Week 5 Notes, Math 865, Tanveer

1. INSTANTANEOUS SMOOTHING OF UNFORCED NS SOLUTIONS FOR N = 2,3

Recall last week we found solutions to

(1.1)
t
a(k,t) = to(k)e 4 / —ik; Py [0 % 0] (k, 7)e P dr = N a(k, t))
0

either for k € RY or k € Z" for which ||a(-, t)]| .5 is finite for 4 > n, 8 >
0. We now prove that the solution is instantaneously smoothed, i.e.

~

for t > 0, ||a(-,t)]| 42,8 < o0, implying that u(x,t) = F~[a(-, )] (x) is
a classical solution of NS equations.

Definition 1.1. For T > ¢ > 0, define We(k) = sup;ei ’ﬁ(k‘,t)
where U(.,t) is a solution of (I1) fort € [0,T].

Lemma 1.2. The solution 4(-,t) satisfying (L1) satisfies ||u(t)|| 12,8 <
oo for any t € (0,T).

Y

Proof. From (L)), it immediately follows that
(1.2)
[k, t)] < |k|dio(k)e "t + LMHmF/t |26 g
A M+ K] i
It follows that

2\ _1/0 — R 1, .
L3 IR < (sup9e )72 2l 4l
v

implying that |||k|a(., )]s < oo for t € [, T]. We note that using the
NS equation is autonomous in time and starting the clock at t = ¢, and
using Fourier transform of w;0,,u instead of 0, [u;u], we may rewrite
the integral form of NS equation in the following form for ¢ € [¢, T]. in
the form

(1.4)
t
Pa(k, t) = [k[*a(k, )4 / e WD |K2P, [ + (ky)] (K, 7)dr

€

Repeating the same argument as above for ¢t € [2¢, T'], we have
(1.5)

1 _ R 1
& Woe (k) [lp < ; (supvze ”) [a(., )|+ [[EWel[usWe(k) [l us < o0,
v>0 14

implying |||k|*4(.,t)||,.s < oo for ¢ € [2¢,T]. Since € > 0 is arbitrary,
the Lemma follows. |



2. ENERGY METHODS FOR EULER AND NAVIER-STOKES
EQUATION

We will consider this week basic energy estimates. These are esti-
mates on the Ly spatial norms of the solution wu(z,t) and its higher
deriviatives with respect to x. Like other PDE initial value problems,
these estimates are most useful in establishing existence and uniqueness
of solutions.

For simplicity, we will first take = RY, where N = 2 or 3. Later
in class, we will consider the case with boundaries. The exposition of
this topic is close to Bertozzi & Majda (See Reference), though with
some differences in notation.

2.1. Basic Definitions.
Definition 2.1. Forv € RY,

N 1/2
(2.6 m=<zpﬁ

For a function f: RN — RY,

(2.7) Df = 0w f, ., 0unf),
with each component 0, f € RY.

N 1/2
(2.8) |Df| = (Z [0, fi]2>

i,j=1

Analogously, higher order tensors D*f, D3f and their absolute values
are defined. For a multi-indexr o = (aq, g, as, ..ay), each being non-
negative integers, we define

(2.9) DOf = 01002 00N

T1 YT T

We define the norm of the multi-index o
(2.10) |Oé| =o]t+ o+ ..+ ay

We also consider norms

1/2
@) o= W = ( [ 1f@Pa)

The corresponding Lo inner product will be denoted by

(2.12) (f,9)0 = - f(z)g(x)dx



We define higher order energy norms ||.||,/0:
1/2

(2.13) 1 £l = 11y = | D IDFIIG

la]<m
The corresponding inner-product in H,, will be denoted by (., .)m

2.2. Calculus Inequalties for Sobolev Spaces and Mollifiers.
We have already introduced the Sobolev space H,,(RY) for integer
m > 0. We now extend it to H,(R") for any s € R. In the Schwartz
space S(RY) of smooth functions with rapid decay at oo, we introduce
the norm

(2.14) el = { / 1y |k|>2sa<k>dk}l/2

where (k) = Flu|(k), i.e. the Fourier-Transform of u. The completion
of S(RY) with norem (2I4]) will be referred to as H,(R"). You can
check that for s = m, that this is equivalent to the original definition
of H,,,.

One of the most important Sobolev space property that we will use
is the Sobolev inequality below:

Lemma 2.2. Sobolev embedding Theorem

The space Hg p(R™), for s > N/2, k € ZT U {0} is continuously
embedded in the space C*(RY), and there exists a constant ¢ > 0 such
that

(2.15) lv|cr < c||v]|ssx , for any v € Hyp(RY)

Some other calculus inequalities in the following Lemma will be use-
ful for our purposes:

Lemma 2.3. i. For allm € Z* U{0}, there exists ¢ > 0 such that for
all u,v € Lo N H,, (RY),

[wollm < e{llullecll D™ 0llo + [[D™ullo]|v]loo }
Y IID%(uv) = uDllo < e {||Vulool D™ 0llo + | D™ ullolv] oo }

0<|a|<m

ii. For all s > N/2, H(RY) is a Banach algebra, i.e. there ezxits a
constant ¢ so that for all u,v € Hy(RY),

luvlls < ellullslvlls

(1) Note that through a Fourier-representation, ||.||m can be generalized to nonintegral or
negative m. We will use such generalizations later.



We now introduce a mollifier. Suppose p = p(|z|) € C(RY), i.e.
infinitely smooth function with compact support. Suppose also p > 0,
and f]RN pdxr = 1. Then we define mollification of v, denoted by Z.v to
be a function given by:

(2.16) <Lwcw=w4ﬁ4Np(I;y)v@my

Lemma 2.4. Properties of Mollifier

Let I, be the mollifier defined in (2Z108). Then Zov € C*(RY) and
i. for all v € CO(RY), Z.v — v uniformly on any compact set Q@ C RN
and

[ Zev]loo < llvlloo
ii. Mollifiers commute with distribution derivatives
D°T.v =Z.D% for any |a] <m, v € H,,
iii. For allu € L,(RY), ve L,(RY), 1/p+1/q=1,

/R (Zajvds = /R u(Tw)de

iv. For all v € H,(RY), Z.v converges to v in Hy and the rate of
convergence in the Hy_1 morm is linear in €, i.e.

lim || Zv —v|[s =0
e—0t+

[Zev = vlls—1 < Cellv]]s
v. For allv € H,,(RN), k € Z* U {0}, and ¢ > 0,

Cmk
IZevllmsr < =5 N0llm

Ck
I Z.D*v]| o < mHUHO

3. HODGE PROJECTION AND PROPERTIES

Lemma 3.1. Any vector field v € H,,(RY) for m € Z* U {0} has a
unique orthogonal decomposition

v=V¢+w, where Vo ,we H,, ,V-w=0

We define w = Pv as the Hodge projection of v onto the divergence
free vector field. Further,

i, (Pv, Vo) = 0 and |[Pol?, + V6|2 = [v]2,

ii. P commutes with D* in H,, for |a| < m: PD% = D*Pwv.

iii. PZ.v =1 Pv

iv. P is symmetric: (Pu,v)y = (u, P0)y,
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Proof. We only consider m = 0. Other cases follow simply by noting
property ii: that P commutes with D. We further consider only v €
C>(RY). This space is dense in H,, and hence all the results will follow
for more general v, except that derivatives have to be understood in
the sense of a distribution. Define ¢ by solving

Ap=V - v, with ¢ > 0asz — o0
Using Green’s function for Laplacian, we know

(317 @)= [AV 0] (1) = / Gz — 9)(V - 0) ()dy.

yeRN

where

1 1
G(z) = %logm for N =2, G(z) = Tl for N = 3

Then it is clear that

(3.18)  Vo(z) = / VG(z —y)(V-v)(y) = [VAT'V -] (2)
yeRN

Now, notice that as x — oo,

Vo(z) ~ [VC)(x) / (V- 0)(y)dy + Oz ™)

yeRN

From applying Gauss’s theorem on the first term,
Vo(x) = O(||) as [x] — oo,
and hence V¢ € Ly(RY). Define
Pv=w=v—-Vo¢
Clearly since v, Vo € Ly(RY), so is w = Puv. It is clear that
V-w=V-v-—Ap=0
So, Puv is divergence free, and from the decay rate of V¢ for large z, it
follows that
w~ O(|z|™) as 2| — oo
Now, property i. follows since

(w, Vo) = /RN w0, pdx = /RN O, (w;p) = lim ¢(wn)dr =0

R0 Jigl=R

since for large z, ¢ = O(log|z|) for N = 2 and ¢ = O(|z|~V*?) for
N = 3, while w = O(]z|™). Also,

[0][§ = (w + Vo, w+ Vo)o = (w,w) + (Vo, Vo)o = [|Pv]§ + [|V[3
because of the orthogonality property.



Property ii. follows simply from the observation that
D*Pv =D = D% — D*V¢ = D" — VD = PD,
since
A(D%p) =V - (D)
Property iii. follows from the commuting property of Z, with A= (
defined in (B.I7)) and with any differential operator, since
IZPv =T - IVA~'V.v = (Zv) - VA™'V - (Z.v) = PT.v
Property iv follows for m = 0 because
(Pv,u)y = (u,v = VATV - 0) = (u,0)0+(Vu, ATV - 0) | = (u,0)0+(A7'Vu, V- v),
= (u,v)g — (V- (A_1Vu),v)0 = (u—VAT'V. u,v)o = (v, Pu),
|

4. ENERGY DISSIPATION AND UNIQUENESS ARGUMENTS

Consider the incompressible constant density Navier-Stokes equation
(4.19) Ou+u-Vu=-Vp+vAu+b

(4.20) V-u=0,

where V - b = 0, without any loss of generality. Applying Hodge pro-
jection operator P on (£I9) to obtain

(4.21) Owu+Plu-Vu] =vAu+b

We take inner product of (A.21]) with u in (., )y space and use (u, u;) =
sl O,

(422) (P lu-Val)y = (w,u,d,,) = / 0y, (w;uf?/2) d = 0,
TERN
for sufficiently rapidly decaying u (for e.g. u = o(|z|~N=V/3) as
|z| — oo or even u € L3(RY) will suffice. Note that from a Sobolev
embedding result Hi5(R?) C Ls(RR?)).
d1

(4.23) £§|IU(-J)||3 = —v[[Vu(, )[1§ + (u, b)o

The quantity E(t) = 3|lu(.,t)||§ is the Kinetic energy of the fluid at
time ¢, while € = v||Vu(.,t)||2 is the viscous dissipation rate of energy,
while (u, b)g is the rate of work done by force b. Thus ([A23)) is simply
a physical statement that the rate at which Kinetic energy changes is
due to loss of energy due to dissipation and the gain of energy due to
work done by force b. If the same argument is done with flow past

a finite solid body, there will be additional contribution due to work
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done by the body on the fluid, which can be calculated as an exercise.
The viscously dissipated energy is actually converted to heat. For com-
pressible fluid flow, we have to couple heat energy and thermodynamics
with momentum equation to get a complete set of equations. However,
this is not necessary for incompressible flow.
Time integration of (£23) leads to
1 t t

a2) oy [ IDuCnldr = [ G
Exercise: Calculate the Energy balance equation equivalent to (£.24)
for a domain 2 exterior to to a stationary solid and identify the term
which is the rate of work done by the body on the fluid. It might be

better to use inner product of u with (4.19), since we are yet to discus
Hodge projection P for finite domain.

4.1. Energy Estimate, Uniqueness and v dependence of Smooth
Solutions. Let u, w be two Navier-Stokes solution, corresponding to
forcing b and c respectively. We assume b and ¢ to be smooth as well
and decaying sufficiently fast in  at co. We denote the corresponding
pressures by p and g. Then consider the difference v = v — w. It is
easy to check that v satisfies:

(4.25)

ow+v-Vo+w-Vo+v-Vw = =VP+vAv+f  where f = b—c, P =p—q

The i-th component of the above equation may be written as
(4.26)  Oww; + 004,V + W0y, v + 00y, Wiy = —0p, P + V&ijvi + fi

Multiplying above by v; and integrating we obtain that
(4.27)

1 1
8t§vi2+§8xj [(vj + wj)vﬂ +0i0;0p ;Wi = — 0y, (Ui P)+10,, (v,-@xjv,-) —1(0r; ) (O, vi) i fi

So integrating over RY with usual assumptions on decay of velocity
and pressure fields at oo, we obtain by using

(4.28) (v, ol < [lvllollfllo » and [(v, v - Vw)o| < [[Dw(., t)llllv]l5 .
a1
dt 2

So, in particular,

(4.29) lwll§ + vI[1Dvllg < IDwlloollvllg + llvloll£lo

d
(4.30) 2 [l = lIVwllcllvllo + 1 £llo
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Also, on integrating (£.29) between ¢t = 0 to t = T', we obtain
(4.31)

1 2 g 2 1 2 ’
SIC T+ [ Do B < SloC, 013+ |
0 0

IIDw(-,t)||oo||v(-,t)llgdﬁ/0 [oC D)ol £(5)

Using well-known Gronwall’s inequality on (£.30) and the definition
of v, we obtain the following Lemma

Lemma 4.1. Let u and w be two smooth Ly(RY) solutions to the
Navier-Stokes equation for t € [0,T] for the same viscosity v, but dif-
ferent forcing b and c respectively. Then,
(4.32)
T

sup [l t)—w(. Do < {Hu<.,o> — 0o+ [0 - c<.,t>r|odt} exp [ | 19t

te[0,7

Corollary 4.2. Uniqueness of smooth solutions

Let u(.,t) and w(.,t) be two smooth Ly(RYN) solutions to incompress-
ible constant density Navier-Stokes equation for t € [0,T] with same
wniatial data and forcing. Then, the solution is unique.

Proof. This simply follows from Lemma [2.11], since u(.,0) —w(.,0) =0
andb—c=0. |

Remark 4.3. The energy estimate ({.33) does not explicitly depend
on v and 1s equally valid for v =0, i.e. for the Fuler equation.

The energy estimate (£.32) is also useful in estimating the difference
between smooth Euler and Navier-Stokes solution with the same initial
data and forcing. Let ul% be a smooth solution to the Euler equation,
i.e. v =0, while u is a solution to Navier-Stokes equation with the
same initial data and forcing. Then, we can obtain an equation for
v = ull — [0

(4.33) 0w +v -Vo+u - Vo+v - Vul¥ = VP +vAv + f

where f = vAul”, P = p — ¢ is the difference of pressure
This is the same equation as for (@25), with w replaced by ul”, and
a different meaning of f. Therefore, the energy estimate (£.32]) in this

case becomes
(4.34)

T T
sup ||u["}(.,t)—u[0](.,t)||0 <v (/ ||Au[0}(.t)||odt) exp {/ ||Du[0](.,t)||oodt} < VTC(U[O],T)
0 0

te[0,7
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Notice that (&3] with w replaced by ul” and with f = —vAul” gives
rise to

(4.35)
T T T
y / |Do(., )2t < / 1 DU, 6l ) Bt / loC Ollo Ad®(., £)Jodt

Using estimate (£.34]) estimate, we obtain,
(4.36)

T T T
/ ||Dv<.,t>||3dtsVTc{CT / | DU 1) ot + v / ||AU[O}(-,t)||odt}Sl/TQCz(U[O],T)
0 0 0

So,
(4.37)
1/2

T T
[ 1oettaar <7 (i) <o,y
0 0

This implies the following proposition:

Proposition 4.4. Comparison of smooth Euler and Navier-Stokes So-
lution

Given the same initial data and forcing, then the difference v between
smooth Ly(RY) Navier-Stokes and Euler solution over a common in-
terval of existence [0,T] satisfies ([{.34)) and (4-37). In particular for
any fized T, as v — 0, ull(.,;t) — ul%(. 1), and Dul’l(.,t) — DulOl(. ¢)
uniformly for t € [0,T).

4.2. Kinetic Energy of 2-D flow. The Theorems in the last section
hold for solutions to Navier-Stokes/Euler equation that decay suffi-
ciently rapidly as x — oo so that velocity wu(.,t) € Ls. This is a
reasonable physical assumption in R3.

For 2-D flow, this is not necessarily the case, unless the integral of
vorticity in the flow is zero, as will be seen shortly. Suppose

supp w C {z: x € R?|z| < R}
Applying 2-D Biot-Savart Law:

(4.38)
1
u(z,t) = \yISRK(x —y)w(y, t)dy , where K(x) = el [—xg, 21]
We first note that
(4.39)

We note that
. 2
(4.40) |z —y|% = |2| 2 (1 - 2yx_x + M)
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Now, if |z| > 2R, then since |y| < R, it follows that as |z| — o
v —y[7 = |2|7* + O(|| ™)
So, from (438),
(4.41) (e t) = K@) [ wlyt)+0(e]?)
y€eR2

Since
/ (1+|z))Mdr < 0o, iff I > N
xER2

It follows that

Lemma 4.5. A 2-D incompressible flow with compact vorticity w has
finite energy iff

(4.42) / w(z)dz = 0

Remark 4.6. Note that the vorticity w(x,t) will satisfy (4.49) fort >
0, of

(4.43) / w(z,0)dx =0,

since integration of 2-D Nawvier-Stokes equation in the vorticity form
gives

d

% z€eR?

Remark 4.7. The statement that finite energy is implied only iff ({-43)
1s satisfied is not limited merely to flow with compact support. It is more
generally true for w € L;(R?).

(4.44) w(z,t)dr =0

When ([443)) is violated, it is possible to decompose a solution to
Navier-Stokes equation to such that a part of it is in Ly(R?) (hence
finite energy), while the other part is generated by a radial distribution
of vorticity whose integral is the same as the integral of initial vorticity
over R?.

Consider an initial vorticity distribution wgy(z) € L*(R?). We chose
any compact radial vorticity distribution @g(|x|) such that

/RQ ol = /R wo(w)dz

We determine radial vorticity solution w(|z|, ¢) with initial value @(|z|,0) =
@o(]z|) to Navier-Stokes equation without forcing. We know from
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worked out problems two weeks back, that @&(|z|,t) satisfies 2-D heat
equation with corresponding velocity

— T, T =
(4.45) u(z,t) = g/o swo(s, t)ds

Therefore, we now consider the decomposition
(4.46) u(z,t) = a(z, t) +v(x,t)
Since (V x v)(x,0) = wo(x) — @o(x), it follows that

(4.47) / (V x v)(z,0)dz = 0

from construction of @y. From (444) and the fact that heat solution
preserves [, w(z,t)dz, it follows that
(4.48)

i/ (Vxv)(z,t)dr = 0 ,implying by above / (Vxv)(x,t)de =0
dt R2 z€R2
This implies that v(z,t) has finite energy.

Thus, we have proved the following Lemma:

Lemma 4.8. Any smooth solution u(z,t) to 2-D Navier-Stokes equa-
tion with an initial L1(R?) vorticity can be decomposed into

(4.49) u(z,t) = v(z, t) + a(z,t)
where v € Ly(R?) and divergence free, while
||
(4.50) i(x) = (=2, 21)|2] 2 / s(s, t)ds
0

for some smooth radial vorticity distribution w(|z|,t) with an initial
compact support.

4.3. Energy Inequality for 2-D flow. Consider the radial-Energy
decomposition

(4.51) u(z,t) = u(x,t) + v(z,t)
of solution to the Navier-Stokes equation where v € Lo(R?). v satisfies
(4.52) ov+v-Vo+a-Vo+ov-Va=-Vp+rvAv+ F

Consider two solutions to Navier-Stokes equation uq, us with radial
decompositions:
(453) Uy = ’l~L1 + v , Ug = 1~L2 + U

Then, if we denote

(454) w:vl—vg,ﬂl—ﬂgzﬁ,F=F1—F2>25:P1—p2,
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then w satisfies
(4.55)

Oyw~+v1-Vw—+w-Vug+i, - Vw+i-Vugt+uy-Vu+w-Viy, = —Vﬁ+I/Aw+F
Then using the same integration by parts procedure as in the last
section, we have
d1

4.
(1456) G2

lwllg + vIIVwl§ < [lwllo {llwllo (IVv2llo + Vi)

HIV (@1 — i) ||oo[v2]lo + || Fllo + | — ﬁ2||oo||V02||o}

Using Gronwall’s inequality, as in previous section, we end up with the
following proposition

Proposition 4.9. 2-D FEnergy Estimate and Gradient Control Let uq
and uy be two smooth divergence free solutions to the Navier-Stokes
equation with radial-energy decomposition u;(x,t) = v;(x,t) + 4;(x,t)
and with external forces Fy and Fy. Then we have the following esti-
mates:

(4.57)

T
sup [[or—valo < exp [ [ 9l ||va1||m>dt] {15 0) = v 0)[lo
0

t€[0,T

T
/ H[(FL = F2) (- t)llo + ||tn — tallsl|[ Vallo + |V — Vi ||va]|o] dt}
0

(4.58) V/O IV (w1 () = o2, )13t < C(v2, i, T) { | (wa = u2)(-,0)3
+ {/0 (HFL () = Fo (s t)lo + llun — @2 lleo|[Vo2 (- t)llo 4 [[ Vi — Vﬂzllml\vz(-vt)l\O)dt} }

Exercise: Derive (L.57) and (4.58)) and use it to prove the above propo-
sition.
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