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1. Introduction

In this paper we develop and analyze high order discontinuous Galerkin (DG) methods for one- and two-dimensional
stochastic Maxwell equations with additive noise. Maxwell equations play an important role in many physical applications,
and have been widely used in electromagnetism, electronic biology, optical imaging, etc. The general formulation of Maxwell
equations is

D=V xH—-Je, V:-D=p,

(1.1)
#B=—-VxE, V.B=0,

where H represents the magnetic field, E stands for the electric field, D and B are the electric and magnetic flux density
respectively. Je is the electric current density, and p is the electric charge density.

Stochastic Maxwell equations are the generalized version of the deterministic Maxwell equations, which are often de-
scribed as a random perturbation of the electric current density or the magnet current density by noise. The noises are
commonly regarded as Brownian motion, Poisson process, etc. In [28], Rytov et al. introduced fluctuations of an electromag-
netic field to obtain stochastic Maxwell equations. Ord showed in [26] that the random walk model due to Mark Kac can be
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modified to produce Maxwell’s field equations in 1+1 dimensions. In [19], Liaskos et al. studied the stochastic integrodiffer-
ential equations in Hilbert spaces, and they examined the well posedness for the Cauchy problem of the integrodifferential
equations describing Maxwell equations. The random electromagnetic fields using the spectral representation is explored in
[18], and the electromagnetic fields were coupled by Maxwell equations with a random source term. Finite element approx-
imations of a class of nonlinear stochastic wave equations with multiplicative noise were recently investigated in [17]. The
semilinear stochastic Maxwell equations with additive noise in the following form:

{edE—V x Hdt = —Je(t, X, E, H)dt — JE(t, X) o dW, (12)

(dH 4 V x Edt = —Ji (t, X, E, H)dt — JF, (t, X) o dW,

were studied by Chen et al. in [3], where dW is a space-time mixed color noise, more specifically, a Q -Wiener process
which is often driven by Brownian motions, and Je and J;, are described as electric current and magnetic current. Theoretical
properties of the stochastic system (1.2) such as regularity, energy and divergence evolution law, and symplecticity have been
presented in that paper. In addition, a stochastic Runge-Kutta semidiscretization scheme was proposed for (1.2) and proven
to possess first order of mean accuracy. In [10], Cohen et al. developed an exponential integrator for a more generalized
formulation of (1.2), when J§ and Jf, depend on E and H. In a recent review article, Zhang et al. [30] presented different
types of stochastic Maxwell equations with additive or multiplicative noises.

Stochastic Maxwell equations can be viewed as a type of stochastic Hamiltonian PDEs. In [13], Jiang et al. considered
stochastic Hamiltonian PDEs in the form

Mdz + Kzxdt = V,S1(2)dt + V;S2(2)dWy, (1.3)

where M and K are anti-symmetric matrices, and S; and S, are smooth functions of z. It can be shown that the system
(1.3) satisfies the following stochastic multi-symplectic conservation law:

dw + dxkdt =0, wo=MU-V, k=KU-V,

which U and V are a pair of solutions to the variational equation

Md(0z) + K(02),dt = V2251 (2)0zdt + Vsz(z)adet.

In [2,11], multi-symplectic finite difference methods have been studied for the stochastic Maxwell equations with additive
noise of the form

(1.4)

€dE =V x Hdt — »11%dw,
wdH = —V x Edt + 1,1Tdw,

with constant coefficient A1 and A;. This model can be reformulated in two slightly different formulations of (1.3) in [2,11]
with different set of auxiliary variables introduced. Numerical methods based on these reformation have been presented
and studied, and it was shown that these methods preserve stochastic multi-symplecticity on the discrete level. In addition,
the linear growth property of stochastic energy was also preserved by the proposed methods. In [12], the extension to
stochastic Maxwell equations with multiplicative noise was investigated. In a recent work [1], Chen developed a symplectic
discontinuous Galerkin full discretization method for the system (1.4). The author presented H¥ regularity (k = 1, 2) of the
solutions to stochastic Maxwell equation, and showed the DG full discretization has the convergence order k/2 in time and
k —1/2 in space.

In this work, we investigate the high-order schemes for stochastic Maxwell equations, following the recent work in [15]
on DG methods for stochastic conservation laws. The DG method is a class of finite element methods that uses discontinuous
piecewise polynomials as the basis functions. This method has been shown to adopt many advantages from both finite
element and finite volume methods, which includes hp-adaptivity flexibility, efficient parallel implementation, the ability
of handling complicated boundary conditions, etc. The DG methods were first introduced in [27] by Reed and Hill to solve
transport equations, and later they were extended to solve hyperbolic conservation laws by Cockburn et al. in [6-9]. There
have been some recent studies in extending DG method for stochastic partial differential equations. In [15] Li et al. applied
the DG method to the stochastic conservation laws with multiplicative noise

du + f(u)ydt = g(x, t,u)dWs.
In [16], they also proposed an ultra-weak DG method for the stochastic Korteweg-De Vries equations in the form

du = —(uxxx + f(W)x)dt + g(x, t, u)dWy.

Optimal error estimate was proven for the semilinear equations, and numerically optimal convergence rate was also ob-
served for many nonlinear cases.
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In this paper we apply high order DG methods to stochastic Maxwell equations with additive noise (1.4) in one and
two dimensions. The stochastic energy of the exact solutions are shown to satisfy the linear growth property, and we will
demonstrate that the numerical solutions of the semi-discrete DG methods satisfy the similar energy law on the discrete
level. When the standard Brownian motion W; is considered, the exactly same semi-discrete energy law can be obtained.
Following the error estimate for the deterministic Maxwell equations, we provide the optimal error estimate of the semi-
discrete DG methods for the one- and two-dimensional stochastic Maxwell equations on cartesian meshes. Furthermore,
multi-symplectic property of certain DG methods for the one-dimensional deterministic multi-symplectic Hamiltonian par-
tial differential equations (HPDEs) of the form

Mz + Kzy =V,5(2)

has been recently investigated in [24]. Following the idea, we will start by establishing the multi-symplectic structure of
the stochastic Maxwell equations, and then prove that the DG methods with suitable numerical fluxes can preserve the
multi-symplecticity. The resulting semi-discrete methods are combined with symplectic temporal discretization. Both first
order symplectic Euler method and second order symplectic partitioned Runge-Kutta (PRK) method will be introduced and
analyzed in this paper.

The structure of this paper is as follows. Section 2 provides theoretical results for one-dimensional stochastic Maxwell
equations. We discuss the conservation of multi-symplecticity of our DG scheme, demonstrate the energy law of numerical
solutions, and present the result on the optimal error estimate of the proposed semi-discrete methods. Section 3 provides
the same theoretical results on DG methods for two-dimensional stochastic Maxwell equations. Temporal discretization is
provided in section 4. We consider both symplectic Euler method and the second order symplectic PRK method. Numerical
results in both one and two dimensions are provided in section 5 to validate the convergence rate and the linear energy
growth property. Section 6 contains some conclusion remarks.

Throughout this paper, L2 norm is denoted by ||-|, and C represents a generic positive constant independent of the
spatial and temporal step size h and At, which can take different values in different cases. In general, W; represents a
Q-Wiener process defined on a given probability space (2, F, P), which can be characterized as

o0
We=W(t.X.0) =Y /Ymen®Bn(t,0), t>0, xeRorR?, (1.5)
m=1

where {ep} is an orthonormal basis of L2(D), with D c R4, d =1,2. Q: [2(D) — L%(D) is a symmetric, non-negative,
finite trace operator such that Tr(Q) < oo and Qemn = Ymem with y; > 0. Furthermore, {35} is a sequence of independent
standard Brownian motions.

2. One-dimensional Maxwell equation with additive noise

In this section, the one-dimensional computational domain is denoted by I, which is partitioned into subintervals I; =
[xj_l,x- 1] where j=1,2,---,N. We also denote x; = L(x. 1 +x.,1) to be the center of each cell, and hj=x._.1-x,_1
27"t 2Y—3 J+3 J+3 J=3

to be the mesh size. Let h = max; h; be the maximum mesh size. We further assume that h/h; is bounded over all j during
mesh refinement. Assume Pk(Ij) to be the space of polynomials of degree up to k on I;, and the piecewise polynomial

space V;f is defined as follows:

VE={v:vl; e P*Uy, j=1,2,--- N}

Note that functions in V;l‘ can be discontinuous at cell interfaces. Let v};l and Vi be the right and left limit of v at the
2 2

interface x;, 1, and we denote by {V}Hl = %(v;:r] + vj_+1) and [v]j+1 = v;“+1 — v , the average and jump of v at Xji1.
2 2 2 2 2 2

j+3 j+1
We start by considering the one-dimensional (1D) stochastic Maxwell equation with additive noise with periodic bound-
ary condition of the form

1)

dn = —uxdt — A1dW,,
du = —nxdt + A d Wy,

which can be viewed as a 1D version of the model (1.4). The DG method with generalized fluxes for the deterministic
version of (2.1) has been considered in [5,25], where the stability, error estimate and superconvergence properties have been
studied. In this paper, the DG scheme for (2.1) is formulated as: for x € I, (w,t) € 2 x [0, T], find np(w, x,t), up(w, x,t) € V]’f,
such that for any test functions ¢, @ € V¥, it holds that

/dflhsl)(x)dxz (/UdeX—(ﬁh(P*)H% +(ﬁhfp+)1_%)df—/k1§0dwrdx, (22)

Ij Ij I
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[ dunodx = ( [ mdx— i)y + G,y e+ [[raiawea, 23)
I I i

where the generalized alternating numerical fluxes are chosen to be

Up = {up} +afupl, 7y ={na) —alnl,
for some non-zero constant « € [—1, 1]. Below, we will explore some theoretical properties of this DG method, including
the semi-discrete energy law, optimal error estimate and the multi-symplectic structure.

2.1. Semi-discrete energy law

The exact solutions of the three dimensional stochastic Maxwell equation (1.4) satisfy the linear energy growth property,
as studied in [11]. Below, we start by presenting similar result for the one-dimensional model (2.1).

Theorem 2.1 (Continuous energy law). Let u and n be the solutions to the model (2.1) under periodic boundary condition. Denote
the energy by E(t) = [ u®(x, t) + n?(x, t)dx, then for any t, the global stochastic energy satisfies the following energy law

t
E() =£(0) +2//(k2n — Mmu)dWedx 4+ (A + 23 Tr(Q)t, (2.4)
0 I

and, after taking the expectation,
E(£(®) = E(0) + (A + A3)Tr(Q)t. (2.5)
Proof. By utilizing the It6’s lemma and the equations (2.1), we have

de(t) = / (2udu + 2ndn +d(u, u)e +d(n, )¢ )dx
1
=— /(Zunx + 2nuy)dtdx + 2 /(Azu — M dWedx + (A2 4 12) / d(We, We)edx. (2.6)
I I I

It follows from the periodic boundary condition and the definition of W; that

/(Zunx + 2nuy)dtdx =0, /d(Wt, We)edx = Tr(Q)dt.
I I

Therefore, (2.6) reduces to

det) =2 /(Azu — AMn)dWedx + (A% + A%)Tr(Q)dt. (2.7)
I
Integrating (2.7) over t yields (2.4), and taking an expectation leads to (2.5). O

Next, we show that the following semi-discrete energy law is satisfied by the numerical solutions of the DG methods.

Theorem 2.2 (Semi-discrete energy law). Let u,(w, x,t) and np(w, x,t) be the numerical solutions to the DG methods (2.2) and
(2.3).
(a): For any t € [0, T}, the numerical solutions satisfy the semi-discrete energy law

lup (@, X, )12 + Inn(w, x, )]
t

=2 / / (uatt = A dWidx + up(x, 0)[1 + [ (x, )1 + (A + ADKE, (2.8)
0 I
and
E(llun(@, %, 012 + (@, . 112 ) = lun(x, 01 + I (x, 01 + 33 + 4Kt 29)

4
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with
N k 0 5
k=323 3 (f drmencs) 210)
= 1=0 m=1 lj

where {¢., j =0, - - , k) represents the set of orthogonal Legendre basis over cell I j»and uh i = f, (qb’ 2dx)~1.

(b) The constant K is bounded by (k + 1)Tr(Q) with k being the polynomial degree of the DG methods Moreover, if there exists some
constant v € (0, 2) such that the series 3 -1 Yim(Km)¥ < 00 with Ky = ||(em)xl o0, we can show that K = Tr(Q) + O (h"), i.e., K is
an approximation of Tr(Q) appearing in the continuous energy law (2.4)-(2.5).

Proof. (a): From Itd’s formula, we have

d(up)® = 2updup +d{up, up)e,  dp)* = 2npdny 4 d{nn, Mh)e. (211)

By taking the test functions ¢ =1, and ¢ = uy in the DG methods (2.2)-(2.3), and summing the resulting equations up, we
have

/((duh)uh + (dnp)np)dx = /(Kzuh — Mnp)dWedx + (f up (Mp)xdx + ﬂh(uh)xdx)dt
Ij Ij 1

(= (Cn) + alunhng ) 3 + (Cun) + elunbny) .y )de

)dt

=_®j+% +@j7% +/(A2uh — A np)dWedx, (212)

I
1 _ 4 1 R
0= §+a N, up + E—oz u,ny -

Let us represent the numerical solutions uy, in the cell I; as

N

( () — almnDuy ) 1+ ((Gn} —almnbuy )

+3

(ST

where

k
up(@,x,0) = Yy _ul(@, 08,

=0

which leads to

k
dup = Zdulﬂ);.
1=0

Taking the test function ¢ = qu, m=0,---,k, in (2.3), we obtain

/¢ o dx)du = Aj(h: ¢! )dt+/xz¢mdwtdx (2.13)

Ij

where the operator

1
2

Aj(f;g)=ffgxd)<—(fg‘)j+% +(fg+),-, :

is introduced for ease of presentation. Denote the mass matrix by L; with the (m,l) entry being f,j ¢5.¢de. Note that
the orthogonal Legendre basis are chosen, therefore L; is a diagonal matrix, so is the inverse matrix L;l. Let us denote
Ljfl = diag(u?, u} . ,,u]) with ,u,] (f,j (¢>§)2dx)‘1. In addition, introduce the vectors

T T T
u,-=(u3’,u] u’}) ,A,-=(Aj(nh;¢?>,Aj(nh;¢}>,~-,Aj(nh;¢§>) ,<I>j=<¢§-’,¢>},---,¢>§) ,

5
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and the equation (2.13) can be rewritten as a linear system

Ljd“j:Ajdt+fk2¢deth, (2.14)
Ij

which leads to

duj=L7"Ajdt + L} /A2d>detdx. (215)
I

It yields

du, = b Aj (s ¢hyde + il / 0! 3" \/Vimem (0dxdBn ©),
X m
and furthermore we can obtain

d(ul, ul)e =23 (u})? Z(/d) \/V_mem(x)dx>

Therefore, we have

[ dtun. fdx—/ (Zu ¢],Zu ). i<f¢]¢]d><> ulye
=0

I j

k 2
=5y iy ( / ¢§‘«/Vmem(x)dx> dt. (2.16)
=0 m if
Similarly, we have
k 2
/d(ﬁh, Mh)edx =13 Z,u'j Z (/ q)g-«/ymem(x)dx) dt. (217)
I =0 mo

The combination of (2.11), (2.12), (2.16) and (2.17) leads to

+20,

/(d Up, Up)e +d(np, Np)e)dx = — 20, i

Ij

NIi
NI—=

k o0
2
+ 2/(xzuh — ) dWedx+ (03 +23) Y b > (/qﬁﬂ-‘/_ymemdx) dt. (218)
it =i m=1 .
Summing over all the cells and integrating in time from O to t, we can obtain (2.8). Note that fl(Azuh — Anp)dWsdx is an

It integral, thus E(fot f,(kzuh — Mnh)dwsdx) =0, and taking the expectation (2.8) leads to (2.9).
(b): For the constant K defined in (2.10), we can bound it by

N k
ZZM Z/Qp )zdxfyme dx—(k+1)ZZ/yme dx

j=11=0 mll j=1m=1;

(k—l—l)Z/yme dx = (k+1)Tr(Q),
m=1%
where ,ulj = (f,j ((]b?)zdx)*1 is used.
Next, we show that K is an approximation of Tr(Q). Note that qﬁ? =1, /,L(; =1/hj, and /1,- qﬁgdx =0 for [ > 1. Let us
define e, = h]—J f[j emdx, and rewrite K as
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K= i i ”—’”(/ emdx)2 + i i u’jym(/qs;(em - Em)dx)z. (219)

j=1m=1J j=1m=1 =1
J I J I

=

Using the fact that Tr(Q) =) =, ym and Z?’:] [Ij e2dx =1, we have
2 N > 2
K—TrQ) = Z Z Vm( (/emdx> - / e,zndx) +33 Z,uljym(/ 9} (em — En)dx)

=:1+1I. (2.20)
Notice that

/e dx_/(em—em+em) dx—/(em—em) dx—i—/e dx—/(em—em) dx—l—hl (/emdx)z,

Ij I Ij Ij
which leads to

ZZVm/(em—em) dx.

j=1m=1

Since e, is uniformly bounded, there exists some constant M such that |e;, — &x|2~" < M, and we have the following
estimate

N o N oo
Il =ZZVm/(em —ém)zdx=ZZVm/|em—Em|"|em — el dx
1

N oo
<M ZZ /|em—em|”dx<MZZym(Km> hitY

j=1m=1

= M(Zh1+V)(Z Yin(Km)") = O ("),

where K = ||(em)xlloo and the assumption Y o> ; Ym(Km)” < oo is used. For the other term II, we can apply Young's
inequality and follow the similar analysis as above to obtain

N o
”—ZZZM Vim [¢(em—em>dx) ZZZM,ym/(qs)zdxf(em—em) dx

j=1m=1I=1 j=1m=1I=1

N oo

ZZZymf<em—em) dx—kZZymf(em—em)zdx—om”)
j=1m=1I[=1 i j=1m=1 i

The combination of these results lead to the conclusion that K — Tr(Q) = 0 (h"), which finishes the proof. O

Remark 2.1. If W; is the standard Brownian motion, we have e; =1 and e; =0 for m > 1, therefore it can be easily shown
that I = II = 0 which leads to K = Tr(Q). This means that the continuous energy law (2.4) is exactly preserved by the
proposed method.

2.2. Optimal error estimates
The optimal error estimate analysis of the proposed semi-discrete DG method will be provided in this subsection.

We firstly define the generalized Radau P* projection operators which will be used in the analysis. On any cell I; and
for any function g(x), its projection P%g into the space V,’; is given by

/(P“g ~gX)VX®dx =0, Yv(x) € P"1(1)), and (PYg)+alP gl 1 = g(x;, 1) (2.21)
I

The following property on the projection error is studied in [23,25] and will be used throughout this section.

7
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Lemma 2.1 (Projection error). Let P“ (with o # 0) be the generalized Radau projection defined above. For any smooth function
g(x) € H¥t1 there exists some constant C which is independent of h, such that

IPg — gl < CH* 1 gl s

Theorem 2.3 (Optimal error estimate). Let u, 1) € L2(Q x [0, T]; H**2) be the strong solutions to the one-dimensional stochastic
Maxwell equations with additive noise (2.1), and up, n € V,’; be the numerical solutions given by the DG scheme (2.2) and (2.3). With
the initial conditions chosen as

Nh(x,0) =P~ n(x,0), up(x,0) =P%u(x,0),

and the assumption ). Ymllem 112 1 < oo, there holds the following error estimate

Hk+

lu — upll® + In — null> < Ch%+2, (2.22)

Proof. Note that both the exact solution 1 and the numerical solution 7, satisfy the equation (2.2), and both u and uj
satisfy (2.3), therefore we have the following error equations

/d(n M@ x)dx = /(u—uh)cpde—((u—uh)co i1+ (w—in)e™);_ ) (2.23)

} ’J

/ du —up)P)dx = / (0= MBdx = (7 = )y 1 + (= I)F),_, ). (2.24)
I I

Let

EN=P %n—np, €"=P %n—n, & =PUu—uy, €"=P*u—u,

so that we can decompose the numerical error into two terms

n—np==§"—-¢€", u—up=§"—¢€". (2.25)

By choosing the test functions ¢ = &7, ¢ =&" in (2.23) and (2.24), and summing up the resulting equations, we obtain

f(ds"suds ¢ )dx—/(de"sude £")dx
fs gldx— ("} + € DEN ) 1 + ((E" ) + l&" DEDT)
—(/e”sx”dx—(({e Fale DE ),y + () +ale"DEM ™)
/ EMgldx — ((18") — aleM)EN ) 1,1 + (7] — alE"DET),
(fe”s“dx—( (1€~ aleDE" ) 1,y + (") — ol DE),
I

=/(ae"s'7 + detg%)dx + ((?) B

Ij

- ®j+%)dt, (2.26)

(ST

where © = (1 +)E)*EN ™ + (L — ) (EMH (V). The last equality follows from the definition of Radua projection P*¢
which leads to (for the error term €7 =P %n —n, € =P% —u)

/eu%}?dx: / Gné,gdx = ({Eu} +a[€u])ji% = ({6'7} - (X[En])ji% =0,
I I

and an integration by parts which leads to
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=

[etstans [[engtan (e +ats D@ ),y + (61 + e DEN),
I I

— ((EM = alE"DE") ),y + (M —alEDED ),
= (:)]7

N—=

o)

j+i-

=

By Itd’s lemma, we have

d(E")? =2dg"E" +d(E",&"),, d(g")> =2dg"E" +d(E", &"),. (2.27)
Note that
d(P%u) = P*(du) = P¥(—nxdt + 12dW¢) = P (—nxdt) + AP (dWy).
For any test function ¢, we have
/(dP“u)(de=/P“(—nx)g’ﬁdxdt—l—/AngP“(de)dx. (2.28)
Ij Ij Ij
Subtracting (2.3) from (2.28), we obtain
/ dg" gidx = ( / (=T + PH=n0@)dx + (74P 1 = (@)1 )de + / (P (dWy) — dW)@adx.
Ij Ij I

Let us denote &Y = le-zo(é”)quﬁ;. Following the exact same derivation of (2.16) in the proof of Theorem 2.2, we have

k 2
/d(§”,§“>th=A%ZMSZ(/(bg-\/)/_mw“em(x)—em(X))dX) dt
1=0 mo

I

=ausy ( f bk /Vm (P e (x) — em (x))dx)zdt <CY ¥m / (P%em(x) — em(x))%dxdt, (2.29)
m Ij

m Ij
where the second equality follows from the definition of the generalized Radau projection (2.21) and byx* is the leading

order term of the basis ¢>$. In the same fashion, we have

/d(é”, EMydx < CZym /(P’O‘em(x) — em(x))%dxdt. (2.30)
Ij m Ij
The combination of (2.26)-(2.27) with (2.29)-(2.30) leads to
1
5 [ @@+ det2)ax
Ij

=/(de’7§” +de'gYydx + (@jf% -0,
i

O]

1
)dt+5[(d(s",s">t+d<s”,s“>r)dx

Ij

(2.31)

J
< /(de”é" +dete¥ydx + ((:3]-7% - (:)H%)dt +C Z Yin /(’Pi"‘em(x) — em(x)2dxdt.
I "o
Summing over I; and utilizing the periodic boundary conditions yield
1
5 [ @@+ de?)ax < [ene + detsthan+ €3 ymlPEento) — encolP (232)
1 I m

By integrating (2.32) from O to t and noting that ||"(x, 0)||% = ||€¥(x, 0)]|> = 0, we have

9
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t
167 DI + 118" (x, 02 < 2( / / (de"8" + de"g")dxds ) + Ct Y Yl P em(x) — en(0)|
01 m

t
=( / 167, $) 12 + 16" (x, 5)[12ds) + Ch*+2 + c;ymnem e h42,
0

where the projection error is used in the last inequality. Applying the Gronwall’s inequality and combining with the optimal
projection error yields the desired optimal error estimate (2.22). O

Remark 2.2. We assumed sufficient regularity of the exact solutions to study the “best” convergence rate of the proposed
numerical method, which has also been observed on some numerical examples in Section 5. In the literature [1,4,10],
H? regularity for solutions to stochastic Maxwell equations has been assumed. In [3,4], the authors showed that for any
given integer k, the solution is uniformly bounded in D(M¥) norm if ug has bounded D(M¥) norm, where lullpgry =

(lul? + |M*u[?)? with the operator M defined by
0 V x
w=(_90 %)
2.3. Multi-symplectic structure

The stochastic Maxwell equations (2.1) have a multi-symplectic structure, and we will show that the proposed DG
method (2.2)-(2.3) preserves the multi-symplecticity.
Following the idea in [11], we introduce new variables

1 1
dv =udt, d¢ =ndt, P=u+igx, Q=n+ivx,

and rewrite (2.1) into the following system:
%é‘x =P —u,

%Vx =Q —n,
—dP — Indt = —2dW,,

A (2.33)
—dQ — Fuxdt = AdWr,
dv = udt,
d¢ =ndt.

Introduce the notation z= (u, 1, v, ¢, P, Q)T, and the system (2.33) can be rewritten as the multi-symplectic system

Mdz + Kzydt = V,S1(2)dt + V,S2(2)dW¢, (2.34)
where
0000 0 O 0 0 0 fo0o0
0000 0 O 0 0 1 000
0000 -1 0 0 -2 0000
= = 2
M=looo0o0 o -1|° X -2 0 0000]
0010 0 O 0 0 0000O
0001 0 0 0 0 00O00O

and

S1(Z)=Pu+Qn—u3— S2(2) = AE — Aav.

77
Applying the exterior derivative to the system (2.34) yields the following variation equation for the one-form Z:

MdZ + K Zydt = V?S1(2) Zdt. (2.35)
Let U, V € RY be any solutions to the variation equation (2.35), and define

woU,V)=MU-V, kU,V)=KU-V,

10
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then the system (2.34) can be shown to satisfy the multi-symplectic conservation law given by

dw + Kkxdt = 0. (2.36)

Multi-symplectic numerical method refers to the method that satisfies a consistent discrete version of this conservation law.

Since the new system (2.33) is equivalent to the original model (2.1), we can rewrite the proposed DG methods (2.2) and
(2.3) into a consistent formulation for the system (2.33). We start by defining the variables v, and ¢, as follows: for u, and
np defined in (2.2) and (2.3), find vy, &, € V¥, such that for all test functions ¥, ¥ € V¥, it holds that

[, dvirdx= [, upydxdt, [, denrdx = [, npidxde, (2.37)

which leads to the fact that dv, = updt, dg, = npdt. Next, find Py, Qj € VX, such that for all ¢, @ € V¥, it holds that

1 _ _
/(Ph — up)pdx = —5(/ EnpxdX — (Cnp ™) 1 + (th/ﬁ)j,%), (2.38)
I Ij

S O U _
[ = man=—3( [ =@,y + @, ) (239)

Ij Ij

where Vy, = {vy} + 2n[va], Eh = {¢p} + 2m[¢,] for some m, n € R with n —m = « (for instance, n=«/2 and m = —«a/2). By
combining the derivative of (2.38) and (2.39) with the equations (2.3) and (2.2), and utilizing the fact that dvy = updt, d¢, =
npdt, we obtain

1 ~ ~
/dPh¢dX= §</nh¢xdx— ¢y +(ﬂh¢+)]~_%>dt+/?~2¢dwtd& (2.40)
I I I
~ 1 ~ ~ ~ ~
[ a@udax=3( [ b= @ ,g + @dh,y it [ aadawia, (241)

I Ij Ij

where U = {up} — 2m[up], Tn = {nn} — 2n[ny]. Combining (2.37)-(2.41), we have derived the following expression: find
Pp, Qn, Un, Mh» Vi, Sh eV}’f such that

1 ~ ~
/(Ph — up)pdx = _5(/§h(ﬁxd)(— Cnp ) j1 + (§h¢+)j,%),
I I
N 1 - . .

/(Qh — Np)Pdx = —5(/ Vh@xdx — (V@ )j+1+ (Vh® )j,%>,
I I

1 1

2 2
I I I

~ 1 ~ ~ ~ ~

[ a@udan=3( [ b= @,y + @,y )it~ [ aadawea,

I Ij Ij

/dthdx:/uhl//dxdt,

I Ij

/dChIZ:/ﬂhl/Nfdxdt,
1

I

1 ~ -~
[ aupax= 3 ([ mandx— @07,y + @p,y )+ [ ragdwis,

(2.42)

hold for any ¢, @, ¢, 5 v, J € V}’f. The numerical fluxes take the form

Ty = {up) — 2mlup), = () — 2nlnp), Vi = {vh} +2n[vh], Zp = {Zn) + 2mI2p].

Note that the method (2.42) can be rewritten into the corresponding DG scheme for the new system (2.34): find z, € (V,’j)G,
such that for all ¢ € (V})®, it holds that

11
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/Mdzh - dx — (f Kzp - @ydx — (Kzn -qf)jJr% + (Kzn ~<p+)j_%)dt
Ij Ij

=/VS1(zh)~(pdxdt+/V52(zh)-gothdx, (2.43)
Ij Ij

where I?z\h is the numerical flux in the form

Kzn = K{zy} + Alzz], A=

co3 ocooo
oo 3 oo
cocoocooS3
eNeNoNeNo
eNoNoNoNol

0 0

Applying the exterior derivative to this scheme (2.43) leads to the variational equation

o

0
n
0
0
0
0
2

1
-2
Ij Ij I

/Mth-(pdx— (fI(Z,,~(pxdx— KZy-¢7);, 1+ (KZh-0™), )dt:/stl(z)Z,,~(pdxdt. (2.44)

Following the proof of multi-symplecticity of DG methods in [24], we have the following results.

Lemma 2.2. For any Uy, Vj, € V¥, we have

KUy -V; —KUy-V; +KVy- Uy =KU - VE —KUpy - Vi + KV - U = Fie(Un, Vi, (2.45)

where

Fi(Un, Vi) = {KUp - Vi} — KUp, - {Vi} + KV}, - {Up}.

Theorem 2.4 (Conservation of multi-symplecticity). Let Uy, V, be any solutions to the variational equation (2.44), we have the
semi-discrete version of the multi-symplectic conservation laws

/d(MUh Vidx— (FkWa, Vi1 = FieUn, Vi) ;_y )de =0. (2.46)
I

Proof. By It6's lemma, we have

d(MU}, - V) = MdU}, - Vi + MUy, - dVy, + Md(Up, V). (2.47)

Note that Up(w, X, t), Vy(w, x,t) € V,’f, which can be rewritten as

k k
Un@.x.0], =) ¢@Uj@.0.  Va@.x], =) @ieViw.o).
=0 =0

where {(pg.(x), [=0,---,k} is a set of basis. Therefore one has

k k
dup =Y gledut,  dvy =) ghxdvi.
=0 =0

In the variational equation (2.44), we set dZy, to be dUp, and take the test function ¢ to be dVy. As the second and third
terms in (2.44) are both drift terms, we can conclude that f,j Md(Up, Vi)edx = 0. By combining (2.47) and (2.44), and

utilizing the fact that M is anti-symmetric and V2S; is symmetric, we obtain

/d(MUh -Vpdx = /(MdUh -Vp+ MUy -dVp)dx = /(MdUh -Vp—MdVy - Up)dx

I 1 1

[N]

— (/KUh-(Vh)xdx—(m-Vh_)H% +(fu\,,-vh+)j_1

)dt+/V251Uh - Vpdxdt
I

I

12
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[N}

—</I<Vh'(Uh)de—(m'Uh)j+1 +(fv\h.uh+)j1)dt—/vzslvh.uhdxdt
2
I I

_((KUh Vi —KUp-Vy +KVy- Uy )j+% — (KU -V = KUy - V" + KV - Uy )j_%>dt

= (FiWUn. Vi 1,y = FcUn, Vi), ),

where the last equality follows from Lemma 2.2. This finishes the proof. O

3. Two-dimensional stochastic Maxwell equations with additive noise

In this section, we will present the discontinuous Galerkin methods for two-dimensional stochastic Maxwell equations
with additive noise with periodic boundary conditions on cartesian meshes, and study the stability, error estimate and
multi-symplecticity of the proposed methods.

The two-dimensional rectangular computational domain is set to be I x J, and we consider the rectangular partition with
the cells denoted by I; x J; = [xi_%,xpr%] X [y]._%,yH%] fori=1,2,---,Nyand j=1,2--- ,Ny. Let x; = %(xi_% +xi+%),

1 e i i i - -
and yj = j(yj_% +y]-+%). Furthermore, we define the mesh size in both directions as hy; = x; 1 —X_1 hy j= Yigr =Y 1
with hy = max; hy j, hy = max;hy j and h = max(hy, hy) being the maximum mesh size. Similar to the one-dimensional case,
we define the two dimensional piecewise polynomial space V,i‘ as follows:

VE= (v ) vlxg; € Q¥ x Jj) = PRUD @ PR(Jj), i=1,2,--- ,Ny;j=1,2,--- Ny}
The two-dimensional stochastic Maxwell equations with additive noise take the form

—dE + Tydt — Sydt = A1dW;,
dS + Eydt = apdW,, (31)
dT — Exdt = )pdW,.

The DG scheme for (3.1) is formulated as follows: find Ej, Sp, Tj, € V¥, such that for all test functions ¢, ¥, ¢ € V¥, it
holds that

//dEmpdxdy:—f ([Thwxdx— ((Th)m(p_)pr%’y+((Th)a1(p+)i_%’y)dydt

Jj i Ji L
+/ (/Sh(Pydy - ((Sh)—az(p_)x,j_,,_% + ((Sh)—az<ﬂ+)x,1_%)dxdt
Ii  Jj
—//Mgodwtdxdy, (3.2)
Ji i
//dShwdxdy=/ (/Ehlﬂydy - ((Eh)azw_)x’j_'_% + ((Eh)azlﬁ+)xyj_%>dxdt
Ji i L Jj
+//A21pdwtdxdy, (3.3)
Ji i
| [anoaxay=- [ ( / Eh¢xdx—((Eh>_a1¢—)i+;,y+(<Eh>_a1¢+)i;,y)dydr
Jj i Ji L
+//k2¢dwtdxdy, (3.4)
Ji L

where the generalized alternating numerical fluxes are defined as follows:

ge = (g} +algl, forgeV,i< and o € {+oq, fa} CR.

For the ease of presentation, we also introduce the following operators: for & € R, f, ge VK,

13
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cq) — o= ot
A (f. g ) = f fexdx = (Fag )ivyy + Taghiy .
Ii

Aj(f. g o) = / feydy — (f&g‘)xﬁ% + (Egﬂx,j,%.
i

3.1. Semi-discrete energy law

Similar to the 1D case, we start by presenting the linear energy growth property of the exact solutions. In [2,11] the
authors provided continuous energy law in R3, which has the following form in R2:

Theorem 3.1 (Continuous energy law). Let E, S, T be the solutions to the equation (3.1) under the periodic boundary condition,
and define the two-dimensional energy as E(t) = f] JiE&x, y, )%+ S(x, y, )% + T(x, y, t)2dxdy, then for any t, the global stochastic
energy satisfies the following energy law

t
() :5(0)+2//fx2(s+r) — M EdWdxdy + (02 + 222 Tr(O)t, (3.5)
0 J I

and, after taking the expectation,
E(g(t)) =£(0) + (W2 + 22D Tr(Q)t. (3.6)
The proof is skipped here as it follows the same analysis as that of Theorem 2.1.

Theorem 3.2 (Semi-discrete energy law). Let E(w, X, y, t), Sp(w, X, y,t) and Tp(w, X, y, t) be the numerical solutions to the DG
methods (3.2) - (3.4).
(a): For any t € [0, T}, the numerical solutions satisfy the semi-discrete energy law

IEn(@, %, y, )12 4 [ISh(@, X, ¥, OII> + | Th(w, x, y, ) || (3.7)

t
—2 / / f 3o (T + Su) — h EndWidxdy + [ En(x. . 0)[12 + [1Sh(x, y. 0% + [ Ta(x. v, O)[> + (42 + 222)Kt,
0

J 1
and

E(IEnx. 7, 012 + ISh(x. v, O + I Ta(x, . 01

= IEn(x, ¥, 0)[I> + [ISh(x, y, 0) | + ITh(x, y, 0) > + (A% + 2A3) K¢, (3.8)
with
k2+2k 00 2
K=" u Y} (//d)f’r/_ymemdxdy) , (3.9)
i,j 1=0 m=1 I i

where {¢}’j, i,j=0,---,k}represents the set of Legendre basis over cell J; x I;, and “51 = (fjj /Ii (¢>fyj)2dxdy)*l.

(b) The constant K is bounded by (k* + 2k)Tr(Q) with k being the polynomial degree of the DG methods. Moreover, if there exists
some constant v € (0, 2) such that the series Y o_; Yim(Km)" < 00 with Km = || Ve ||, we can show that K = Tr(Q) + 0(h"), ie,
K is an approximation of Tr(Q) appearing in the continuous energy law (3.5)-(3.6).

Proof. (a): By It0’s lemma, we know that
d(Ep)* = 2EndEn +d(En, En)e, d(Sp)® =2SpdSh+d(Sh, Sh)e, d(Tn)* =2TndTh +d{Tp, Th):. (3.10)
By taking the test functions ¢ = Ep, ¥ = Sp and ¢ = Ty in (3.2)-(3.4), and adding these equations, we have

14
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//(dEh)Eh + (dSp)Sk + (dTR) Tpdxdy

Ji I

:/_(G))i—%,y+(®)i+%,ydydt+/(®)x,j—% — (®)x,j+%dth
Jj Ii

+//A2(Th + Sp) — M EpdWidxdy, (3.11)
Ji Li

where

1 1 ~ 1 1
O= (3 +on) Ty By + (5 —on)E{ Ty, 8= (3 +)Ey's; + (2 —a)Ey sy

Following the same analysis as in Theorem 2.2 (more specifically, the derivation of Eq. (2.16)), we can evaluate the terms
and have

K242k

o0
//d(Sh,Sh)tdxdy=//d(Th,Th)tdxdy=k§ Z Mgvjz(//#,j\/y—m%dxdy)zdt,
Ji I Ji I 1=0 m=1 Ji I
k% +2k 00 )
//d(E,,,E,,)tdxdy:A% DINTDD (//@’.J\/y_memdxdy) dt. (3.12)
Ji ki =0 m=1 I 0

By combining the equations (3.10)-(3.12), summing over all the cells and integrating in time from O to t, we can obtain

IEn(x, ¥, )12 + ISk X, ¥, DII? + [ Th(x, y, )12 (3.13)

t
_2 / / f 3o (T + S) — M EndWsdxdy + [ En(x, y. 1% + [Sh(x. y. 0) 2 + | Thx. y. 0)[2 + (2 + 2)K.
01

Note that ]E(fot f] Ji22(Th+ Sp) — klEdededy) =0 since it is an Itd integral, therefore taking expectation of (3.13) leads

to the semi-discrete energy law (3.8).
(b): The estimate of the constant K follows an exact same analysis as in the proof of Theorem 2.2 (b), that is,

K < (k* +2k)Tr(Q),
and if Y g4 Ym(Km)" < oo, we can show that
K—-Tr(Q) =0(®h").

If W, is the standard Brownian motion, it can be shown that K = Tr(Q) (see Remark 2.1), which means that the two-
dimensional continuous energy law (3.5) is exactly preserved by the proposed method. O

3.2. Optimal error estimate

In this section we study the convergence rate of the DG scheme (3.2)-(3.4). We start with defining the generalized Radau
projection in R? as

P =P ®Py, PY =P, @P%, P*f =P @ P}, (3.14)

where P is the L? projection, and P%, P# (with «, 8 # 0) are the generalized Radau projection defined in (2.21). The
following lemmas are provided in [23] and will be useful in our analysis.

Lemma 3.1 (Superconvergence property). For any smooth function w € H*t!, denote ¢ = P*-fw — w, with P%# being the pro-
jection defined in (3.14). For any v € V¥, there exists some constant C such that

Z/.Ali(esvaa)dy Z/A]j(e,v,(x)dx

] IT L

< Ch v, < Ch v
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Lemma 3.2 (Projection error). Let T1 be any projection defined in (3.14). For any smooth function w(x, y) € H*t1, there exists some
constant C, such that

[TIw — w| < Chk1,
Now we turn to the main result on the error estimate of the DG methods.

Theorem 3.3 (Optimal error estimate). Let Ep,, Sy, Ty € V,f be the numerical solutions given by the DG scheme (3.2) - (3.4), and
E,T,Sel*(Q x[0,T]; Hk”) are strong solutions to (3.1). With the initial conditions chosen as

Ep(x,y,0) =P~ *"*2E(x, y,0); Sp(x,y,0) =P, *?S(x,y,0); Th(x,y,0) =Py T(x,y,0),

and the assumption ) .. Ymllem 12, < oo, there holds the following error estimates

Hk+
IE — Epll® + IS — Snll?> + IIT — Th|1> < Ch%*+2, (3.15)

where the constant C denotes a generic positive constant independent of the spatial cell sizes h.

Proof. Since both the numerical and exact solutions satisfy the equations (3.2) - (3.4), we have the error equations

//d(E Ep)pdxdy = — /AI (T —Th, @; on)dydt—i—/A]j(S Sh, @; —otp)dxdt, (3.16)
]] Ii ]J

//d(s Sp)vdxdy = /AIJ(E En, ¥; ap)dxdt, (317)
]j Ii

//d(T Ty)pdxdy = — /AI (E — Ep, ¢; —a1)dydt. (3.18)
Ji L

Let

§F=P U CE—Ey, & =PS—Sy, & =P'T—Th

ef =P U2E_[ & =P;/"5-5, € =PIT-T,
which leads to the decomposition of the error into two terms as

E—Ep=£.F—€f, s—s=65—-¢5, T—Tp=¢" —¢'.

By choosing the test functions as ¢ = £F, ¢ =£5, ¢ =£T in (3.16)-(3.18), and noting that

/A,i(eT,SE;m)dydt:/A]j(es,sE; —ap)dxdt =0

by the definition of the projections, we have

//dé eF —defebdxdy = — /-AI &' g" a1)dydt+/A;j($5 e —ap)dxdt, (3.19)
Ji b
//dg £5 —deSeSdxdy = /A,J(gf £5: az)dxdt—/AJJ(e L €5 ap)dxdt, (3.20)
i i
//dg S —de Sdedy— /AI (E 5 —a1)dydt+/A1 (6 S —oq)dydt. (3.21)
Ji i

Summing up (3.19)-(3.21) and using integration by parts, we obtain
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//dsEgE +dg5eS +deTeTdxdy

Ji i
Ji L Jj Ii
—/A]j(eE,és;az)dxdt—l—/Ali(eE,ST; —aq)dydt, (3.22)
Ii Jj
where
1 1 _ 1 1
M= (5 +o)EDHTED T + (5- ar)EH~EHT, = (5 +a) (&) EHT + (5- az)(EHTED .

By Itd’s lemma, we have
dE5)? =2deFeF +d(g" &5, d(E®)? =2d8%8° +d(£°,8%), dET)? =2dgTeT +d(ET ),

Following the exact same analysis as shown in the proof of Theorem 2.3, we have

//d(EE,EEhdxdy < CZVm//(JP"“”“Z(em(x, ) —em(x, y))*dxdydt,

Ji i Ji i
[ [ ehnandy <3 [ [ @77 entx v - entx )y,
Ji L m Ji Li
[ [ eNxay <y [ [ @ et )~ emix. y) Py
Ji i m Ji L

Therefore, by summing over all the cells I; x J; in (3.22) and applying the superconvergence property in Lemma 3.1, we
obtain

% f / d(E5) +d(E5) + (d&T)2dxdy
T

I T

J (3.23)

s//deEgE +de®eS +deT T dxdy + CRMH (€T | + [1€°]))dt
J 1

+CY Ym(IP™ (em) — emll* + [P em) — eml® + P, 2 (em) — em|*)dt.
m

Integrating (3.23) over t, applying the projection error property and Young's inequality, we can show that

t
16512+ 18 %1% + 115711 sc/usE(x,y,s>||2+||ss(x,y,s)||2+||sT<x,y,s>||2ds+Ch2"+2+CZym||em||i,,mh2"+2.
0 m

Applying the Gronwall’s inequality and combining with the optimal projection error yields the desired optimal error esti-
mate (3.15). O

3.3. Multi-symplectic structure

Similar to the 1D case, to rewrite the two-dimensional stochastic Maxwell equations (3.1) in the multi-symplectic form.
Following the idea in [11], we introduce the new variables such that

1 1 1 1
du = Edt, dv = Sdt, dw = Tdt, P=T—§Ux, Q:S—i—iuy, R:E—wa—i—ivy,

and the system (3.1) becomes

17
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—Juy=P-T,

%”y =Q -5,
—Iwy+3ivy=R-E,
—dP + S Exdt = —Aod W,

—dQ — 1E,dt = —dW,, (324)
—dR + 1Tydt — S, dt = AdW,,
dw = Tdt,
dv = Sdt,
du = Edt.
We set z=(T,S,E,w,v,u, P, Q,R)T, and define
000000 O O O
000000 0 0 O
000000 0 O O
000000 -1 0 O
M=|l000000 0 -1 0 |,
000000 0 0 -1
0001000 0 O
000010 0 0 O
000001 0 0 O
000 0 O0—-3000 00 0 000O0O0O
000 0 O O 000 0 0 0 003000
000 -0 0 000 0 0 0 030000
0031 00 0 000 0 0 0 00O0O0O0O
Ki=[o o0 o o o oo0o0f, K=|0 0o -1 o000o0000]|,
' oo o0 o0 o0 o000 0 -2 0 0oo0o0000
000 0 0O O 000 00 0 00O0O0O0TO
000 0 O 0 000 0 0 0 00O0O0O0O
000 0 O O 000 0 0 0 00O0O0O0TO
T2+ 5%+ E?
51=PT+QS+RE—f,52:A1u—kz(w+v),

therefore, the two-dimensional stochastic Maxwell equations (3.1) can be rewritten in the following multi-symplectic system
Mdz + Ky zxdt + Kazydt = VS1(2)dt + VS (2)dWy. (3.25)
Its variational equation takes the form
MdZ+Klzxdt—H(zZydt:stl(z)Zdt. (3.26)

Let U, V be any solution to the variational equation (3.26), and define w = MU -V, kx=KU -V, ky, =KpU -V, then we
can derive the multi-symplectic conservation law given by

dw + Kkxdt + kydt = 0.

Since the new system (3.24) is equivalent to the original model (3.1), we can rewrite the proposed DG methods (3.2)-(3.4)
into a consistent formulation for the system (3.24). For Ej, Sp, Ty defined in (3.2) - (3.4), find wy,, vp, up € VK, such that
for all ¥, ¥, ¥ € V¥, it holds that

//dwhwdxdy=//Thwdxdydt, (3.27)

Ji i Jj i
//dvhlﬁdxdy://thﬁdxdydt, (3.28)
Ji Ii Ji Li

/ / dupyrdxdy = f f Epvrdxdy dt, (3.29)

Ji i Ji Li

18
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which leads to the fact that dwy, = Tpdt, dvy = Spdt, dup = Epdt. Next, find Py, Qp, Rp € V,g‘ such that for any ¢, @, ¢ €

V[, it holds that

1
//(Ph—Th)(PdXdYZE/ (/uhwde—(ﬁh<p‘)i+%,y+@(ﬂ*)i_%,y)dy,

Ji L Ji L

_ 1 _ __ _
//(Qh —Sh)<pdxdy:—§/ (/u,,(pydy— WP )y a1 +(ﬁh§0+)x,1_;>d&
Ji i Ii

~ 1 ~ o~ P
//(Rh—Eh)rpdxdy=5/ (/Wh(deX—(Wh(P )f+;,y+(wh¢+)i;,y>dy
Ji i Ji L

1 - _ ~
- 5/ (/Vh¢ydy— (Vh§ )y jrd +(Vhfp+)x,j_%>dx,
I Jj

where the numerical fluxes are chosen as

(ﬂh)xo,y = ({up} — 2my [uh])xo,ya (Wh)xo,y = ({wp} — 24 [Wh])xg,y7 mp, np € R withmy —ny =ay,
Uh)x.yo = (un} + 2malunDx.ye> Vhdx.yo = (Va}+ 2n2[UupDx,yes Mn, N2 € R withmy —ny = ay.

By combining the derivative of (3.30)-(3.32) with the equations (3.2)-(3.4), we obtain

1 -~ ~
//debdxdy:—i/ (/Eh¢>xdx—(Eh¢>)i+%’y+(ths*)i_%qy)dydt—ksz/q&thdxdy,

Jj li Ji ki Jj i

i 1 i} ~ . i}
[ [ aaubaxay=3 [ ( [ Euddy - B >x,j+;+(Eh¢+>x,j;)dxdtﬂz | [ daw.asay.
Ji i i Jj Ji i

~ 1 ~ o~ -~
//dRh¢dXdJ/=—§f (/Th¢xdx—(Th¢ )i+%7y+(Th¢+)i_%,y>dy
Ji L Ji L

1 ~ P o~ ~
+5/ (/Sh¢ydy—(5h¢ Dy jt +(Sh¢+)x,j_%>dx—)\1//¢dwtd)‘dy,
Ii  Jj Ji I

where the numerical fluxes are

(Th)xo.y = UTh} + 2m1[ThDxo.ys (Endxo.y = (En} + 2n1[EnDxg.y5
(En)x.yo = (En) — 2n20EnDx.ygs Sh)x.yo = ({Sh} — 2m2[ShDx.yo-

(3.30)

(3.31)

(3.32)

(3.33)

Combining (3.27)-(3.33), we have derived the equivalent formulation of the DG scheme (3.2)-(3.4) for the new system (3.25):

find z, € (V¥)®, such that for all ¢ € (V})?, we have
//Mdzh-(pdxdy—/(flﬁzh - @ dx — (m-(o_)i+%’y+(Ez\h-(f’)i_%’y)dydt
Ji I Ji I
—— _ —_— +
—/ (/Kzzh-(pydy— (Kazn - @ )X7j+% + (Kazn - @ )X’j_%)dxdt
Ii
=ffVS1(zh)-(pdxdydt+//V52(zh)-gothdxdy,
Ji L Ji i
where (K1zy)xg.y = (K1{zn} + A1[znD)xy.y. and (Kazi).yo = (K2{zn} + A2lznDx.yo.
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0 0 0 00m O0OTPO 0 0 0 00O 0 O0OTPO
0 0 o 00 0 O0O0OTO 0 0 0 00 m OOTPO
0 0 0o OO O0O0OTO 0 0 0 0Onp 0 OOO
0 0ny 00O O O0OO 0 0 000 0 OOTO
Ai=| 0 0 0O 0 0O O 0OO]f, Ap=|l0 0 np 0 O 0 00O
m 0 0 0 0O 0O O OO 0Omy 0 O O O OOTO
0 0 0o 00 0 O0O0OTO 0 0 000 0 O0OTPO
0 0o 00O 0O O0O0OTO 0 0 000 0 OOTPO
0 00O 00O 0O O0O0OTO 0 0 000 0 O0OTO
Applying the exterior derivative to this scheme (3.34) leads to the variation equation
//Mdzh-q)dxdy—/(/lqzh-(pxdx— (K12 ~(p’)i+%,y+(1(12h-(0+)i_%,y)dydt (3.35)
Ii i Ji I
—/(/Kﬂh-‘l’ydy— (K2Zp '(07)x,j+% + (K2Zn -¢+)x,j_%>d"dt://v2512h - @dxdydt,
I; ]j Jj Ii

Theorem 3.4 (Conservation of multi-symplecticity). Let Uy, V}, be any solutions to the variational equation (3.35), we have the
semi-discrete version of the multi-symplectic conservation laws

/fd(MUh'Vh)dx—/(J:Iﬁ(uh,Vh)H_%J_-7'—K1(Uh,vh),'_%,y)dydt
Ji i Jj

_/ (Fia U, Vi, 11y = FieaUn, Vi), 1 )t = 0. (3.36)
I
The proof follows the same idea as that of Theorem 2.4, and is skipped here to save space.

4. Symplectic time discretization

In this section, we discuss the symplectic temporal discretization for the semi-discrete DG methods presented in the
previous section.

In the one-dimensional case, we can set n|;; = ZLO nlj(pi., upli; = Zfzo u’jg);, with the set {gog.} being the basis of V}f,
and introduce the notations

0 k .0 k kN\T 0 k .0 k kT
p:(nlv...77’17;727...7;727...’;71) s q:(ulv...,u1,u2,...7u27...7u]) .
In the two-dimensional case, we consider

K242k K22k K242k
_ I I _ I I _ 1 1
Enlipes; = D Eij@ije Shlicsy = D Sijige Thlios; = 30 Tijol
1=0 =0 =0

where {‘/’1!,]'} is the basis of VF. Define

)

Eij=(EY. E]

k24+2k\T
ij l_j,“-,Eij )

T
Ep=(E11,E21.---  Er1.E12,--+  Erg)
and similarly for Sy, Tj, and then introduce the notations

p=En  q=(Spn Tn)'.

With these notations, either the one-dimensional scheme (2.2)-(2.3) or the two-dimensional method (3.2)-(3.4) can be
simplified into the following stochastic differential equations

o0 o0
dp=Aq+LY dBn(t), dg=Bp+N_ dBn(t),

m=1 m=1

20



J. Sun, C.-W. Shu and Y. Xing Journal of Computational Physics 461 (2022) 111199

where A, B, L, N are some constant matrices which may take different values in 1D or 2D setting. In this section, it is
sufficient to consider the simplified version of it

dp=Aq+LdB;, dq=Bp+ NdB, (4.1)
where 5; is a Brownian motion.
Remark 4.1. As studied in [29, Theorem 4.1], a suitable symplectic Runge-Kutta time integration, combined with the DG
spatial discretization, leads to a multi-symplectic scheme for HPDEs which is equivalent to a time-space PRK scheme for
this model. Therefore, two symplectic temporal integration methods will be discussed below.

4.1. Symplectic Euler method

We let 0=tp <t; <--- <ty =T be a partition of the time interval [0, T]. By setting T = ty41 —tx, and ABy = By, ,, — By,
the symplectic Euler methods for the system (4.1) are given by

pk+l — pk + quk + LAB[{, qk+1 — qk + .L,Bpk+1 + NABk (42)

Following the studies in [22], we have the following result:
Theorem 4.1. Symplectic Euler method (4.2) has the first mean-square order of convergence.
4.2. Partitioned Runge-Kutta method

Consider the two-stage symplectic PRK methods [22] for the system (4.1) of the form

1
01 ="+ N(Ji+ 7=08)

1 V2 1
k
Pi1=p +4T o1+ (.’k‘f‘zﬁ k)
Q="+ 21BP + ABN(Jic— LABR)
3 32 (4.3)
7)2=Pk+f<lAQ1+EAQ2)+L<]I<__1 ABk)
4 4 B

1 3
P =P LAB+T(5AQ1 +54Q;)
2 1
¢ =¢“ + NAB, + r(§B7>1 + 53732),
where
] 738}
T= I-k+1 - tkz ABk = Bfk+1 - Bfkv .]k = ; / BS - Btkds'
Lk
The random variables ABy and Jj are modeled numerically at each step following the approach discussed in [15], where a
new process
Wetrs — Wy,
Voo
P _ _ 3 1 . .
is introduced and we have AB, = /Tv(1) and J, =T fo v(s)ds. Therefore, they can be computed numerically by solving

for v(s) numerically, and we refer to [15, Section 4.2.2] for the details of the implementation.
In order to analyze the convergence rate of the PRK methods (4.3), we recall the following theorem in [20, Theorem 1.1].

v(s) = 0<s<1

Theorem 4.2. Consider a general system of stochastic differential equation
m
dX =a(t, X)dt + Y by(t, X)dB(t), (4.4)

r=1

where X, a and b, are column vectors defined on t € [tg, T], and B, are independent standard Brownian motions, and let Yt,x(t +17)
be a one-step approximation satisfying that forany to <t <T — T,
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<K@+ |x*)/27P1, (4.5)

]E(xt,x(t + 1) — Xex(t + f))

1/2
_ 2
(E’xf,x(t +7) — Xex(t + r)] ) <K+ [x»)1/2P2, (4.6)

Let py > % p1>p2+ % then forany N and k=0, 1, --- , N, the following result holds:
1/2
- 2 241/2_py—1
E[ Xt 5000 = Keoxo(®0)| ) = K(1+E[Xol)! 270273, (47)

The following Lemma, which is also studied in [21, Lemma 2.1], is a direct result of Theorem 4.2 and will be useful in
our analysis.

Lemma 4.1. Let the one-step approximation X x(t + ) satisfies the conditions of Theorem 4.2, and suppose that another one step
approximation X; x(t + 7) satisfies

E(y(t,x(t—i—r)—yt,x(t—f-‘r))‘ =0(tP), (4.8)

12
~ _ 2
(E’xt,x(wz)—xt,x(wr)] ) — 0(zP?), (4.9)

with the same pq and py as in Theorem 4.2, then the mean-square order of accuracy for y(tyx(t +71)isalso pp —1/2, same as X; x(t +7).
We have the following main result on the convergence rate of the PRK method (4.3).
Theorem 4.3. The explicit PRK method (4.3) for the system (4.1) has the mean-square order of 2.

Proof. According to [14, Section 10.5], the following one-step approximation for the system (4.1) has the mean-square order
2:

1
ﬁkJrl :pk—i-'L'Aqk-l-ETZABpk-i‘TANJk'i‘LABk, (4.10)

1
gt =q"+erk+EtzBAqk—i-tBij—i-NABk, (411)

which will be used as a reference method.
The PRK method (4.3) can be rewritten as

1 1 1
k+1 k k 2 k 2 3

— p* + TAGK + ~T2ABpX + TAN Ji + LABy + ~7 ABL( —AB) 0(t?,

p p+ q+2 p" + Jrk+ /<+2 ]k+2ﬁ v )+ 0(T)
1 1 1

¢ =q" +Bp* + 5rzBAq" +TBLJx + NABy + ETZBAN(]k + ﬁABk) +0(3).

Notice that
T
Ejx=EAB =0, E(u’=3, E@AB’ =T,
which, by Young’s inequality, leads to

1 2 2 2 _
IEI(]k—i-mABk) < CE(J)? + CE(ABY)? = 0(1).

Therefore, we have

]E(pk+1 _5k+1) =0(0d),

]E(p"“ B 5k+1)2 _ E(%TZABL(Jk + Z%AB,{) + 0(13))2 = 0(r°),
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Table 5.1

Numerical error and convergence rates of 1D case when k= 1.
Nx Nt lleyll order llexll order
20 600 0.01295 0 0.01725 0
40 1200 3.201E-3 2.0162 4.281E-3 2.0106
80 2400 7.851E-4 2.0276 1.083E-3 1.9829
160 4800 1.958E-4 2.0036 2.714E-4 1.9966

Table 5.2

Numerical error and convergence rates of 1D case when k = 2.
Nx Nt lley |l order lleyll order
20 600 3.176E-4 0 4.407E-4 0
40 1200 3.958E-5 3.0045 5.486E-5 3.0061
80 2400 4.920E-6 3.0081 6.874E-6 2.9964
160 4800 6.144E-7 3.0013 8.645E-7 29912

which leads to

1/2
2
(E<pk+1 _5I<+1) ) — 0(15?).

Following a similar approach, we also have

1/2
2
E(qk+1 _akﬂ) =013, (E (qk+1 _§k+l) ) —0(%?).

Therefore, by applying the result of Lemma 4.1, the PRK method (4.3) has mean-square order of 2. 0O

Remark 4.2. The PRK scheme (4.3) was shown in [22] to have the mean-square order of 3/2 for general system. For this
linear system (4.1), it can be shown to have second order mean-square convergence rate.

5. Numerical experiments

The numerical results of the DG scheme is presented in this section to demonstrate the performance of the proposed
methods. We consider the DG method with various polynomial degree k as the spatial discretization, and utilize the PRK
method (4.3) for temporal discretization. The accuracy tests are provided for both 1D case and 2D case to demonstrate the
convergence rate of the methods, and the linear growth of discrete energy is also studied for both cases.

5.1. Accuracy test

5.1.1. Example 1
For the one-dimensional system (2.1) with periodic boundary conditions, we set A1 = A, = 1, and choose W; = I5;, which
is the standard Brownian motion, so that one exact solution to (2.1) takes the form

(5.1)

n =sin(x —t) + cos(x +t) — Bt
u=sin(x —t) —cos(x +t) + Br.

The computational domain is [0,27] and the final time is set to T = 3. Initial conditions for n(x,0) and u(x,0) are
obtained by letting t =0 in (5.1). We use Nx and Nt to denote number of spatial cells and temporal steps respectively.
Table 5.1 and Table 5.2 demonstrates the order of convergence rate for the case k =1 and k = 2 respectively, where At
is chosen to be small enough to ensure that the spatial error dominates. Under both cases, we can observe the optimal
convergence orders, i.e., (k4 1)-th order of accuracy, which is consistent with the result in Theorem 2.3 for the semi-discrete
method. Note that the second order temporal discretization is used for both cases, therefore, one would expect a second
order convergence even coupled with third order DG spatial discretization. This second order convergence is observed in
Table 5.3, when larger At is used.

5.1.2. Example 2
Next, we consider the two-dimensional stochastic Maxwell equations (3.1) with periodic boundary conditions. Set 11 =
Az =1, and choose W; = 15, then the exact solution to (3.1) takes the form
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Table 5.3

Numerical error and convergence rates of 1D case when k =2 with larger At.
Nx Nt lley |l order llex order
20 60 5.6019E-4 0 5.3547E-4 0
40 120 1.2175E-4 2.2020 9.5595E-5 2.4858
80 240 2.9228E-5 2.0585 2.0804E-5 2.2000
160 480 7.2337E-6 2.0145 4.9803E-6 2.0626

Table 5.4

Numerical error and convergence rates of 2D case when k = 1.
Nx Ny Nt el order lles]| order ller|l order
20 20 200 0.02715 0 0.01749 0 0.01749 0
40 40 400 6.617E-3 2.0366 4.466E-3 1.9696 4.466E-3 1.9696
80 80 800 1.634E-3 2.0176 1.129E-3 1.9839 1.129E-3 1.9839
160 160 1600 4.061E-4 2.0086 2.839E-4 1.9918 2.839E-4 1.9918

Table 5.5

Numerical error and convergence rates of 2D case when k = 2.
Nx Ny Nt llegll order lles]l order ller | order
20 20 200 8.529E-4 0 5.899E-4 0 5.899E-4 0
40 40 400 9.980E-5 3.0952 7.061E-5 3.0628 7.061E-5 3.0628
80 80 800 1.253E-5 2.9939 9.119E-6 2.9529 9.119E-6 2.9529
160 160 1600 1.521E-6 3.0422 1.137E-6 3.0038 1137E-6 3.0038

E =sin(x +t) — cos(y +t) — B,
S=cos(y+t)+ B, (5.2)
T =sin(x+t) + B;.

The spatial domain is set to be [0, 277]%, and the final stopping time is taken to be T = 1. The initial conditions of E, S, T
can be obtained by setting t = 0 in the exact solutions (5.2). We use Nx and Nt to denote number of spatial cells and
temporal steps respectively. The numerical errors and the corresponding convergence rates are shown in Table 5.4 for k=1
and in Table 5.5 for k = 2. Under both cases, we can observe the optimal convergence orders, i.e., (k 4+ 1)-th order of
accuracy, which matches the analysis in Theorem 3.3 for the semi-discrete method.

5.1.3. Example 3
Finally in this section we consider the one-dimensional system (2.1) with space-time mixed noise and periodic boundary
condition. Let A1 = A2 =1 and consider the initial condition

n(x, 0) = sin(x) + cos(x),
u(x, 0) = sin(x) — cos(x).

The computational domain is [ = [0, 2] and we set final time T = 0.1. W; is the space-time mixed Wiener process defined

as
o .
1 sin(mx)
W = \ =3 ——Bm, 5.3

which is truncated by taking the sum over m up to 100 numerically.

Since the exact solution is not available, we compute a set of reference solutions u, 5™ using the refined 10240
spatial computational cells and 102400 time steps. We first generate the random variables AB,Cef and ],Cef = Tl,f f;{"“ Bs —
By, ds on each refined time step. The same discretized Brownian path, but with (a large) time step size 7, is used to compute
the numerical solution. For example, assuming the time interval [ty, t; + 7] with larger 7 can be written as [ty, ty +r7"¢/],

we can evaluate ABy, Ji from the reference ones, by observing that

r—1 1 1 Hetivl 1 r—1
aBe=3 AB, Je=72 f Bds — By = =3 (" Uil + Bu,)) — B
i=0 =0 ¢ i=0

Table 5.6 shows the numerical errors and the corresponding convergence rates for the case k =2, and we can observe the
optimal rate of convergence (k+ 1 th order of accuracy) for this case with space-time mixed noise, which is consistent with
the analytical result in Theorem 2.3.
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Table 5.6
Numerical error and convergence rates of 1D case when k =2 for space-time mixed noise.
Nx Nt lleyll order lleyll order
320 3200 7.9988E-4 0 8.1094E-4 0
640 6400 9.5457E-5 3.0688 8.9730E-5 3.1759
1280 12800 1.2232E-5 2.9642 1.1932E-5 2.9107
2560 25600 1.4548E-6 3.0719 1.4801E-6 3.0112
20 13
12.9
15
>
- o 12.8
2 o
@ 10 c
& w 12.7
5 1 12.6 m— o xact
=== numerical
12.5
0 ;
o o5 1 15 2 25 3 0 1 ' 2 8
time time
(a) )\1:/\2:0 (b) )\1:)\220.1
22 60
20 50
> >
518 540
= =
w 16 w 30
14 m—exact 20 m—exact
=== numerical === numerical
12 10
0 1 2 3 0 1 2 3
time time
(C) )\1:>\2:0.5 (d) )\1:)\2:1

Fig. 5.1. Averaged energy with different sizes of noise for 1D case. (For interpretation of the colors in the figure(s), the reader is referred to the web version
of this article.)

5.2. Averaged energy growth

The discrete energy law satisfied by the numerical solutions u; and 7, was studied in Theorem 2.2 for the one-
dimensional system. Under the same setup of initial condition, noise and boundary condition as in Example 1 and Example
2 in Section 5.1, we simulate the system up to the final stopping time T = 3, with the time step size At =0.0075 and 80
space meshes. In this test, we run the simulations with 2000 samples, and take the average to approximate the expectation
and compute the averaged energy. Fig. 5.1 shows the time history of the averaged energy of our numerical solutions to-
gether with exact solutions with different noise size A1, from which we can observe that the averaged energy of numerical
solutions is almost linear with respect to time. Note that when A1 = A, =0, the global energy is preserved exactly on the
discrete level. When the noise sizes 11> increase, the linear growth rate of the discrete energy also increases. The slopes of
the discrete energy in Fig. 5.1 (b-d) can be computed via least square fitting, and are approximately 0.1228, 3.085, 12.987
respectively. They are proportional to A% + 22, which is consistent with the result in Theorem 2.2. From Fig. 5.1 we can also
observe that the discrete energy growth is very close to the exact energy growth.

Similarly, Theorem 3.2 studied the discrete energy law satisfied by the numerical solutions Ej, Sy and T, for the two-
dimensional system. For this example we simulate the system up to the final stopping time T =1, with the time step size
At =0.0025 and 80 x 80 space meshes. In this test, we run the simulations with 1000 samples, and take the average to
approximate the expectation and compute the averaged energy. Fig. 5.2 shows the time history of the averaged energy of our
numerical solutions and exact solutions with different noise size 113, from which we can observe that the averaged energy
is almost linear with respect to time, and the lines are very close to those of exact solutions. Note that when A1 = A3 =0,
the global energy is preserved exactly on the discrete level. When the noise sizes A, increase, the linear growth rate of
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Fig. 5.2. Averaged energy with different sizes of noise for 2D case.

the discrete energy also increases. The slopes of the lines in Fig. 5.2 (b-d) can be computed via least square fitting, and are
approximately 1.1413, 28.500, 115.08, respectively. They are proportional to Af + 22, which is consistent with the result in
Theorem 3.2.

5.3. Test with noises of various sizes
In this example, we consider the two-dimensional system (3.1), and use the initial conditions studied in [2]:

E(x,y,0) =sin(3mx)sin(4mr y),
S(x,y,0)= —g cos(3mx)cos(4ry),
T(x,y,0) = —2sin(37x) cos(4r y),

with I x J =[O0, %] x [0, %]. The final stopping time is set as T = 1. Following the definition (1.5), we construct the Wiener
process as

> . [ 3 3
W, = 2,/ ———=sin( zmmx)sin(2nwy ) Bmn(t), (5.4)
t m,gz:l m? +n3 <2 ) ( ) "

and truncate the sum (5.4) by taking the sum over m,n from 1 to 50.

In this example, the mesh sizes Ax = Ay = 0.0083 and time step size At =0.00083 are considered. In order to show
the effect of noise with various sizes on the numerical solution, we run the simulations with four sets of parameters:
A1,2=0,0.01,0.05,0.07. The contour plots of the numerical solution S, with these choices of noises are shown in Fig. 5.3.
The 3D plots of Ty are also provided in Fig. 5.4. It can be observed from these figures that the perturbation of the numerical

solutions becomes more and more obvious as the size of the noise grows.
5.4. Long-time behavior of solutions

In this example, we consider the one-dimensional model (2.1) with periodic boundary conditions and W; = 3, and one
possible traveling wave solution takes the form
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Fig. 5.3. Contour plots of Sy (x, y) with different sizes of noise for the test in Section 5.3. 8 uniformly spaced contour lines within the range [—0.8, 0.8] are
used.

n(x, t) = sech?(5(x — t) — 15) — A1 B, (55)
u(x, t) = sech®(5(x — t) — 15) + A2 3. :

The computation domain is set to be [0, 6], with the mesh size Ax =0.0375, and At = 0.003125. The initial condition is
chosen to be the exact solution (5.5) with t =0.

Fig. 5.5 shows the time history of the waveform numerical solutions u; running up to final time T = 28 (almost 5
periods). We can observe that when there is no noise (A1 = A, = 0), the shape and height of the wave does not change
during the simulation, and when small noise exists (A1 = A = 0.1), the height of the wave is impacted by the noise.

Fig. 5.6 demonstrates the comparison of the numerical solution and the exact solution at different times. We choose
A1 =Az =0.1, and run the simulation until T = 103. From Fig. 5.6 we can that the numerical solution almost coincides with
the exact solution at different times, which means that our multi-symplectic DG scheme can preserve the shape and height
of the wave accurately for a long time.

6. Conclusion remark

In this paper we have developed and analyzed the DG scheme for the one- and two-dimensional stochastic Maxwell
equations with additive noise. The proposed methods are shown to satisfy the discrete form of the stochastic energy linear
growth property. The optimal error estimate of the semi-discrete methods is also proven analytically. By introducing auxil-
iary variables, we also rewrite the stochastic Maxwell equations into the multi-symplectic structure and demonstrate that
the proposed DG methods preserve the multi-symplectic structure. The semi-discrete methods are then combined with the
symplectic Euler or PRK temporal discretization methods. Numerical experiments are provided to test the performance of
the resulting methods, and optimal error estimates and linear growth of the discrete energy can be observed for all cases.
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Fig. 5.4. 3D plots of Tj(x, y) with different sizes of noise for the test in Section 5.3.

Fig. 5.5. 3D plots of the time history of the waveform of numerical solutions with or without noise.
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Fig. 5.6. Comparison between numerical solutions and exact solutions at different times.
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