nonlinear ODEs for j =1, ...n:
d . n n
%aj = —j27T2aj — T <¢j, mZ:1 ; k {amak¢m+k + amak¢mk}) (47>
with initial condition
a;(0) = (5, uo) (48)

Note that we write (45)-(46) in the integral form

¢
un(x,t) = Prug + / {02, (z,7) — Pp (O] (2, 7) } dr (49)
0
We will prove that

Proposition 7 For any integer n, for any T > 0, there exists unique solution to the ODE
system (47)-(48) for t € [0, T| implying unique solution w, satisfying (45)-(46).

PRrROOF. For any fixed n > 1, the proof of local existence of solution of the ODE system
(47)-(48) follows from ODE theory for interval ¢ € [0,7,,]. However, it is also known from
ODE theory that if solution a(t) = {aj(t)}?zl remains bounded as t — 7, , then the
solution can be continued beyond t = T, . Now, since (47)-(48) is equivalent to (45)-(46),
we multiply (45) by u, and integrate by parts to obtain

d1 9 9
Eg”unn + “awunH =0



Here we used .
(U, Pr[tnOptin)) = (U, UnOptiy,) = —/ O, (ud)dr =0
0

Therefore, it follows that
[n (- I1P < [ Pauoll* < luol* = Eo

Therefore, from Parseval’s inequality,

n
D} < By
j=1

where Ej is independent of ¢ and therefore blow up of a(t). Hence the ODE solution a(t)
can be continued indefinitely. This implies u,, satisfies (45)-(46). O

Lemma 8 For any integer n, the solution u, found in Propositon 7 for satisfies the same
bounds as the a priori bounds on u, i.e. for 7 =0,--- 4,

107unll (50)

where C' s independent of n and T and only depends on Lo bounds of u(()w). Furthermore,
t

[ ool < 51
0

for 7 =1,-5, where C s independent of n and T and only depends on Lo bounds of u(()w).

PROOF. The proof is very similar to calculation of a priori bounds on u, except that we
will need to use Lemma 5 to rid ourselves of Py in the inner product. Note we use the
same procedure to find time integral estimates of u, as we did for u in determining (7),
(16), (24), (33), (41) since P, drops out in the Ly inequalities. The details are left as an
exercise. 0O

Lemma 9 For any integer n > 1, the solution u,, found in Propositon 7 for also satisfies
[0ctnl| |1Ozzttunl], [|Owun]| < C (52)

with C independent of n and T, while for t € [0,T], while
t
| Wouan - 7) [P < () (53)
0
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PROOF. As far as controlling the ¢ derivatives of u,, We note first that

and therefore taking L? estimates and realizing that P, is irrelevant in the inequality, we
have
[0sunl < |0zztinl] + [[tnloc[|Ovunl| < C, (55)

since each term has a bound as given, noticing in particular ||u, | < ||Oyun||. Moreover,
we note that

and so taking L? estimates and realizing that P, is irrelevant in the inequality, we have
100z tin || < |Oazatinl| + [|0ntinlos || Oxtin | + [[tin | oo ]| Oaztin]| < C (57)
noticing that ||0,un|leo < ||Orztin]|- Also, note that
Oty = Oppapgtn — Opg Py [UnOztty] (58)
So, it follows that
10sattin|| < \|Ozawatin]| + 3[|Oxtinlos || Oratin]| 4 [[tnloo || Ozawtin|| < C (59)
Now, taking an additional x derivative, we have
Orwattin = 02Uy — Oppe Py [t 00y (60)
and so
10zzzttinll < 1107tnll + 3]|Ozztin]|so | Osatin| + 4| 0ttn | oo | Onaaatinll < €+ |0punll  (61)
From the Burger’s equation, we
OuttUn, = Opaattn — Op P [0t Optiy] — — 0, P [y Opptiy (62)
It follows that

0ztttin || < | Oreattin || + 2[|Ontin]| oo | Outtin || + 1| Oxtin || ool | rttin || oo + [|tn | o || taat || < C"’"Ha:iunl‘
(63)
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So, it follows that!

/o dTHaxUtt(',T)HQ S/0 dr (C+ \Iaiun(~,t)H)2
< 64(T) (1+ / ||aiun<-,r>||2df) < Cy(T) (64)
O

Lemma 10 For any fized x, {Owun,(x,t)},~, is an equicontinuous family of functions of
t € [0,T] and therefore has a subsequence that converges uniformly for t € [0, T)

PRrROOF. We note that it is enough to show fOT (Byun(z,1))* < C, for some constant C
independent of n since for T' <ty > t; > 0,

</

&;tun(x,t)‘ < |02 Outun(+, )] and hence

atun<x7 t2) - atun(xa tl)

Oy (, T)‘dT <Yty — 1,

However, we have for each =,

T T
/ (Dtun (1)) dt < / | Otatn (-, 1) ||2dt < C(T)
0 0

from previous lemma, and hence {Qu,(x, )}, -, is equicontinuous in ¢ € [0, 7] for each x.
Therefore, it must have a convergent subsequence that converges uniformly for ¢ € [0, T.
|

Lemma 11 Define v,, = (uyn, Oplin, Opetiy). Then for t € [0,T], exists a subsequence
{Vn].};il which converges in the sup norm to v = (u, Uy, Uz ), where u satisfies the in-
tegral equation

u(z,t) = ug(x) +/O {O2u(z,7) — [uu,)(z,7)} dr
implying u satisfies (1)-(2)

PROOF. Since ||@2u,|| for j = 0, - -4 have bounds independent of ¢ and n, it follows that
|09y ||oo for j = 0,---3 has bounds independent of ¢ and n. Therefore {v,} - forms an

LA more refined estimate will have shown that C3 does not depend on T, but for our purposes, what is
shown is enough
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equi-continuous family of functions which has a subsequence v,,; that converges in the sup
norm for each ¢ € [0,7] to v. zero at x = 0,1. Using the form of v,, it is not difficult to
prove that v = (u, Uy, t,,) for some scalar function u. We now prove that u satisfies Burgers
equation. Since u,, — u in C*(0,1) for each ¢ € [0, 77, it follows that ||t 0ptin, — udyul|o,
1|0 {un].(()xunj — u({)xu} |loo = 0 as j — oco. Also each term in the time integral

t
/ {O03un, — Pa, (tn,Optin,) } (z,7)dT
0

is bounded independent of ¢ in the sup,cj ) sense. Furthermore, using previous lemma,

for any given x, a subsequence of this {un].};il,
still denoted by wuy,(z,t) converges uniformly for ¢+ € [0,7] as j — oo. Therefore, from

dominating convergence theorem, and using Lemma 6, we have

which with slight abuse of notation is

¢ ¢
lim / {O3u,, — Py, (un,Optin;) } (2, 7)dT = / {03u — udu) } (z, 7)dT
0 0

Jj—o0

Further, it is clear that ||P,uo — ugllcc — 0. On the other hand, lim;_, uy, (2, 1) = u(x,1).
It follows from (49) that u satisfies

uw(z,t) = up(x) + /o {02u — udu} (z,7)dr

which immediately implies u(z,t) satisfies Burgers equation with initial condition wug(x).
0 This completes the proof of Theorem1

4 Blow-up of solution to PDE

Consider
w — Au=u?for x cR",t >0, wu(x,0)=F(x) (65)

We can prove existence of solution for [0, 7] for 7" small enough in the same way as we did
for viscous Burger’s equation. However, unlike the viscous Burger’s equation, there is no
maximum principle for this problem, though it satisfies minimum principe. In particular
if ¥ > 0, then v > 0 as long as a smooth classical solution exists that is bounded at ooc.
Indeed, as we will prove now, solution in this class will blow up in finite time if F' > 0. For
that purpose define G(z,t)

! X
[4n(Ty — )] P { ATy — t)} (66)
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Note that G(x,t) is a smooth solution of backwards heat equation for t € (0,7}):

We will choose T} large enough so that

T, > ( / G, 0)F(x)dx) B (68)

This can always be arranged for F'(x) > F,,, > 0 since the right hand side of (68) < ﬁ
Using (67) and (65), it follows on using Green’s identity that for functions u that are
bounded at oo,

n

p . u(x,t)G(x,t)dX:/ G(x, )u?(x, t)dx (69)

If F(x) > 0, any classical solution u(x,t) > 0 within the existence time. Then, we also
note that using Cauchy-Schwartz inequality

/n G(x, t)u(x,t)dx < {/n G(x, t)u(x, t)dx}1/2 {/n G(x, t)dx}1/2 = {/n G(x, t)u(x, t)dx}l/
(70)

Therefore, it follows from (69) that if we define

y(t) = / ufx )Gx, ) (71)
then (70) implies that
Z_?i > 4% y(0) = yo == / G(x,0)F(x,0) > 0 (72)
Then "
y(t) > 0= ty) (73)

which blows up at t =T, < yio Therefore, diffusion is not strong enough to prevent finite
time blow up.
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