Galois theory 2018-19: Example Sheet 5

1. Suppose f(z) = x*+ax+b. If f has roots a, 3 and 7, then recall that its discriminant
D(f)is (o — B)*(a — v)*(B — v)?. Let M denote the matrix

1 1 1
M=|la B ~v
042 52 ,.)/2

(a) Define A(f) = (a— B)(5 —v)(y — «). Show that A(f) = det M.

(b) Thus D(f) = A(f)?. Given that det M = det M?!, deduce that D(f) =
det(MM*).

(c) Write S; = o' + " 4+ +". Show that
So S1 Sy

MM'= 1S, Sy S3
Sy Sz Sy

(d) Clearly Sy =3 and S; = 0 (as S; is the sum of the roots, which is zero as the
coefficient of 22 in f is zero). Show that Sy = —2a by an explicit computation.

(e) As a, B and ~ are roots of f, we have

& +aa+b = 0
B +af+b = 0
Y+ay+b = 0
By summing these three, find S35 in terms of Sy and S;. Similarly, multiplying

these equations by «,  and 7 respectively, find S; in terms of S; and Ss.
Compute the values of S3 and Sy in terms of a and b.

(f) Combining all the above, show that D(f) = —(4a® + 27b%).

2. Use the method of Q1 to show that the discriminant of the polynomial 2*+pz+q = 0
is 256¢° — 27p?.

3. You are given that a quartic polynomial has the four roots V2 + \/5, V2 — \/3,
V2 + /5 and —v2 — /5. What is its discriminant? What is the Galois group of
the polynomial?

4. What is the Galois group of the following cubics:

(a) 2 =3z +1
(b) *+3z+1

5. What is the Galois group of the following quartics:

(a) '+ 8z + 12
(b) z* + 8z — 12

6. Which of the following polynomials are soluble by radicals over Q7



(a) 22° — 102 — bz

(b) 22° — 10z — 5

(c) 22° —10z% -5

(d) 5a® + 102* — 2

(e) x° — 405z + 3

(f) 420 — 402° — 2025 + 10022 + 1002 + 25

Three of these polynomials have the same splitting field. Which are they?

. Let f(z) = 302" — 702° — 422° + 1052* — 21. Show that its Galois group over Q is
Sr.

. Find an irreducible polynomial of degree 6 over Q with 4 real roots, but whose
Galois group over Q is not Sg.



