Week 6 Lectures, Math 6451, Tanveer

1 Fourier Series

In the context of separation of variable to find solutions of PDEs, we encountered

f(z) = Z sm— for x € (0,1) (1)

or

f(x):%-i-;ancosnlﬂ for x € (0,1) (2)

and in other cases
+Z{ancos + b, s1nnl—x} for x € (—1,1) (3)

The general representation (3) is called the Fourier representation of f(x) in the (—I,1) interval,
while (1) and (2) are the Fourier sine and cosine representations of f(x) in the interval (0,1).
Our discussions revolve around some basic questions

1. When are represenations (1)-(3) valid and in what sense?
2. How do we determine coefficients a,, b, in terms of f(x).

3. What conditions allow term by term differentiation of the Fourier-Series.

2 General £, theory

We need enough generality to be able to lay the framework for discussion of more general series
representations of £2, i.e. square integrable functions than (1)-(3), since they arise in other PDE
problems.

In the space La(a, b) of generally complex valued functions in the interval (a, b), we introduce

the Lo inner-product:
b
~ [ f@)gtorts (1)

We note that the £2 norm is related through

b 1/2
19 = (o) = [ / Iflz(w)dw] )

This may be generalized to any number of dimension, with = replaced by x and integration over
the interval (a,b), replaced by integration over appropriate n-dimensional rectangle.



Definition 1 A sequence {X,,},—, € L2(a,b) is orthogonal if
(XnuXm) =0 iff m#n (6)
This sequence is said to be orthonormal, if in addition (X, X,) = || X.||* = 1.

Theorem 2 Let {X,},~, € La(a,b) be a orthogonal set of functions. Let | f| < oo. Let N
be a fized positive integer. The choice of A, that minimizes mean square error En = ||f —
2521 An Xy ||? is given by

(f, Xn)

A, =
1612

(7)

Further, we have
o0

I£11? > Z HX H2 Bessel inequality

PROOF. Define the square of the

N N N
Ev=|f=) AXal® = (f =Y AnXn f=> Am)
n=1 n=1 n=1

Expanding the above using properties of inner product and the orthogonality of X,,, we get

n N
En = f f ZA Xnaf ZA:L(van)‘FZAnA:;(Xan) (8)
n=1 n=1
We minimize E, as a function of 2N real variables, {(c, dn)}n 1, where A,, = ¢, +1id,. On
taking partial derivatives, we get
OF R{(Xn,
Y= —(Xn, ) = (f, Xn) + 2¢n(Xn, X;) = 0 implying ¢, = {(75)}
dcn (Xl
Also,
OF S{( X,
8dN = _i(Xna ) +i(f, Xn) + 2dn(Xn, Xn) =0 implying d, = %

Therefore A,, = ¢, + id, is given by (7). Again with A,, given by (7), the corresponding En
becomes

Ex =If1? = Y [AuPlXal® 2 0

n<N

Taking the limit of N — oo, we obtain Bessel inequality. O

Theorem 3 (Parseval’s equality) The mean square error Ex, defined in Theorem 2, — 0 as
N — oo, if and only if

Z| X, H2 = |IfII* ; Parseval equality 9)
1

When condition (9) holds for any function f € L2(a,b), the orthogonal sequence {X,,} is complete
and forms a basis in Lo(a,b).



Proor. From Theorem 2,

|(f, Xn)|?
hm Ey =|fII? - Z \X 2

Therefore, it is zero iff and only if Parseval’s equality holds. O
Lemma 4 The sequence
{1, cosz,sinz, cos 2z, sin 2z, ...} = {X,,} 7,

is an orthogonal sequence in Lo(—1,T)

PROOF. This involves a simple calculation. First we note that for any n, (1,sinnz) =

0 and also (1,cosnax) = 0. Further, for m # n,

(sinmez, cosnz) = / 3 [sin(m + n)z + sin(m — n)z]dz =0

—T

while for m # n,

(cosmz, cosnx) = / 3 [cos(m — n)x + cos(m +n)z]dz =0

—T

On the other hand for m = n,

™
(sinmz, cosnx) = (sinnz, cosnz) = / 3 sin 2nzdr =0

—T

and . -
(sinnx,sinnx) = / sin? nada / 5 (1 —cos2nz)de=m
While .
(cosnzx, cosnz) = cos® nadr = / (14 cos2nx)de =7
O

Corollary 5 The sequence

T . X 2rx . 2nx
l,cosT,smT,cosT,smT,..

is an orthogonal sequence in La(—1,1).

%

sinnxdx =

PRrOOF. This follows simply by introducing rescaled independent variable &%, which maps (—/,1)

to (—m,m). We can then use the previous Lemma. 0O

Remark 1 By using a shift and a scaling, one can get a similar Fourier representations for

square integrable functions in (a,b).



Lemma 6 For a Lo function f in (=1,1) interval, the choice of am and by, that minimizes the
mean-square error

M

! M 2
/_l <f(:1:)—%— amcosm;m—mz_lbmsinm;m> dz

m=1

for any positive integer M is given by

m

!
Ay = %/_lf(x)cos

;Txd:c for0<m<M

m

l
b = %/_lf(:v)sin

These are referred to as the Fourier-Coefficients of f(x). Further,

00 0 l
! <|a0|2 + > aml+ ) |bm|2> < /l |f()|*dx (10)
m=1 m=1 -

PRrROOF. This follows simply by using the formula in Theorem 2 by identifying (a,b) = (=1,1),
Xy, =1, Xg = cosz, X3 =sinx, X4 = cos2z, X5 = sin2z, etc and using values of integrals
(Xn, X»). The inequality (10) is simply a restatement of Bessel inequality for this case. O

;mdac for0<m<M

Corollary 7 For odd functions f € Lo(—1,1), the cosine coefficients a, = 0, while for even
square integrable functions, the sine coefficients b, = 0.

PrOOF. Proof follows simply by noting that if f is odd, then the formula that a,, involves
integral of an odd function over (—I,1), which is 0. When f is even, the same happens to the
formula for b,,. O

Remark 2 The above corollary implies that we do not need a theory for Fourier Sine and Fourier
Cosine Series in (1) and (2), separate from the full Fourier Series (3), because we can do an
odd or even extension of the function f(x) to the interval (—1,1). Then (3) will reduce to either
(1) or (2) depending on whether the extension was odd or even.

3 Pointwise convergence of Fourier Series
The primary purpose of this section is to prove the following Theorem:

Theorem 8 (Pointwise Convergence of Fourier Series)
Assume f'(xF) exists at each point x € (—1,1) and that f(x) is bounded in [—1,1]. Then,

1. The Fourier Series (1) for f converges pointwise on (—1,1) provided f € C°[—1,1].

2. More generally, is f € PC°[—1,1], i.e. continuous in the interval [—1,1] except for a finite
set of points, then the Fourier series converges at every point x € (—o0,00). The sum
is 5 [f(a%) + f(a7)] for & € (=1,1) and & [fewt(xT) + feat(z7)] for © € (—o00,00), where
fewt(x) is the 2l-periodic extension of f(x).



Remark 3 The hypothesis for f' can be weakened even further, though it will not be necessary
for the applications we have in mind.

The proof of Theorem 8 will have to await some preliminary Lemmas. We will only prove it
for the special case | = 7, since the general case would follow merely by rescaling variable x, as
seen before.

Definition 9 For f € Lo|—m, 7] we define

N
Sn(r)=—+ (@m cosmz + by, sin mz) (11)

m=1

where a., and b, are determined from

1 l
amzj/ f(z)cos m;md:c for0<m< M (12)
-1
1 l
bm:f/ f(:v)sinm;mdac for0<m<M (13)
-1
Lemma 10
1 [7 sin[(N+1)6
Sn(z) = o Kn(z —y)f(y)dy where Kn(0) = M (14)
T _n sin 5
Further,
i/ﬂK (e)de—i/OK (0)do = (15)
or Jo Ton ) N T2
Proor. Using the formula for Fourier Coeflicients, we get
1 (" al 1"
Sn(r) = — / 1+2 Z (cos my cosmx + sinmy sinmx)] fly)dy = — K(x—y)f(y)dy
2 J_, = 2 J_,

Therefore,

=iV _ gi(N+1)0 _ sin [(N + %) 9}

1— et sin g

(16)

N N
KN(9)21+2ZCOSTL9: Z en? =
n=1 n=—N

Equation (15) follows simply by using the cosine series expansion of K (6) in (16) and integrating
term by term. All terms are zero except the first one, which gives a half. O

Lemma 11 Assume the same conditions on f as stated in Theorem 8. For x € (—1,1), define

flz+0) — f(=™)

i 0
Sln§

g9+(0) = (17)

Then, foﬂ lg+(0)]? < 00 and fir lg_(0))? < oo.



PrOOF. A sufficient condition for each of these integrals to exist is for limy_ g+ g+(6) and
limy_,g- g—(0) to exist, since for other values of # conditions on f(x) make g+ square integrable
over the intervals (0,7), (—,0) respectively. However, it is easy to see

flz+0)—fa*) 6

. _ . _ ! +
0li>%l+ 9+(0) = 91551+ 0 sing =216
e fl@+6)—fl@") 6
x + — Jlx™
li _(0)= 1 =2f(x~
oo 7 (©) 6-0- 6 sin & fa)

each of which exists. O

Proof of Theorem 8
We will assume [ = 7 since otherwise, we can rescale . Note we only need to prove the
second part, as the first part is a special case.

™ 0
Sv(o)=; 1) + 1) = [ F5D [1le+0) - ) o+ [ E5O (160 +0) - 1]

:/O g+(9)sin{<N+%> 9}d9+/_0ﬂg+(9)sin{<N+%> 9}d9 (18)

It is easy to check that {sin (N + %) 9}?21 is an is an orthogonal set of functions either in the
interval (—m,0) or (0, 7). Therefore, from applying Bessel’s inequality, it follows that each of the
integrals on the right of (18) tend to zero N — oo, since Lemma 11 shows that g4 and g_ are
square integrable in (0, 7) and (—m,0) respectively.

Further, for = outside the interval (—m,7), it is clear that the Fourier Series is periodic and

therefore converges to the periodically extended function % [fezt(z) + feze(z7)].

Lemma 12 If f € C%(—o0, 00) and is 2l periodic, and f'(z*) exists at every point x € (—o0, 00),
then Sy (x) converges to f(x) pointwise.

PROOF. We note that outside the (—I,1), the extended function fe.i(z) = f(z) itself. Since
the function is continuous every where, & [fezt(2) + fewt(27)] = f(x). From Theorem (8), the
corollary follows. O

Corollary 13 If conditions of Theorem (8) hold, then the Fourier series (1) converges at the
end points £l to f(£l) if and only if f(—=1) = f(I).

PrROOF. We simply note that when the condition f(—I) = f(I), then the extended function
fext € C%(—00,00) and its derivatives exists at every point in (—oco,00). Applying previous
lemma, the concluson follows. O

4 Uniform Convergence

We will now seek stronger conditions on f’ so that Sy(x) is uniformly convergent to f for

fec(=i,1).



Lemma 14 Assume [ exists at each point in [—1,1] and that f' € Lo(=1,1), and f(I) = f(=1).
Then, Sy (x) converges to f(x) uniformly in [—1,1], i.e.

i [f = Snllec =0

PrROOF. We will assume [ = 7 since otherwise we can introduce appropriate rescaled variable.
The conditions on f’ guarantees that

1 ™
a, =~ [/ (z) cosmz dx
™ —T
and e
b, == f(x)sinmz dx
T

—T

exists, and from Bessel’s inequality

@ [(%)2 + > {(an)* + (bin)2}] < /Tr |/ (@)* < o0

—T
which implies that

lim Z {(a,)* + (¥},,)*} — 0
N—oo N A1

On integration by parts, the Fourier coefficients of f itself becomes:

1 s T b/
U = — f(z)cosmadr = —— [/ (z) sinmzdr = — 2
TJ ™ J_. m
1 [ , T, a,
by, = — f(z) sinmzde = — f'(x) cosmedr = =
TJ ™ J_, m
o0 ) o0 oo 1 , ,
1) = Sx (@) < S fam cosma + by sinma] < 3 (fa] +bl) < 3 - (| + 10,
N+1 N+1 N+1
< 1/2 ¢ o 1/2
< <Z W) {Z(a;n)2+(b;n)2} —0 as N —oo (19)
N+1 N+1

Therefore imy o0 ||f — Sn]loc =0. O

Remark 4 If f € C%(—o0, ) and 2l periodic (even without any condition on derivatives) it can
be uniformly approzimated in the mazimum norm sense by a trigonometric polynomial, which is
defined to be

N
_ < nwT . nux
T(x) = 5 + mgﬂ (cn cos —— + d,, sin - )

In order to show this, we first prove that such an f can be approximated well by a function
2l-periodic g € C1(—o0,00), which will allow us to use Lemma 14.



Lemma 15 If f € C%(—c0,00) and 2l periodic. For any € > 0, there exists a function g €
Cl(—o00,00) and 2l periodic such that || f — g||co < €.

ProOOF. For each § > 0. Let

F. = — dy = — t)dt
=55 [ =g [ fa+n
It is easily verified that Fj is 2l-periodic and Fs € C'(—o00,00). Since f(x) € C°(—oc0, ) and
2l periodic, it is uniformly continuous. Given € > 0, there exists § > 0 independent of z, so that
|f(z+t)— f(x)| < efor [t| < . Hence, if we choose such a ¢ and define g(z) = F5(z),

1 [ 1 [
lg(x) — f(z)] < —I/ (flz+1t) = f(z))dt| < —/ |fl+1t) = flz)|dt < e
20 )_s 26 J_5
This is true for all z, hence Lemma follows. O

Theorem 16 (Weirstrass Approzimation Theorem) If f € C%(—o0,00) and 2l periodic. For
any € > 0, there exists a trigonometric polynomial T'(z) so that || f — T||eo < €.

PROOF. According to previous Lemma, for given ¢, there exists 2(-periodic g € C!(—o00,00)
so that [|f — g|[cc < §. Further, for such a g, Lemma 14 implies there exists T'(x), namely its
Fourier series truncated to N terms for a sufficiently large N, so that ||g — Tl < 5. Hence

If = Tlloo <If = glloc + g = Tloc < €

O

Theorem 17 (Completeness of Fourier Series) The Fourier Series of any function f € La[—1,1]
converges to f in the Lo norm, i.e. in the mean-square sense and the Parseval’s equality holds.

PROOF. It is known that Ly space is the completion of the set of C°[—[, ] with the £ norm.
This means that that any € > 0, there exists f. € C°[—[,1] so that || f — f.|l2 < €, where |.||2
denotes the L5 norm. We can also arrange f.(—1) = f.(I). Now we apply periodic extension
to fe, so that f. € CY%(—oco,00). Apply the Weirstrass approximation theorem, there exists
trigonometric polynomial 7" so that | T — f¢|leo < 5+ Therefore, over the finite interval [—1,1],

1 1/2
|T = fell2 = L |T(z) — Fc(a:)|2d:c] <e

Therefore,
1T = fll2 < NT = fella + [1f = fell2 < 2¢

Now, we know that for any trignometric polynomial with N terms the best approximation in the
II]l2 sense is through Fourier Series trucated to N term. If we denote this Fourier Polynomial
by Ty, we get the result that

ITs = flla < IT = fll2 < 2¢

This is true for any e. Hence Fourier Series converges to f in the mean-square sense. O



5 Non-Uniform Convergence near a point of discontinuity

Remark 5 For piecewise continuous functions, near points of discontinuity, Sn(xz) does not
approach f(x) uniformly, even though it does so pointwise, except at the discontinuity itself.
This is called the Gibbs phenomena.

Theorem 18 (Gibb’s phencomena) Assume f € PC°[~1,1] and f'(x*) exists at each x € [~1,1].
If there is a point of point of discontinuity x4 € (—1,1), then

lim  sup [Sn(x) — f(2)] #0

N=00 g€ (wg,1)

im  sup  [S(x) — f(x)] £0

N—=00 pe(—l,a4)

PRrROOF. We will only show the first part, since the proof of the second part proof is very similar.
Also, for simplicity of notation, we take [ = 7, x4 = 0. We first consider the piecewise continuous
function h(z) defined as

1 1
h(a:):§ for m >z >0 and h(x):—i for —m <z <0

We can calculate its Fourier Coefficient and find its Fourier Series to be

2 .
g — sinnz
nw

([ - L) = (- L) Sw S

Define M = N + 4. In the first integral we take § = M (z — y), and in the second integral, take
6 = M(y — x). Then

M Mz sin 6 do
Sn () = - 2M sin [§/(2M)] 27
(z—m) —M (xz+m) Sln[ /( )] m
/M / M =Mz sin 6 / /M”Mz sin 0 do
_ MriMe ) 2Msin [6‘/ (2M)] o Mr_Ms | 2Msin[0/(2M)] 2«
Using calculus, we find that the first integral is maximized at z = ;.
_ /W B /M”” sin 6 do
B —T Mnr—m 2M sin (0/(2M)) 2

The second integral tends to 0 as M — oo, since the denominator in the integrand is bounded
below by M. Therefore, as M — oo,

T T sinf df 1
Sy (M) = /_F o =059 # 5 (20)

We calculate




There is an overshoot.
We leave the details for a more general piecewise continuous function as an exercise, except
to note that if f(z) has a jump at 0, then if we decompose

f@) = [f(0+) = f(07)]h(x) + (f(x) = [f(0+) = f(07)]A(x))

then the term within (.) is continuous at z = 0, allowing use of previous theorems. O

Remark 6 In the following theorem, we consider a useful condition that allows a Fourier series
to be differentiated term by term.

Theorem 19 (Differentiability of Fourier Series)
If the Fourier series

ao > .
fz) = > + Z (@ cos mx + by, sinmz)

m=1

has the property that

> m(lam| + [bn]) < 0o

m

Then the Fourier Series can be differentiated term by term and the differentiated series converges
uniformly to f'.

PROOF. Leave it as an exercise. O

10



