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Abstract
Boussinesq type equations have been widely studied to model the surface water wave. In
this paper, we consider the abcd Boussinesq system which is a family of Boussinesq type
equations including many well-known models such as the classical Boussinesq system, the
BBM-BBM system, the Bona-Smith system, etc. We propose local discontinuous Galerkin
(LDG) methods, with carefully chosen numerical fluxes, to numerically solve this abcd
Boussinesq system. The main focus of this paper is to rigorously establish a priori error esti-
mate of the proposed LDG methods for a wide range of the parameters a, b, c, d . Numerical
experiments are shown to test the convergence rates, and to demonstrate that the proposed
methods can simulate the head-on collision of travelingwave andfinite time blow-up behavior
well.

Keywords Local discontinuous Galerkin methods · Boussinesq equations · Coupled BBM
equations · Error estimate · Numerical fluxes · Head-on collision

Mathematics Subject Classification 65M12 · 65M15 · 65M60

1 Introduction

In this paper, we present and analyze the discontinuous Galerkin (DG) method for a family
of nonlinear dispersive water wave models: the abcd Boussinesq system of the form

⎧
⎪⎨

⎪⎩

ηt + ux + (ηu)x + auxxx − bηxxt = 0,

ut + ηx +
(
u2

2

)

x
+ cηxxx − duxxt = 0,

(1)
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where η denotes the proportional deviation of the free surface from its rest position, and
u represents the proportional horizontal velocity. Here, a, b, c, d are constant satisfying
a + b + c + d = 1/3. When a = b = c = d = 0, this model reduces to the well-
known nonlinear shallow water equations (by replacing 1 + η with water height h). The
goal of the paper is to provide the numerical approximations of (1) via DG methods, and
establish rigorous error estimate on their convergence rate for a wide range of the parameters
a, b, c, d . Periodic boundary conditions are considered for simplicity, and similar analysis
can be extended to other types of boundary conditions.

Nonlinear dispersive water wave models have wide applications in engineering applica-
tions. One typical example frequently encountered in practical is the propagation of water
wave with small amplitude and long wavelength. For such applications, the Boussinesq
approximation forwaterwaves is developed byBoussinesq [9], which leads to theBoussinesq
type equations. These models are derived from the full Euler equations, and have been fre-
quently used inmodelingwaterwaves in shallow seas and harbors.Many differentBoussinesq
type equations have been proposed and studied, including the “good” Boussinesq equation
and the improved Boussinesq equation. In [6], Bona et al. introduced a generalized case of
the Boussinesq equations, which is called the abcd Boussinesq system (1). The constant
parameters a, b, c, d in (1) satisfy the following relation:

a + b = 1

2

(

θ2 − 1

3

)

, c + d = 1

2
(1 − θ2) � 0 (2)

with the scaled height θ ∈ [0, 1]. θ = 0 represents the bottom of the channel and θ = 1 is the
free surface. Based on different choices of the parameters a, b, c, d , this family of equations
reduces to some well-known water wave models, including the classical Boussinesq system
(a = b = c = 0, d = 1/3), the coupledBenjamin-Bona-Mahony (BBM) system (a = c = 0,
b = d = 1/6), the coupled Korteweg-de Vries (KdV) system (b = d = 0, a = c = 1/6),
and the Bona-Smith system (a = 0, b = d), etc.

Since the introduction of the abcd Boussinesq system, there have been many theoretical
and numerical studies of this model. In [7], Bona et al. showed that this system is (locally-
in-time) well posed in the following cases:

a, c � 0 and b, d � 0 or a = c � 0 and b, d � 0.

The global existence of the solutions can only be shown for some special cases of the
parameters a, b, c, d . For instance in [7], Bona et al. confirmed the global existence for
the Bona-Smith system with the assumption that the initial value satisfies some smallness
condition. In [1], Amick proved the global existence for the classical Boussinesq system. In
contrast, previous works show that solutions to some models, for example the coupled BBM
system, could blow up in finite time when 1 + η < 0.

There have been many studies on various numerical methods for the special cases of the
abcdBoussinesq system (1). In [25], Peregrine developed a straight-forward finite difference
approximation to the classical Boussinesq system in order to study the propagation of undular
bore. In [3], Bona and Chen rewrote the coupled BBM system into a system of integral
equations, based on which they proposed a numerical scheme with fourth order accuracy in
both time and space. They also utilized this scheme to simulate the collision of solitary waves.
For the coupled KdV-KdV equations, Bona et al. [8] implemented the standard Galerkin
semidiscretization with periodic smooth spline basis of order k, and numerically obtained
(k + 1)-th order of accuracy for spatial convergence rate. Besides these numerical works for
the special cases of the system (1), there have been several works to tackle the general family
of abcd Boussinesq system with a large class of parameters a, b, c, d . In [2], Antonopoulos
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et al. extended the scheme in [8] onto general a, b, c, d parameters and achieved optimal
order error estimate for the following categories:

(C1) a, c < 0, b, d > 0;
(C2) b, d > 0, a = c > 0;
(C3) either b > 0, d = 0 or b = 0, d > 0, and either a, c < 0 or a = c � 0;
(C4) b, d > 0, ac = 0 and a, c � 0.

Recently, Burtea and Courtès [11] presented fully discrete finite volume scheme for the
Boussinesq system (1), and proved the convergence rate of first order in time and second
order in space (when bd > 0, first order in space when bd = 0). The analysis is provided
for a broad range of the parameters a, b, c, d , which satisfies

a, c � 0 and b, d � 0,

excluding the following cases: a = b = 0, d � 0, c < 0; a = d = 0, b > 0, c < 0;
a = b = d = 0, c < 0 and b = d = 0, a < 0, c < 0.

High-orderDGmethods are considered in this paper to provide efficient numerical approx-
imation of the abcd Boussinesq system (1). The DG method is a class of finite element
methods, which uses completely discontinuous basis functions, i.e., piecewise polynomials.
It inherits the advantages of both finite element and finite volume methods, and has been
widely applied in practical application in the last decade. We refer to [14, 16, 17], and [15]
for a historic review. The DG method has various advantages, such as hp-adaptivity flexibil-
ity, the local conservativity, efficient parallel implementation, easy coordination with finite
volume techniques, the ability of easy handling of complicated geometries and boundary
conditions and so on. For equations with high-order spatial derivatives, several types of DG
methods have been developed, including the interior penalty DG methods, local discon-
tinuous Galerkin (LDG) methods, ultra-weak DG methods, hybridizable DG methods and
many others. Among them, the LDG method was developed by Cockburn and Shu [18], and
the main idea was to rewrite the original equation into a system of first-order equations by
introducing auxiliary variables, and then discretize it with the standard DG methods. With
carefully chosen numerical fluxes, the stability and error estimate of the LDG methods have
been studied for many models with high order spatial derivatives, and we refer to the review
paper [27] for the development and applications of LDG methods.

The LDG method has been applied to the scalar generalized KdV equation

ut + f (u)x + εuxxx = 0

by Xu and Shu [26], and the sub-optimal error estimate of the (k + 1/2)-th order was
obtained. Energy conserving ultra-weak DG and LDG methods for the KdV equation were
studied in [5, 21], where energy conserving methods that exactly preserve the discrete energy
were shown to provide more accurate numerical approximation in the long time simulation.
In [23], energy-conserving LDG methods for the improved Boussinesq equation with the
optimal error estimate were studied. In [10], both energy conserving and energy dissipative
LDG methods are designed for the coupled BBM system. The optimal error estimate of the
LDG methods is carried out only for the linearized BBM system. It is usually challenging to
generalize the error estimate of the scalar nonlinear equation to a nonlinear system. In [24],
the sub-optimal error estimate is acquired for a family of symmetrizable first-order system.
In particular, the nonlinear shallow water equation, i.e., system (1) with a = b = c = d = 0,
is a symmetrizable system. The error estimate of the nonlinear coupled BBM system was not
available in [10], due to the presence of both nonlinear first-order derivative and third-order
mixed derivative terms. Recently, an optimal error estimate of the energy conserving and
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energy-dissipative LDG method for the scalar BBM equation was presented in [22], by a
novel observation to discover the connection between the error of the auxiliary and primary
variables. In this paper, we consider the abcd Boussinesq system (1) and first rewrite the
model into several first order differential equations. The main contribution of this paper is
to design high-order accurate LDG methods, with carefully chosen numerical fluxes, for the
abcd Boussinesq system (1), and to establish rigorous error estimate of the proposed LDG
methods for a wide range of the parameters a, b, c, d , including the coupled nonlinear BBM
system that was not analyzed in [10]. More specifically, we will provide the error estimate for
the cases (C1)–(C4) of the parameters a, b, c, d , similar to those studied in [2], but different
analyses are needed to handle the numerical fluxes and boundaries terms arising from the DG
approximation. One important tool in our analysis is the connection between the error of the
auxiliary and primary variables, discovered in [22]. Numerical examples are also provided to
demonstrate the convergence rates and to show that the proposed method has the capability
to simulate the head-on collision and finite time blow-up behavior well.

The structure of this paper is as follows. Section 2 provides an introduction of the notations
used throughout the paper. In Sect. 3, the proposed LDG scheme and the corresponding
numerical fluxes are presented. Section 4 devotes to the main theoretical results on the error
estimate of the proposedmethods. Depending on different cases of the parameters a, b, c, d ,
several theorems are provided to discuss the convergence rate of the numerical methods.
Numerical results are provided in Sect. 5, which consists of two tests: accuracy test and wave
collisions. Conclusion remarks are given in Sect. 6.

2 Notations and Projections

The computational domain I can be divided into subintervals, denoted by I j =
[
x j− 1

2
, x j+ 1

2

]

for 1, 2, · · · , N . The center of each cell is x j = 1
2 (x j− 1

2
+ x j+ 1

2
) and the mesh size of each

cell is h j = x j+ 1
2
− x j− 1

2
, with the maximummesh size denoted by h = max h j . We further

assume that the mesh to be quasi-uniform, i.e., the ratio h/h j always stay bounded for all
j during mesh refinement. Denote Hk(I j ) as the standard Hilbert space, and Pk(I j ) as the
space of polynomials of degree up to k on the cell I j . The piecewise polynomial space V k

h is
defined as

V k
h = {v : v|I j ∈ Pk(I j ), j = 1, 2, · · · , N }.

The numerical solutions that approximate the unknown functions u, η are denoted by
uh and ηh in the solution space V k

h . For ease of presentation, the following notations are
introduced: for any function g(x), and xλ inside the computational domain where λ comes
from some index set, define

gλ = g(xλ), g±
λ = lim

x→x±
λ

g(x), [g]λ = g+
λ − g−

λ , {g}λ = 1

2
(g+

λ + g−
λ ).

In our analysis, we use the following norms:

• ‖v‖ = ‖v‖L2 , and ‖v‖∞ denote the L2 norm and L∞ norm of v;

• ‖v‖�h
=

√
N∑

j=1
(v±

j+ 1
2
)2, where �h denotes the set of boundary points of all the elements

I j ;
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• |[v]| =
√

N∑

j=1
[v]2

j+ 1
2
.

Throughout this paper, C denotes a generic positive constant independent of the spatial and
temporal step sizes h and �t , which may have different values at different occasions.

Next, we discuss some projection operators that will be used in the error estimate analysis,
and present their approximation property. We define the standard L2 projection P in the
following way: for any element I j ,

∫

I j
(Pg − g(x))v(x)dx = 0, ∀v(x) ∈ Pk(I j ).

The Radau projection P± is defined such that for any element I j , we have

∫

I j
(P+g − g(x))v(x)dx = 0, ∀v(x) ∈ Pk−1(I j ), and (P+g)+

j− 1
2

= g j− 1
2
,

∫

I j
(P−g − g(x))v(x)dx = 0, ∀v(x) ∈ Pk−1(I j ), and (P−g)−

j+ 1
2

= g j+ 1
2
.

The following approximation property of these projections has been studied in [12] and is
listed below:

‖P∗g − g‖ + h‖P∗g − g‖∞ + h
1
2 ‖P∗g − g‖�h

� Chk+1, (3)

where P∗ = P,P±.
Another useful tool to be used throughout this paper is the inverse property: for any

g ∈ V k
h , we have

‖gx‖ � Ch−1‖g‖, ‖g‖�h
� Ch− 1

2 ‖g‖. (4)

3 The Local Discontinuous Galerkin Method

Following the idea of LDGmethod, we first rewrite the system of (1) as a system of first-order
equations

ηt + ux + (ηu)x + aqx − bθt = 0, w = ηx , θ = ζ = wx , (5a)

ut + ηx + f (u)x + cζx − dpt = 0, v = ux , p = q = vx , (5b)

where f (u) = u2/2. Denote the nonlinear flux term as F(η, u) = (u + ηu, η + u2/2)T, and
introduce its approximation via the standard Lax-Friedrichs numerical flux:

F̂ =
⎛

⎝
{uh} + {ηhuh} − α

2
[ηh]

{ηh} + 1

2
{u2h} − α

2
[uh]

⎞

⎠ =:
(
F̂1
F̂2

)

, (6)

where α = max(|u|+√|1 + η|) with the maximum taking over the whole region. The LDG
method for approximating (5) is given as follows: find ηh, uh, vh, wh, ph, θh, qh, ζh ∈ V k

h ,
such that the following equations
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⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∫

I j
(ηh − bθh)tρdx −

∫

I j
(uh + uhηh + aqh)ρxdx + (F̂1+aq̂h)ρ

−
j+ 1

2
−(F̂1+aq̂h)ρ

+
j− 1

2
= 0,

∫

I j
(uh−dph)t ρ̃dx−

∫

I j
(ηh+ f (uh)+cζh)ρ̃xdx+(F̂2 + ĉζh)ρ̃

−
j+ 1

2
−(F̂2 + ĉζh)ρ̃

+
j− 1

2
= 0,

∫

I j
vhφdx +

∫

I j
uhφxdx − ûhφ

−
j+ 1

2
+ ûhφ

+
j− 1

2
= 0,

∫

I j
phψdx +

∫

I j
vhψxdx − v̂hψ

−
j+ 1

2
+ v̂hψ

+
j− 1

2
= 0,

∫

I j
qhϕdx +

∫

I j
vhϕxdx −

̂

vhϕ
−
j+ 1

2
+

̂

vhϕ
+
j− 1

2
= 0,

∫

I j
wh φ̃dx +

∫

I j
ηh φ̃xdx − η̂h φ̃

−
j+ 1

2
+ η̂h φ̃

+
j− 1

2
= 0,

∫

I j
θhψ̃dx +

∫

I j
whψ̃xdx − ŵhψ̃

−
j+ 1

2
+ ŵhψ̃

+
j− 1

2
= 0,

∫

I j
ζh ϕ̃dx +

∫

I j
wh ϕ̃xdx −

̂

wh ϕ̃
−
j+ 1

2
+

̂

wh ϕ̃
+
j− 1

2
= 0

(7)

hold for all the test functionsρ, φ,ψ, ρ̃, φ̃, ψ̃, ϕ, ϕ̃ ∈ V k
h .We choose the following numerical

fluxes:
⎧
⎨

⎩

q̂h = q−
h , η̂h = η+

h , ŵh = w−
h ,

̂

wh = w−
h + sgn(a)

λ[vh ]
2 ,

ζ̂h = ζ−
h , ûh = u+

h , v̂h = v−
h ,

̂

vh = v+
h + sgn(c) λ[wh ]

2

(8)

at the cell interfaces, where sgn(a) represents the sign of parameter a and λ is a positive
constant. Without loss of generality, λ is taken as 1 in the remainder of this paper.

Notice that this choice of numerical fluxes is not unique. To ensure stability, the essential
guideline is to take q̂h and ûh from the opposite direction, ζ̂h and η̂h from the opposite
direction. Another remark is that wx and vx are both approximated by two variables (θ , ζ

and p, q), which leads to two different fluxes for vh and wh . This will be useful in our error
estimate. For short hand notation, we introduce the DG discretization operator A j , defined
in the following way:

A j ( f , g; f̂ ) =
∫

I j
f gxdx −

(

f̂ g−
)

j+ 1
2

+
(

f̂ g+
)

j− 1
2

,

for any g ∈ V k
h and f ∈ Hk+1(I ), with f̂ being the numerical fluxes.

The initial data uh(x, 0), ηh(x, 0), vh(x, 0), wh(x, 0), ph(x, 0) are chosen in the fol-
lowing way to ensure the good approximation property of these initial data at t = 0. Given
initial condition u(x, 0) = u0(x) and η(0, x) = η0(x), define

uh(x, 0) = P+u(x, 0), ηh(x, 0) = P+η(x, 0),

and let vh(x, 0), wh(x, 0), ph(x, 0) be the solutions to the following equations:
∫

I j
vhφdx +

∫

I j
uhφxdx − ûhφ

−
j+ 1

2
+ ûhφ

+
j− 1

2
= 0, (9)

∫

I j
wh φ̃dx +

∫

I j
ηh φ̃xdx − η̂h φ̃

−
j+ 1

2
+ η̂h φ̃

+
j− 1

2
= 0, (10)

∫

I j
phψdx +

∫

I j
vhψxdx − v̂hψ

−
j+ 1

2
+ v̂hψ

+
j− 1

2
= 0. (11)
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Lemma 1 The numerical initial conditions satisfy

‖u(x, 0) − uh(x, 0)‖2 + ‖v(x, 0) − vh(x, 0)‖2 � Ch2k+2,

‖η(x, 0) − ηh(x, 0)‖2 + ‖w(x, 0) − wh(x, 0)‖2 � Ch2k+2,

‖p(x, 0) − ph(x, 0)‖2 � Ch2k .

Proof By the projection property (3), we have

‖u(x, 0) − uh(x, 0)‖ = ‖P+u(x, 0) − u(x, 0)‖ � Chk+1,

‖η(x, 0) − ηh(x, 0)‖ = ‖P+η(x, 0) − η(x, 0)‖ � Chk+1.

Equation (9) leads to the error equation
∫

I j
(v − vh)φdx +

∫

I j
(u − P+u)φxdx − (

(u − P+u)+φ−)

j+ 1
2

+ (
(u − P+u)+φ+)

j− 1
2

= 0,

which reduces to
∫

I j
(v − vh)φdx = 0,

as a result of the projection P+. Choose φ = Pv − vh , and decompose v − vh = (Pv −
vh) − (Pv − v). We have

∫

I j
(Pv − vh)

2dx =
∫

I j
(Pv − v)(Pv − vh)dx = 0.

Therefore, we conclude vh(x, 0) = Pv(x, 0), and ‖v(x, 0)− vh(x, 0)‖ � Chk+1. Similarly,
we can show that ‖w(x, 0) − wh(x, 0)‖ � Chk+1. Equation (11) leads to
∫

I j
(p − ph)ψdx +

∫

I j
(v − Pv)ψxdx − (

(v − Pv)−ψ−)

j+ 1
2

+ (
(v − Pv)−ψ+)

j− 1
2

= 0.

By choosing ψ = P p − ph and decomposing p − ph = (P p − ph) − (P p − p), we have
∫

I j
(P p − ph)

2dx = (
(Pv − v)−[P p − ph]

)

j+ 1
2
.

Summing over all cells I j , utilizing the inverse property (4) and the projection property (3),
we obtain

∫

I
(P p − ph)

2dx =
N∑

j=1

(
(Pv − v)−[P p − ph]

)

j+ 1
2

=
N∑

j=1

(
h− 1

2 (Pv − v)−h
1
2 [P p − ph]

)

j+ 1
2

� 1

2

∫

I
(P p − ph)

2dx + Ch2k,

which leads to ‖p(x, 0) − ph(x, 0)‖2 � Ch2k and finishes the proof.
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Note that the (suboptimal) initial error of ph is only used in the proof of Theorem 5, and
the error estimate in that theorem is also suboptimal. One may construct a different choice
of the numerical initial values to ensure the optimal error of ph as well, see for instance [20].

4 Error Estimate

In this section, we derive the error estimate of the proposed semi-discrete LDG method
(7). The analysis will be separated into five subsections, each corresponding to one of five
different cases of the parameters a, b, c and d to be studied.

We start by defining the error terms and presenting the error equations. For any function
g and its numerical approximation gh , the error can be separated into two components

eg := g − gh = ξ g − εg, (12)

where

ξ g = P∗g − gh, εg = P∗g − g,

denote the error between a particular projection P∗ of g and the numerical solution, and the
projection error, respectively. Here P∗ could be P or P±, and may vary for different g. For
our unknown variables, the following projections are taken as

P+η, Pθ, Pζ, Pw, P+u, P p, Pq, Pv.

We would like to comment that these projections are for the purpose of proving the error
estimate only, and will not be used in our numerical method (7) nor its numerical implemen-
tation.

Clearly the exact solutions also satisfy the Eq. (7), and one can show that the following
error equations:

∫

I j
((ξη − εη) − b(ξ θ − εθ ))tρdx − aA j (ξ

q − εq , ρ; (ξq − εq)−)

=
∫

I j
((ξu − εu) + (uη − uhηh))ρxdx − ((u + ηu − F̂1)ρ

−) j+ 1
2

+ ((u + ηu − F̂1)ρ
+) j− 1

2
, (13)

∫

I j
((ξu − εu) − d(ξ p − ε p))t ρ̃dx − cA j (ξ

ζ − εζ , ρ̃; (ξ ζ − εζ )−)

=
∫

I j
((ξη − εη) + f (u) − f (uh))ρ̃xdx − ((η + f (u) − F̂2)ρ̃

−) j+ 1
2

+ ((η + f (u) − F̂2)ρ̃
+) j− 1

2
, (14)

∫

I j
(ξv − εv)φdx + A j (ξ

u − εu, φ; (ξu − εu)+) = 0, (15)

∫

I j
(ξ p − ε p)ψdx + A j (ξ

v − εv, ψ; (ξv − εv)−) = 0, (16)

∫

I j
(ξq − εq)ϕdx + A j

(

ξv − εv, ϕ; (ξv − εv)+ + sgn(c)

2
[ξw − εw]

)

= 0, (17)
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∫

I j
(ξw − εw)φ̃dx + A j (ξ

η − εη, φ̃; (ξη − εη)+) = 0, (18)

∫

I j
(ξ θ − εθ )ψ̃dx + A j (ξ

w − εw, ψ̃; (ξw − εw)−) = 0, (19)

∫

I j
(ξ ζ − εζ )ϕ̃dx + A j

(

ξw − εw, ϕ̃; (ξw − εw)− + sgn(a)

2
[ξv − εv]

)

= 0 (20)

hold for all the test functions ρ, φ,ψ, ρ̃, φ̃, ψ̃, ϕ, ϕ̃ ∈ V k
h .

Before stating themain results on the error estimate,wewould like to provide the following
lemma that will be frequently used in the proof. This lemma, presented in [22, Lemma 2.4],
provides the relation between the error of the variable gh and that of the other variable which
approximates gx .

Lemma 2 For uh, ηh, vh, wh defined in the DGmethod (7), there exist the following inequal-
ities:

‖ξux ‖ + h− 1
2 |[ξu]| � C‖ξv‖, ‖ξη

x ‖ + h− 1
2 |[ξη]| � C‖ξw‖.

To deal with the nonlinear term appearing in this model, we make the following a priori
error estimate assumption:

for h small enough, ‖u − uh‖ + ‖η − ηh‖ � h.

The same technique has been studied in [22, 26] to treat the nonlinear term in the KdV and
BBM equations. We refer to these papers for the detailed explanation of this technique, and
the verification to justify why such assumption could be made.

4.1 The Case of a, c < 0 and b, d > 0

Theorem 1 When a, c < 0 and b, d > 0, let u, η be the exact solutions to the system (1)
which are sufficiently smooth and bounded. Let ηh, uh ∈ V k

h be the numerical solutions of
the LDG scheme (7). For small enough h, there holds the following error estimate:

‖u − uh‖2 + ‖η − ηh‖2 + ‖v − vh‖2 + ‖w − wh‖2 � Ch2k+1. (21)

Choose the test functions ρ = −cξη, ρ̃ = −aξu in (13) and (14), φ = −adξv
t +

acξζ , φ̃ = −bcξw
t + acξq in (15) and (18), ψ = −adξu, ψ̃ = −bcξη after taking the time

derivative of (16) and (19), and ϕ = −acξw, ϕ̃ = −acξv in (17) and (20), respectively.
Summing up all these equations and applying the property of the projection operator, i.e.,

∫

I j
ε pφdx =

∫

I j
εθφdx =

∫

I j
εvφdx =

∫

I j
εwφdx =

∫

I j
εv
t φdx

=
∫

I j
εw
t φdx = 0, ∀φ ∈ V k

h ,

and

A j (ε
u, φ; (εu)+) = A j (ε

η, φ; (εη)+) = 0, ∀φ ∈ V k−1
h ,

we have

P j − Q j = −cH j − aC j , (22)
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where

H j =
∫

I j
((ξu − εu) + (uη − uhηh))ξ

η
x dx − ((u + ηu − F̂1)ξ

η,−) j+ 1
2

+ ((u + ηu − F̂1)ξ
η,+) j− 1

2
, (23)

C j =
∫

I j
((ξη − εη) + f (u) − f (uh))ξ

u
x dx − ((η + f (u) − F̂2)ξ

u,−) j+ 1
2

+ ((η + f (u) − F̂2)ξ
u,+) j− 1

2
, (24)

P j =1

2

∂

∂t

∫

I j

(−c(ξη)2 − bc(ξw)2 − a(ξu)2 − ad(ξv)2
)
dx − bc(ξw,−

t ξη,+) j− 1
2

+ bc(ξw,−
t ξη,+) j+ 1

2

− ad(ξ
v,−
t ξu,+) j− 1

2
+ ad(ξ

v,−
t ξu,+) j+ 1

2
+ ac(ξq,−ξη,+) j− 1

2
− ac(ξq,−ξη,+) j+ 1

2

+ ac(ξ ζ,−ξu,+) j− 1
2

− ac(ξ ζ,−ξu,+) j+ 1
2

− ac(ξv,+ξw,−) j− 1
2

+ ac(ξv,+ξw,−) j+ 1
2
,

(25)

Q j =
∫

I j

(−cξηε
η
t − aξuεut

)
dx + ac

(
(εq,−ξη,+) j− 1

2
− (εq,−ξη,−) j+ 1

2
+ (εζ,−ξu,+) j− 1

2

−(εζ,−ξu,−) j+ 1
2

)

− ac

(

(εv,+ − 1

2
[εw] + 1

2
[ξw])ξw,+

)

j− 1
2

+ ac

(

(εv,+ − 1

2
[εw] + 1

2
[ξw])ξw,−

)

j+ 1
2

− ad
(
(ε

v,−
t ξu,+) j− 1

2
− (ε

v,−
t ξu,−) j+ 1

2

)
− bc

(
(ε

w,−
t ξη,+) j− 1

2
− (ε

w,−
t ξη,−) j+ 1

2

)

− ac

(

(εw,+ − 1

2
[εv] + 1

2
[ξv])ξv,+

)

j− 1
2

+ ac

(

(εw,+ − 1

2
[εv] + 1

2
[ξv])ξv,−

)

j+ 1
2

.

(26)

Summing over all the cells I j , noting |a| = −a, |c| = −c, yields,

N∑

j=1

P j −
N∑

j=1

Q j =
N∑

j=1

|c|H j +
N∑

j=1

|a|C j . (27)

We would like to first establish Lemmas 3 and 4, and the proof of this theorem is a direct
result of these two lemmas. Moreover, these lemmas will be used frequently in the proof of
other theorems in this section.

Lemma 3 For the terms P j and Q j defined in (25) and (26), we have

N∑

j=1

P j = 1

2

∂

∂t

∫

I

(|c|(ξη)2 + |bc|(ξw)2 + |a|(ξu)2 + |ad|(ξv)2
)
dx, (28)

N∑

j=1

Q j �
(‖ξu‖2 + ‖ξη‖2 + ‖ξw‖2 + ‖ξv‖2) + Ch2k+1. (29)
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Proof By summing P j in (25) over all the elements I j , we have

N∑

j=1

P j = 1

2

∂

∂t

∫

I

(|c|(ξη)2 + |bc|(ξw)2 + |a|(ξu)2 + |ad|(ξv)2
)
dx,

where all the cell interface terms cancelled due to the periodic boundary conditions. Similarly,
summing Q j in (26) over all the elements I j yields

N∑

j=1

Q j =
∫

I

(−cξηε
η
t − aξuεut

)
dx

+
N∑

j=1

(
(−bcεw,−

t + acεq,−)[ξη]
)

j+ 1
2

−
N∑

j=1

ac

(

(εv,+ − 1

2
[εw] + 1

2
[ξw])[ξw]

)

j+ 1
2

+
N∑

j=1

(
(−adε

v,−
t + acεζ,−)[ξu ]

)

j+ 1
2

−
N∑

j=1

ac

(

(εw,− − 1

2
[εv] + 1

2
[ξv])[ξv]

)

j+ 1
2

.

(30)

By Young’s inequality and the projection property (3), we can easily show that
∫

I

(−cξηε
η
t − aξuεut

)
dx � ‖ξu‖2 + ‖ξη‖2 + Ch2k+2.

According to Young’s inequality, the projection property, and Lemma 2, we have

N∑

j=1

(
(−bcεw,−

t + acεq,−)[ξη]
)

j+ 1
2

� C
N∑

j=1

h−1[ξη]2
j+ 1

2
+ Ch

(‖εw
t ‖2�h

+ ‖εqt ‖2�h

)

� C‖ξw‖2 + Ch2k+2. (31)

Similarly, we have

N∑

j=1

(
(−adε

v,−
t + acεζ,−)[ξu]

)

j+ 1
2

� C‖ξv‖2 + Ch2k+2.

The Young’s inequality and the projection property (3) lead to
∣
∣
∣
∣
∣
∣

N∑

j=1

(
εv,+[ξw]) j+ 1

2

∣
∣
∣
∣
∣
∣
�

N∑

j=1

1

4
[ξw]2

j+ 1
2

+ Ch2k+1,

∣
∣
∣
∣
∣
∣

N∑

j=1

([εw][ξw]) j+ 1
2

∣
∣
∣
∣
∣
∣
�

N∑

j=1

1

2
[ξw]2

j+ 1
2

+ Ch2k+1.

Therefore,

−
N∑

j=1

(

(εv,+ − 1

2
[εw] + 1

2
[ξw])[ξw]

)

j+ 1
2

� Ch2k+1,

and similarly,

−
N∑

j=1

(

(εw,− − 1

2
[εv] + 1

2
[ξv])[ξv]

)

j+ 1
2

� Ch2k+1.
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Collecting all these approximations, (30) becomes

N∑

j=1

Q j � (‖ξu‖2 + ‖ξη‖2 + ‖ξv‖2 + ‖ξw‖2) + Ch2k+1,

which finishes the proof.

Lemma 4 For the approximation of the nonlinear termsH j and C j defined in (23) and (24),
we have

N∑

j=1

|c|H j � C
(‖ξu‖2 + ‖ξη‖2 + ‖ξw‖2) + Ch2k+2, (32)

N∑

j=1

|a|C j � C
(‖ξu‖2 + ‖ξη‖2 + ‖ξv‖2) + Ch2k+2. (33)

Proof Following the definition (23) of H j , we have

N∑

j=1

H j =
∫

I
((ξu − εu) + uη − uhηh)ξ

η
x dx +

N∑

j=1

(
(u + uη − F̂1)[ξη]) j+ 1

2
=: I + II,

which is separated into two terms to be treated differently. We start with providing the bound
of I . It can be observed that

∫

I
(ξu − εu)ξη

x dx =
∫

I
ξuξη

x dx � 1

2
(‖ξu‖2 + ‖ξη

x ‖2) � C(‖ξu‖2 + ‖ξw‖2),

where the first equality follows from the projection property and the last inequality uses
Lemma 2. Furthermore, the difference of the nonlinear term becomes

uη − uhηh = u(ξη − εη) + η(ξu − εu) − (ξη − εη)(ξu − εu). (34)

By applying Lemma 2 and the projection error (3), and utilizing the assumption that u and
η are uniformly bounded, we have

∫

I
u(ξη − εη)ξη

x dx � C(‖ξη‖2 + ‖εη‖2 + ‖ξη
x ‖2) � C(‖ξη‖2 + ‖ξw‖2) + Ch2k+2,

∫

I
η(ξu − εu)ξη

x dx � C(‖ξu‖2 + ‖εu‖2 + ‖ξη
x ‖2) � C(‖ξu‖2 + ‖ξw‖2) + Ch2k+2,

and, since ξu − εu = u − uh is also uniformly bounded by a priori assumption,
∫

I
(ξu − εu)(ξη − εη)ξη

x dx � C(‖ξu‖2 + ‖ξη‖2 + ‖ξw‖2) + Ch2k+2,

which leads to the estimate

I � C(‖ξu‖2 + ‖ξη‖2 + ‖ξw‖2) + Ch2k+2.

Next, we approximate the term II, which is separated into the sum of the following four
terms:
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II =
N∑

j=1

(
(u + ηu − F̂1)[ξη]) j+ 1

2
=

N∑

j=1

(
(u + uη − {uh} − {ηhuh} + α

2
[ηh])[ξη]

)

j+ 1
2

=
N∑

j=1

(
(u − {uh})[ξη]) j+ 1

2
+ 1

2

N∑

j=1

(
(ηu − η+

h u
+
h )[ξη]) j+ 1

2
+ 1

2

N∑

j=1

(
(ηu − η−

h u
−
h )[ξη]) j+ 1

2

+ α

2

N∑

j=1

([ηh][ξη]) j+ 1
2

=: II1 + II2 + II3 + II4.

By Young’s inequality and Lemma 2, we have

II1 =
N∑

j=1

(
({ξu} − {εu})[ξη]) j+ 1

2
=

N∑

j=1

(
h

1
2 ({ξu − εu})h− 1

2 [ξη]
)

j+ 1
2

� Ch
(‖ξu‖2�h

+‖εu‖2�h

)+C
N∑

j=1

h−1[ξη]2
j+ 1

2

� C
(
‖ξu‖2 + h2k+2

)
+ C‖ξw‖2. (35)

Utilizing the decomposition (34) and applying Young’s inequality and Lemma 2 yield

II3 = 1

2

N∑

j=1

((
u(ξη,−−εη,−)+η(ξu,−−εu,−)−(ξη,−−εη,−)(ξu,−−εu,−)

) [ξη]) j+ 1
2

� C
(
‖ξu‖2 + ‖ξη‖2 + h2k+2

)
+ C‖ξw‖2. (36)

Following the similar analysis, and noting that (εη,+) j+ 1
2

= (εu,+) j+ 1
2

= 0 as a result of
these Radau projections, we can obtain

II2 � C(‖ξu‖2 + ‖ξη‖2) + C‖ξw‖2,
and furthermore, since −[ηh] = [η − ηh] = [ξη − εη],

II4 = α

2

N∑

j=1

([εη − ξη][ξη]) j+ 1
2

= α

2

N∑

j=1

([εη][ξη]) j+ 1
2

− α

2

N∑

j=1

[ξη]2
j+ 1

2

� C(‖ξw‖2 + h2k+2) + Ch‖ξw‖2.
The combination of these results leads to

N∑

j=1

H j = I + II � C
(‖ξu‖2 + ‖ξη‖2 + ‖ξw‖2) + Ch2k+2.

Following the similar line of the proof, we can obtain the approximation of C j ,

N∑

j=1

C j � C(‖ξu‖2 + ‖ξη‖2 + ‖ξv‖2) + Ch2k+2,

which finishes the proof.
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Combining the results of Lemma 3 and Lemma 4 with (27), we obtain

∂

∂t

∫

I

(|c|(ξη)2 + |bc|(ξw)2 + |a|(ξu)2 + |ad|(ξv)2
)
dx

� C
(‖ξu‖2 + ‖ξη‖2 + ‖ξv‖2 + ‖ξw‖2) + Ch2k+1.

Applying the Gronwall’s inequality, combining with Lemma 1 on the optimal errors of the
initial conditions, and the optimal projection error of ‖εu,η,v,w‖, we have the error estimate
(21), which finishes the proof of Theorem 1.

Remark 1 As observed in (5), two auxiliary variables (θ and ζ ) are introduced to approximate
wx , and as a result, the ηxxt and ηxxx terms are rewritten as θt and ζx , respectively. We use
the alternating flux when evaluating θh , and the upwind flux when evaluating ζh . The extra
numerical dissipation introduced by this upwind flux is important in bounding the term Q j ,
otherwise, the approximationwill reduce to the order of h2k . For the same reason, the auxiliary
variables (p and q) are introduced to approximate vx .

4.2 The Case of a = c � 0, b, d > 0

Theorem 2 When a = c � 0, b, d > 0, let u, η be the exact solutions to the system (1)
which are sufficiently smooth and bounded. Let ηh, uh ∈ V k

h be the numerical solutions of
the LDG scheme. For small enough h, there holds the following error estimate:

‖u − uh‖2 + ‖η − ηh‖2 + ‖v − vh‖2 + ‖w − wh‖2 � Ch2k+1. (37)

In particular, if a = c = 0, we have

‖u − uh‖2 + ‖η − ηh‖2 + ‖v − vh‖2 + ‖w − wh‖2 � Ch2k+2. (38)

Proof The proof of this theorem is similar to that of Theorem 1. Below we will sketch the
proof and mainly present the different steps.

Choose the test functions ρ = ξη, ρ̃ = ξu in (13) and (14), φ = dξv
t − aξζ , φ̃ =

bξw
t − aξq in (15) and (18), ψ = dξu, ψ̃ = bξη after taking the time derivative of (16) and

(19), and ϕ = aξw, ϕ̃ = aξv in (17) and (20), respectively. Summing up all these equations
and applying the property of the projection operator, we obtain

N∑

j=1

P j −
N∑

j=1

Q j =
N∑

j=1

H j +
N∑

j=1

C j ,
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where the nonlinear term H j and C j are defined in (23) and (24), and

N∑

j=1

P j = 1

2

∂

∂t

∫

I

(
(ξη)2 + b(ξw)2 + (ξu)2 + d(ξv)2

)
dx,

N∑

j=1

Q j =
∫

I

(
ξηε

η
t + ξuεut

)
dx +

N∑

j=1

(
(bεw,−

t − aεq,−)[ξη]
)

j+ 1
2

+
N∑

j=1

a

(

(εv,+ + 1

2
[εw] − 1

2
[ξw])[ξw]

)

j+ 1
2

+
N∑

j=1

(
(dε

v,−
t − aεζ,−)[ξu]

)

j+ 1
2

+
N∑

j=1

a

(

(εw,− + 1

2
[εv] − 1

2
[ξv])[ξv]

)

j+ 1
2

=: I + II + III + IV + V.

Following the exactly same analysis as that in Lemma 3 yields

I + II + IV � C
(
‖ξη‖2 + ‖ξu‖2 + ‖ξw‖2 + ‖ξv‖2 + h2k+2

)
,

then

III + V = |a|
⎛

⎝
N∑

j=1

(

(εv,+ + 1

2
[εw] − 1

2
[ξw])[ξw]

)

j+ 1
2

+
N∑

j=1

(

(εw,− + 1

2
[εv] − 1

2
[ξv])[ξv]

)

j+ 1
2

⎞

⎠ � C |a|h2k+1.

Therefore,

N∑

j=1

P j −
N∑

j=1

Q j � 1

2

∂

∂t

∫

I

(
(ξη)2 + b(ξw)2 + (ξu)2 + d(ξv)2

)
dx

− C
(
‖ξη‖2 + ‖ξu‖2 + ‖ξw‖2 + ‖ξv‖2 + h2k+2 + |a|h2k+1

)
.

Combining this with the result in Lemma 4, we have

∂

∂t

∫

I

(
(ξη)2 + b(ξw)2 + (ξu)2 + d(ξv)2

)
dx

� C
(‖ξu‖2 + ‖ξw‖2 + ‖ξη‖2 + ‖ξv‖2)

+C
(
h2k+2 + |a|h2k+1

)
,

which leads to (37) when a 	= 0, and (38) when a = 0.

Remark 2 We would like to point out that when a = c = 0, this model reduces to the
coupled BBM equations. In [10], LDG methods were presented for this model, based on
slightly different reformulation of the original model. Both energy conserving and energy
dissipative methods were studied in that paper, however, optimal error estimate analysis was
obtained only for the linearized model. In this theorem, we are able to provide the optimal
error estimate for the fully nonlinear BBM-BBM equations.
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4.3 The Case of Either b > 0, d = 0 or b = 0, d > 0, and Either a, c < 0 or a = c � 0

Two theorems will be presented in this subsection, with the first one on the case of d =
0, b > 0 and the other on the case of b = 0, d > 0.

Theorem 3 When b > 0, d = 0, either a, c < 0 or a = c � 0, let u, η be the exact
solutions to the system (1) which are sufficiently smooth and bounded. Let ηh, uh ∈ V k

h be
the numerical solutions of the LDG scheme (7). For small enough h there holds the following
error estimate

‖u − uh‖2 + ‖η − ηh‖2 + ‖w − wh‖2 � Ch2k+1. (39)

Below we only present the proof for the case of a, c < 0, which follows the steps as that in
Theorem 1. The other case of a = c � 0 can be shown in a similar way, by combining the
proof below with that of Theorem 2.

Proof When d = 0, a, c < 0, b > 0, the system (1) reduces to
{

ηt + ux + (ηu)x + auxxx − bηxxt = 0,

ut + ηx +
(
u2
2

)

x
+ cηxxx = 0.

(40)

Follow the step as in the proof of Theorem 1 to obtain

N∑

j=1

P j −
N∑

j=1

Q j =
N∑

j=1

|c|H j +
N∑

j=1

|a|C j , (41)

whereP j ,Q j ,H j and C j have the exact same definitions, except with d = 0. FromLemma 3,
we have

N∑

j=1

P j = 1

2

∂

∂t

∫

I

(|c|(ξη)2 + |bc|(ξw)2 + |a|(ξu)2) dx, (42)

N∑

j=1

Q j � C
(
‖ξu‖2 + ‖ξη‖2 + ‖ξw‖2 + h2k+1

)
+ ac

N∑

j=1

(
εζ,−[ξu]) j+ 1

2
, (43)

where the last term in
j=1∑

N
Q j cannot be bounded as what is done in Lemma 3 due to d = 0.

We refer to (32) for the estimate of H j .
The approximation of C j needs to be handled differently, since we can not allow ‖ξv‖,

which does not appear in (42), to show up here. Recall that

N∑

j=1

|a|C j =
∫

I
|a|

(

ξη − εη + u2

2
− u2h

2

)

ξux dx +
N∑

j=1

|a|
((

η + u2

2
− F̂2

)

[ξu]
)

j+ 1
2

,

which can be separated into the linear term and nonlinear term

N∑

j=1

|a|C j =
∫

I
|a| (ξη − εη

)
ξux dx +

N∑

j=1

|a| ((η − {ηh}) [ξu]) j+ 1
2

+
∫

I
|a|

(
u2

2
− u2h

2

)

ξux dx

+
N∑

j=1

|a|
((

u2

2
− f̂

)

[ξu]
)

j+ 1
2

(44)

123



Commun. Appl. Math. Comput.

with f̂ = F̂2 − {ηh} = {u2h}
2 − α

2 [uh]. Applying the projection property and integration by
parts, the linear part can be reformulated as

∫

I
|a| (ξη − εη

)
ξux dx +

N∑

j=1

|a| ((η − {ηh}) [ξu]) j+ 1
2

=
∫

I
|a|ξηξux dx +

N∑

j=1

|a| ({ξη − εη}[ξu]) j+ 1
2

= −
∫

I
|a|ξη

x ξudx −
N∑

j=1

|a| ({ξη}[ξu] + [ξη]{ξu}) j+ 1
2

+
N∑

j=1

|a| ({ξη − εη}[ξu]) j+ 1
2

= −
∫

I
|a|ξη

x ξudx −
N∑

j=1

|a| ({εη}[ξu] + [ξη]{ξu}) j+ 1
2
. (45)

Utilizing Lemma 2, the first term can be bounded as

−
∫

I
|a|ξη

x ξudx � |a|‖ξη
x ‖‖ξu‖ � C‖ξw‖2 + ‖ξu‖2,

and the second term can be approximated by

−
N∑

j=1

|a| ({εη}[ξu] + [ξη]{ξu}) j+ 1
2

= −
N∑

j=1

(
|a|h− 1

2 [ξη]h 1
2 {ξu}

)

j+ 1
2

−
N∑

j=1

(|a|{εη}[ξu ]) j+ 1
2

� Ch−1
N∑

j=1

[ξη]2
j+ 1

2
+ Ch

N∑

j=1

[ξu ]2
j+ 1

2
−

N∑

j=1

(|a|{εη}[ξu ]) j+ 1
2

� C
(
‖ξw‖2 + ‖ξu‖2

)
−

N∑

j=1

(|a|{εη}[ξu ]) j+ 1
2

. (46)

To estimate the nonlinear terms in (44), we introduce the following lemma, which is exactly
Lemma 3.4 and Lemma 3.5 in [26], and we will omit the proof here.

Lemma 5 With f (u) and f̂ defined above, there exists some positive number α( f̂ ; uh)
such that

∫

I
|a| ( f (u) − f (uh)) ξux dx +

N∑

j=1

|a| (( f (u) − f̂ )[ξu]) j+ 1
2

� −1

4

N∑

j=1

(
α( f̂ ; uh)[ξu]2

)

j+ 1
2

+ C
(
‖ξu‖2 + h2k+1

)
.

Combining all these estimates together, we have the following result:

N∑

j=1

|a|C j � C
(
‖ξu‖2 + ‖ξw‖2 + h2k+1

)
− 1

4

N∑

j=1

(
α( f̂ ; uh)[ξu]2

)

j+ 1
2

−
N∑

j=1

(|a|{εη}[ξu]) j+ 1
2

.
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Recall that

N∑

j=1

P j −
N∑

j=1

Q j =
N∑

j=1

|c|H j +
N∑

j=1

|a|C j ,

we have

1

2

∂

∂t

∫

I

(
|c|(ξη)2 + |bc|(ξw)2 + |a|(ξu)2

)
dx + 1

4

N∑

j=1

(
α( f̂ ; uh)[ξu ]2

)

j+ 1
2

� C
(
‖ξu‖2 + ‖ξη‖2 + ‖ξw‖2 + h2k+1

)
+ ac

N∑

j=1

(
εζ,−[ξu ]) j+ 1

2
− |a|

N∑

j=1

({εη}[ξu ]) j+ 1
2

,

which leads to

∂

∂t

∫

I

(|c|(ξη)2 + |a|(ξu)2 + |bc|(ξw)2
)
dx � C

(‖ξη‖2 + ‖ξu‖2 + ‖ξw‖2) + Ch2k+1,

by applying Young’s inequality and the projection error estimate (3). Then, the estimate (39)
follows from this, the Gronwall’s inequality, Lemma 1 on optimal initial conditions, and the
optimal projection error (3).

Theorem 4 When b = 0, d > 0, either a, c < 0 or a = c � 0, let u, η be the exact
solutions to the system (1)which are sufficiently smooth and bounded. Let ηh, uh ∈ V k

h be the
numerical solutions of the LDG scheme (7). For small enough h, there holds the following
error estimate

‖u − uh‖2 + ‖η − ηh‖2 + ‖v − vh‖2 � Ch2k+1. (47)

Proof For the same reason, we only present the proof for the case of a, c < 0. Follow the
steps in Theorem 1, we can derive

N∑

j=1

P j −
N∑

j=1

Q j =
N∑

j=1

|c|H j +
N∑

j=1

|a|C j ,

with

N∑

j=1

P j = 1

2

∂

∂t

∫

I

(|c|(ξη)2 + |ad|(ξv)2 + |a|(ξu)2) dx, (48)

N∑

j=1

Q j � C
(
‖ξu‖2 + ‖ξη‖2 + ‖ξv‖2 + h2k+1

)
+ ac

N∑

j=1

(
εq,−[ξη]) j+ 1

2
, (49)

following the result in Lemma 3, where the last term in
j=1∑

N
Q j is different from that in the

proof of Theorem 3 due to b = 0. Another difference in the proof is that the term C j can now
be bounded as in (33), and the approximation of H j needs to be handled differently, since
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we can not allow ‖ξw‖ that does not appear in (48) to show up here. Recall that

N∑

j=1

H j =
∫

I
(ξu − εu)ξη

x dx +
N∑

j=1

(
(u − {uh}) [ξη]) j+ 1

2

+
∫

I
(uη − uhηh)ξ

η
x dx +

N∑

j=1

((
uη − {uhηh} + α

2
[ηh]

)
[ξη]

)

j+ 1
2

. (50)

For the linear term, we can follow the same analysis as in (45) and (46) to derive

∫

I
(ξu − εu)ξη

x dx +
N∑

j=1

(
(u − {uh}) [ξη]) j+ 1

2
� C(‖ξη‖2 + ‖ξv‖2) + Ch2k+1 −

N∑

j=1

({εu}[ξη]) j+ 1
2

.

For the nonlinear term, we decompose it as the sum of �1, �2, �3, outlined below.

∫

I
(uη − uhηh)ξ

η
x dx +

N∑

j=1

((
uη − {uhηh} + α

2
[ηh]

)
[ξη]

)

j+ 1
2

=
∫

I
u(ξη − εη)ξη

x dx +
N∑

j=1

(
u({ξη} − {εη})[ξη]) j+ 1

2

+
∫

I
ηh(ξ

u − εu)ξη
x dx +

N∑

j=1

({ηh(ξu − εu)}[ξη]) j+ 1
2

+
N∑

j=1

(α

2
[ηh][ξη]

)

j+ 1
2

=: �1 + �2 + �3. (51)

One can easily observe that

�3 =
N∑

j=1

(α

2
[εη − ξη][ξη]

)

j+ 1
2

=
N∑

j=1

(α

2
[εη][ξη]

)

j+ 1
2

−
N∑

j=1

(α

2
[ξη]2

)

j+ 1
2

� Ch2k+1 − 7α

16

N∑

j=1

([ξη]2) j+ 1
2
.

To bound�2, we rewrite it into the following form by adding and subtracting the same term:

�2 =
N∑

j=1

∫

I j
ηh(x j )(ξ

u − εu)ξη
x dx +

N∑

j=1

ηh(x j )
({ξu − εu}[ξη]) j+ 1

2

+
N∑

j=1

∫

I j

(
ηh − ηh(x j )

)
(ξu − εu)ξη

x dx

+
N∑

j=1

({(
ηh − ηh(x j )

)
(ξu − εu)

} [ξη]) j+ 1
2
.

Applying integration by parts, Young’s inequality, Lemma 2, the definition of the projection
and its optimal error estimate (3), we obtain
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N∑

j=1

∫

I j
ηh(x j )(ξ

u − εu)ξη
x dx +

N∑

j=1

ηh(x j )
({ξu − εu}[ξη]) j+ 1

2

=
N∑

j=1

∫

I j
ηh(x j )ξ

uξη
x dx +

N∑

j=1

ηh(x j )
({ξu}[ξη]) j+ 1

2
−

N∑

j=1

ηh(x j )
({εu}[ξη]) j+ 1

2

= −
N∑

j=1

∫

I j
ηh(x j )ξ

ηξux dx −
N∑

j=1

ηh(x j )
([ξu]{ξη}) j+ 1

2
−

N∑

j=1

ηh(x j )
({εu}[ξη]) j+ 1

2

� C(‖ξη‖2 + ‖ξv‖2) + Ch2k+1 + α

16

N∑

j=1

([ξη]2) j+ 1
2
.

Noting the fact that ηh(x)−ηh(x j ) = O(h) for any x ∈ I j , we can apply Young’s inequality,
projection property (3), and the inverse inequality (4) to obtain

∣
∣
∣
∣
∣
∣

N∑

j=1

∫

I j

(
ηh − ηh(x j )

)
(ξu − εu)ξη

x dx +
N∑

j=1

({(
ηh − ηh(x j )

)
(ξu − εu)

} [ξη]) j+ 1
2

∣
∣
∣
∣
∣
∣

�
N∑

j=1

∫

I j
Ch|(ξu − εu)ξη

x |dx +
N∑

j=1

∣
∣Ch{ξu − εu}[ξη]∣∣ j+ 1

2
� C(‖ξu‖2 + ‖ξη‖2) + Ch2k+2.

Therefore, we obtain the following estimate:

�2 � C(‖ξη‖2 + ‖ξv‖2 + ‖ξu‖2) + Ch2k+1 + α

16

N∑

j=1

([ξη]2) j+ 1
2
.

Next, we will estimate the term �1. From integration by parts and the property of projec-
tion, we have

N∑

j=1

∫

I j
u(x j )(ξ

η − εη)ξη
x dx +

N∑

j=1

(
u(x j ){ξη}[ξη]) j+ 1

2
= 0. (52)

Therefore, we obtain

�1 =
N∑

j=1

∫

I j
u(ξη − εη)ξη

x dx +
N∑

j=1

(
u({ξη} − {εη})[ξη]) j+ 1

2

−
N∑

j=1

∫

I j
u(x j )(ξ

η − εη)ξη
x dx −

N∑

j=1

(
u(x j ){ξη}[ξη]) j+ 1

2

=
N∑

j=1

∫

I j

(
u − u(x j )

)
(ξη − εη)ξη

x dx +
N∑

j=1

((
u − u(x j )

) {ξη}[ξη]) j+ 1
2

−
N∑

j=1

(
u{εη}[ξη]) .

Since u(x) − u(x j ) = O(h) for any x ∈ I j , applying Young’s inequality, inverse inequality
(4), and projection property (3) yields

N∑

j=1

∫

I j
(u − u(x j ))(ξ

η − εη)ξη
x dx �

N∑

j=1

∫

I j
C |(ξη − εη)hξη

x |dx � C(‖ξη‖2 + h2k+2),
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N∑

j=1

((
u − u(x j )

) {ξη}[ξη]) j+ 1
2

�
N∑

j=1

(
Ch|{ξη}[ξη]|) j+ 1

2
� C‖ξη‖2,

−
N∑

j=1

(
u{εη}[ξη]) � Ch2k+1 + α

8

N∑

j=1

([ξη]2) j+ 1
2
.

Therefore, we obtain the estimate of �1 as

�1 � C(‖ξη‖2 + h2k+1) + α

8

N∑

j=1

([ξη]2) j+ 1
2
,

and the estimate of the nonlinear term is given by

∫

I
(uη − uhηh)ξ

η
x dx +

N∑

j=1

((
uη − {uhηh} + α

2
[ηh]

)
[ξη]2

)

j+ 1
2

= �1 + �2 + �3

� C(‖ξη‖2 + ‖ξv‖2 + ‖ξu‖2) + Ch2k+1 − α

4

N∑

j=1

([ξη]2) j+ 1
2
.

As a result, we have shown that

N∑

j=1

H j � C(‖ξη‖2 + ‖ξv‖2 + ‖ξu‖2) + Ch2k+1 − α

4

N∑

j=1

([ξη]2) j+ 1
2

−
N∑

j=1

({εu}[ξη]) j+ 1
2
.

Recall the relation
N∑

j=1

P j −
N∑

j=1

Q j =
N∑

j=1

|c|H j +
N∑

j=1

|a|C j ,

we have

1

2

∂

∂t

∫

I

(
|c|(ξη)2 + |ad|(ξv)2 + |a|(ξu)2

)
dx + |c|α

4

N∑

j=1

(
[ξη]2

)

j+ 1
2

� C(‖ξη‖2 + ‖ξv‖2 + ‖ξu‖2) + Ch2k+1 + ac
N∑

j=1

(
εq,−[ξη]) j+ 1

2
−

N∑

j=1

(|c|{εu}[ξη]) j+ 1
2

,

which leads to
∂

∂t

∫

I

(|c|(ξη)2 + |ad|(ξv)2 + |a|(ξu)2) dx � C(‖ξη‖2 + ‖ξv‖2 + ‖ξu‖2) + Ch2k+1.

The estimate (47) follows from the Gronwall’s inequality, Lemma 1, and the optimal projec-
tion error (3).

4.4 The Case of b, d > 0, ac = 0 and a, c � 0

Theorem 5 When b, d > 0, ac = 0 and a, c � 0, let u, η be the exact solutions to the system
(1) which are sufficiently smooth and bounded. Let ηh, uh ∈ V k

h be the numerical solutions
of the LDG scheme (7). For small enough h, there holds the following error estimate

‖u − uh‖2 + ‖η − ηh‖2 + ‖v − vh‖2 + ‖w − wh‖2 + ‖p − ph‖2 � Ch2k . (53)
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Below we only prove the case c = 0, and the other case of a = 0 can be done following a
similar idea. One more projection of v, defined as

ξ̃ v = P−v − vh, ε̃v = P−v − v, with ξ̃ v − ε̃v = v − vh,

is needed in the proof, and this leads to the following extra error equations, in addition to
(13)–(20):

∫

I j
(ξ̃ v − ε̃v)φ∗dx + A j (ξ

u − εu, φ∗; (ξu − εu)+) = 0, (54)

∫

I j
(ξ p − ε p)ψ∗dx + A j (ξ̃

v − ε̃v, ψ∗; (ξ̃ v − ε̃v)−) = 0. (55)

Proof Different set of test functions is chosen here, since the term cηxxx disappears when
c = 0. Choose the test functions ρ = ξη, ρ̃ = ξu + aξ p in (13) and (14), φ = dξv

t , φ̃ =
bξw

t − a(ξq − ξ p) in (15) and (18), ψ = −aξw, ϕ = aξw, ψ∗ = −aξut in (16), (17), and
(55), and ψ = dξu, ψ̃ = bξη, φ∗ = −aξ̃ v after taking the time derivative of (16), (19)
and (54), respectively. Summing up all the equations involved above, applying the projection
properties, and noting that c = 0, we have

P∗
j − Q∗

j = H j + C j − D j , (56)

where

P∗
j = ∂

∂t

∫

I j

(
(ξη)2 + (ξu)2 + b(ξw)2 + d(ξv)2 − a(ξ̃ v)2 − ad(ξ p)2

)
dx

+b

((
ξ
w,−
t ξη,+)

j− 1
2

−
(
ξ
w,−
t ξη,+)

j+ 1
2

)

+d

((
ξ
v,−
t ξu,+)

j− 1
2

−
(
ξ
v,−
t ξu,+)

j+ 1
2

)

−a

((
ξ̃ v,−ξ

u,+
t

)

j− 1
2

−
(
ξ̃ v,−ξ

u,+
t

)

j+ 1
2

)

− a
((

ξq,−ξη,+)

j− 1
2

− (
ξq,−ξη,+)

j+ 1
2

)

−a
((

ξv,−ξw,+)

j− 1
2

− (
ξv,−ξw,−)

j+ 1
2

)

−a
(
− (

ξv,+ξw,+)

j− 1
2

+ (
ξv,+ξw,−)

j+ 1
2

)
, (57)

Q∗
j =

∫

I

(
ε
η
t ξη + εut (ξu + aξ p) − aεv

t ξ̃ v
)
dx + b

((
ε
w,−
t ξη,+)

j− 1
2

−
(
ε
w,−
t ξη,−)

j+ 1
2

)

+d

((
ε
v,−
t ξu,+)

j− 1
2

−
(
ε
v,−
t ξu,−)

j+ 1
2

)

−a

((
ε
u,+
t ξ̃ v,+)

j− 1
2

−
(
ε
u,+
t ξ̃ v,−)

j+ 1
2

)

−a
((

εv,−ξw,+)

j− 1
2

− (
εv,−ξw,−)

j+ 1
2

)
− a

(
− (

εv,+ξw,+)

j− 1
2

+ (
εv,+ξw,−)

j+ 1
2

)
− a

((
εq,−ξη,+)

j− 1
2

− (
εq,−ξη,−)

j+ 1
2

)
, (58)
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H j and C j are defined in (23)–(24), and

D j =
∫

I j
( f (u) − f (uh))|a|ξ p

x dx − (
(η+

h − {ηh} + f (u) − f̂ )|a|ξ p,−)

j+ 1
2

+ (
(η+

h − {ηh} + f (u) − f̂ )|a|ξ p,+)

j− 1
2
.

Summing over all the elements I j , we obtain

N∑

j=1

P∗
j −

N∑

j=1

Q∗
j =

N∑

j=1

H j +
N∑

j=1

C j −
N∑

j=1

D j ,

where

N∑

j=1

P∗
j = ∂

∂t

∫

I

(
(ξη)2 + (ξu)2 + b(ξw)2 + d(ξv)2 + |a|(ξ̃ v)2

+|ad|(ξ p)2
)
dx − |a|

N∑

j=1

([ξv][ξw]) j+ 1
2
,

and

N∑

j=1

Q∗
j =

∫

I

(
ε
η
t ξη + εut (ξu + aξ p) − aεv

t ξ̃
v
)
dx +

N∑

j=1

(
(−aεq,− + bεw,−

t )[ξη]
)

j+ 1
2

+
N∑

j=1

(
−aε

u,+
t [ξ̃ v]

)

j+ 1
2

+
N∑

j=1

(
dε

v,−
t [ξu]

)

j+ 1
2

+ a
N∑

j=1

([εv][ξw]) j+ 1
2
.

Recall Lemma 4, we have

N∑

j=1

(H j + C j
)

� C
(‖ξu‖2 + ‖ξη‖2 + ‖ξw‖2 + ‖ξv‖2) + Ch2k+2.

Applying Young’s inequality and the projection property (3) leads to
∫

I

(
ε
η
t ξη + εut (ξu + aξ p) − aεv

t ξ̃
v
)
dx � C

(
‖ξu‖2 + ‖ξη‖2 + ‖ξ p‖2 + ‖ξ̃ v‖2

)

+Ch2k+2,

and utilizing Lemma 2 (and its analogue for [ξ̃ v]) yields
N∑

j=1

(
(−aεq,− + bεw,−

t )[ξη]
)

j+ 1
2

+
N∑

j=1

(−aε
u,+
t [ξ̃ v]) j+ 1

2
+

N∑

j=1

(dε
v,−
t [ξu]) j+ 1

2

� C
(‖ξw‖2 + ‖ξ p‖2 + ‖ξv‖2) + Ch2k+2.

We can apply Young’s inequality, the projection property (3) and the inverse inequality (4)
to obtain

N∑

j=1

([εv][ξw]) j+ 1
2

=
N∑

j=1

(
h− 1

2 [εv]h 1
2 [ξw]

)

j+ 1
2

� C‖ξw‖2 + Ch2k .
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Combining these results leads to

N∑

j=1

Q∗
j � C

(
‖ξu‖2 + ‖ξη‖2 + ‖ξ p‖2 + ‖ξ̃ v‖2 + ‖ξw‖2 + ‖ξv‖2

)
+ Ch2k .

Next, we would like to estimate
j=1∑

N
D j , which takes the form of

N∑

j=1

D j = |a|
∫

I
( f (u) − f (uh)) ξ

p
x dx + |a|

N∑

j=1

(
(η+

h − {ηh} + f (u) − f̂ )[ξ p]) j+ 1
2

=: |a|�1 + |a|�2.

Notice that

f (u) − f (uh) = u2

2
− (uh)2

2
= 1

2
(u + uh)(u − uh) = 1

2
(u + uh)(ξ

u − εu).

If we defineL(x) = (u+uh)/2, then bymean value theoremwe have |L(x)−L(x j )| = O(h)

for x ∈ I j . Applying integration by parts, together with Young’s inequality, the inverse
inequality (4), Lemma 2 and the projection property (3), we have

|�1| =
∣
∣
∣
∣
∣
∣

N∑

j=1

∫

I j
( f (u) − f (uh)) ξ

p
x dx

∣
∣
∣
∣
∣
∣
=

∣
∣
∣
∣
∣
∣

N∑

j=1

∫

I j
L(x)(ξu − εu)ξ

p
x dx

∣
∣
∣
∣
∣
∣

=
∣
∣
∣
∣
∣
∣

N∑

j=1

∫

I j

(L(x) − L(x j )
)
(ξu − εu)ξ

p
x dx +

N∑

j=1

∫

I j
L(x j )(ξ

u − εu)ξ
p
x dx

∣
∣
∣
∣
∣
∣

�
N∑

j=1

∫

I j
C |ξu − εu |h|ξ p

x |dx +
∣
∣
∣
∣
∣
∣
−

N∑

j=1

∫

I j
L(x j )ξ

u
x ξ pdx −

N∑

j=1

L(x j )[ξuξ p] j+ 1
2

∣
∣
∣
∣
∣
∣

� C
(
‖ξu‖2 + ‖ξ p‖2 + h2k+2

)
+ C

(‖ξv‖2 + ‖ξ p‖2) + C
(‖ξv‖2 + ‖ξ p‖2) .

We now turn to the approximation of �2, which has the following explicit expression:

�2 =
N∑

j=1

(
(η+

h − {ηh} + f (u) − f̂ )[ξ p]) j+ 1
2

=
N∑

j=1

(

(η+
h − {ηh} + u2

2
− {uh}2

2
+ α

2
[uh])[ξ p]

)

j+ 1
2

.

Applying Young’s inequality, the projection property (3), the inverse inequality (4) and
Lemma 2, we have
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∣
∣
∣
∣
∣
∣

N∑

j=1

(
(η+

h − {ηh})[ξ p]) j+ 1
2

∣
∣
∣
∣
∣
∣
=

∣
∣
∣
∣
∣
∣

1

2

N∑

j=1

([ξη − εη][ξ p]) j+ 1
2

∣
∣
∣
∣
∣
∣
� C

(
‖ξw‖2 + ‖ξ p‖2 + h2k

)
,

∣
∣
∣
∣
∣
∣

N∑

j=1

α

2

([uh][ξ p]) j+ 1
2

∣
∣
∣
∣
∣
∣
=

∣
∣
∣
∣
∣
∣

N∑

j=1

α

2

([uh − u][ξ p]) j+ 1
2

∣
∣
∣
∣
∣
∣
� C

N∑

j=1

∣
∣
∣
([εu − ξu][ξ p]) j+ 1

2

∣
∣
∣

� C
(
‖ξv‖2 + ‖ξ p‖2 + h2k

)
.

Similarly, utilizing the fact that u + {uh} is uniformly bounded leads to
∣
∣
∣
∣
∣
∣

N∑

j=1

(
u2

2
− {uh}2

2

)

[ξ p] j+ 1
2

∣
∣
∣
∣
∣
∣
= 1

2

∣
∣
∣
∣
∣
∣

N∑

j=1

(
(u + {uh})({ξu} − {εu})[ξ p]) j+ 1

2

∣
∣
∣
∣
∣
∣

� C
(
‖ξv‖2 + ‖ξ p‖2 + h2k

)
.

Therefore,

|�2| � C
(‖ξv‖2 + ‖ξ p‖2 + ‖ξw‖2) + Ch2k,

which leads to
∣
∣
∣
∣
∣
∣

N∑

j=1

D j

∣
∣
∣
∣
∣
∣
= |a�1 + a�2| � |a| (|�1| + |�2|) � C

(
‖ξu‖2 + ‖ξ p‖2 + ‖ξw‖2 + ‖ξv‖2 + h2k

)
.

Finally, recall the equality

N∑

j=1

P∗
j =

N∑

j=1

(
Q∗

j + C j + H j − D j

)
,

and by Lemma 2 and Young’s inequality,

N∑

j=1

([ξv][ξw]) j+ 1
2

� C
(‖ξ p‖2 + ‖ξw‖2) ,

we obtain

∂

∂t

∫

I

(
(ξη)2 + (ξu)2 + b(ξw)2 + d(ξv)2 + |a|(ξ̃ v)2 + |ad|(ξ p)2

)
dx

� C
(
‖ξu‖2 + ‖ξη‖2 + ‖ξw‖2 + ‖ξv‖2 + ‖ξ̃ v‖2 + ‖ξ p‖2 + h2k

)
.

We can apply the Gronwall’s inequality and the estimate (53) follows from Lemma 1 and the
optimal projection error (3).

4.5 The Case of a = b = c = d = 0

Theorem 6 When a = b = c = d = 0, let u, η be the exact solutions to the system (1) which
are sufficiently smooth and bounded. Let ηh, uh ∈ V k

h be the numerical solutions of the LDG
scheme (7). For small enough h, there holds the following error estimate:

‖u − uh‖2 + ‖η − ηh‖2 � Ch2k+1. (59)
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Under this assumption, the abcd Boussinesq system reduces to the nonlinear shallow water
equations, which is a first-order symmetrizable system of conservation law. Therefore, the
above theorem is a direct application of [24, Theorem 2.1].

5 Numerical Experiments

The numerical results of the proposed LDG methods are presented in this section. The
third-order strong stability preserving Runge-Kutta methods [19] are used as the temporal
discretization. We first perform the accuracy test for different choices of the parameters
a, b, c, d , and then present several wave collision tests, including a simulation with finite-
time blow-up wave, to demonstrate the performance of our methods.

5.1 Accuracy Test

Based on different choices of the parameters a, b, c, d studied in Sect. 4, several accuracy
tests are carried out to compare the numerical solutions with the exact solutions (specified
for each test below). Uniform meshes are considered. Nx denotes the total number of spatial
cells, and Nt denotes the number of temporal steps. Periodic boundary conditions are applied
for each examples. Note that some exact solutions, for instance the solitary-wave solutions,
are not periodic in space. Thanks to their exponential decaying property, their values at two
boundaries are very small, hence one can treat them as periodic functions and use this trick
to check for accuracy. We choose the final time T to be small such that the error due to
periodic boundary conditions could be negligible. We implemented the LDG schemes with
both k = 1 and k = 2, which correspond to piecewise linear basis and piecewise quadratic
basis functions, respectively.

Case 1 (Theorem 1). First, we consider the parameters a = − 7
30 , b = 7

15 , c = − 2
5 , d =

1
2 , which match the assumptions in Theorem 1. For such choice of parameters, the following
traveling-wave exact solutions have been provided in [13]:

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

η(x, t) = 3
8 sech

2
(

1
2

√
5
7

(
x − 20 − 5

√
2

6 t
))

,

u(x, t) = 1
2
√
2
sech2

(
1
2

√
5
7

(
x − 20 − 5

√
2

6 t
))

.

(60)

The computational domain is set as I = [0, 40]. The initial conditions of u(x, 0) and η(x, 0)
are obtained by setting t = 0 in (60), and the numerical errors are computed at the final
stopping time T = 0.8. The numerical errors in L2 and L∞ norms and the corresponding
convergence rates are presented in Table 1 for k = 1 and in Table 2 for k = 2. Under both
cases, the optimal convergence orders, i.e., (k + 1)-th order, in both u and η can be observed,
which indicated that the error estimate of (k + 1/2)-th order in Theorem 1 is not sharp. As
we can observe that the lost of 1/2 accuracy in the proof is due to the third-order spatial
derivative terms uxxx , ηxxx , and one may try the idea presented in [28] to provide optimal
error estimate for linear high-order wave equations. The main idea there was to derive energy
stability for the various auxiliary variables via using the scheme and its time derivatives with
different test functions. Due to the existence of the nonlinear terms, we expect this procedure
to be very cumbersome, and will investigate this in a future work.
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Table 1 Numerical errors and convergence rates of Case 1, with k = 1

Nx Nt ‖eu‖L2 Rate ‖eη‖L2 Rate ‖eu‖∞ Rate ‖eη‖∞ Rate

20 20 0.052 25 0 0.050 56 0 0.026 11 0 0.018 57 0

40 40 0.013 59 1.942 6 0.012 11 2.062 0 0.014 33 0.865 3 9.159E−3 1.019 6

80 80 2.952E−3 2.202 9 2.926E−3 2.049 2 4.152E−3 1.787 8 3.895E−3 1.237 7

160 160 6.805E−4 2.117 2 7.078E−4 2.047 4 1.167E−3 1.831 0 1.208E−3 1.688 6

320 320 1.657E−4 2.038 0 1.748E−4 2.017 4 3.105E−4 1.909 9 3.273E−4 1.884 2

Table 2 Numerical errors and convergence rates of Case 1, with k = 2

Nx Nt ‖eu‖L2 Rate ‖eη‖L2 Rate ‖eu‖∞ Rate ‖eη‖∞ Rate

20 20 5.578E−3 0 6.824E−3 0 3.188E−3 0 4.951E−3 0

40 40 7.203E−4 2.953 2 7.834E−4 3.122 8 1.202E−3 1.407 1 8.763E−4 2.498 3

80 80 9.575E−5 2.911 3 9.584E−5 3.031 2 1.940E−4 2.631 9 1.727E−4 2.342 8

160 160 1.276E−5 2.907 8 1.321E−5 2.858 9 2.695E−5 2.847 2 2.690E−5 2.683 0

320 320 1.645E−6 2.955 7 1.732E−6 2.931 1 3.498E−6 2.945 6 3.645E−6 2.883 6

Case 2 (Theorem 2with a = c 	= 0). Here, we consider the parameters a = c = 1
12 , b =

1
18 , d = 1

9 , whichmatch the assumptions in Theorem 2. As the exact solution is not available,
we consider the following manufactured “exact” solution of the form:

{
η(x, t) = cos(x + t),

u(x, t) = sin(x + t),

and modify the abcd Boussinesq system to be

⎧
⎪⎪⎨

⎪⎪⎩

ηt + ux + (ηu)x + 1
12uxxx − 1

18ηxxt = cos(2x + 2t) + 11
12 cos(x + t) − 19

18 sin(x + t),

ut + ηx +
(
u2
2

)

x
+ 1

12ηxxx − 1
9uxxt = 1

2 sin(2x + 2t) + 10
9 cos(x + t) − 11

12 sin(x + t),

by adding some source terms on the right-hand side. The computational domain is set as
I = [0, 2π]. The initial conditions of u(x, 0) and η(x, 0) are obtained by setting t = 0
in the “exact” solutions, and the numerical errors are computed at the final stopping time
T = π/50. The numerical errors in L2 and L∞ norms and the corresponding convergence
rates are presented in Table 3 for k = 1 and in Table 4 for k = 2. Again, the optimal
convergence orders, i.e., (k + 1)-th order, in both u and η can be observed, which indicated
that the error estimate of (k + 1/2)-th order in Theorem 2 is not sharp. The same remedy
discussed in Case 1 may be applied to improve the error estimate.

Case 3 (Theorem 2 with a = c = 0). In Theorem 2, we are able to prove the optimal
convergence rate when a = c = 0, under which case the abcd Boussinesq system reduces
to the coupled BBM equations. In the following test, we choose the parameters a = c =
0, b = d = 1

6 , and the corresponding traveling-wave exact solutions, provided in [10], are
given by

123



Commun. Appl. Math. Comput.

Table 3 Numerical errors and convergence rates of Case 2, with k = 1

Nx Nt ‖eu‖L2 Rate ‖eη‖L2 Rate ‖eu‖∞ Rate ‖eη‖∞ Rate

20 20 9.183E−3 0 0.010 57 0 0.014 09 0 0.015 81 0

40 40 2.732E−3 1.749 2 2.772E−3 1.930 6 4.132E−3 1.769 7 4.171E−3 1.923 1

80 80 6.789E−4 2.008 5 6.732E−4 2.042 2 1.028E−3 2.006 9 1.020E−3 2.031 2

160 160 1.697E−4 2.000 4 1.691E−4 1.993 5 2.571E−4 1.999 5 2.563E−4 1.993 1

320 320 4.240E−5 2.000 5 4.232E−5 1.998 0 6.427E−5 2.000 0 6.418E−5 1.997 9

Table 4 Numerical errors and convergence rates of Case 2, with k = 2

Nx Nt ‖eu‖L2 Rate ‖eη‖L2 Rate ‖eu‖∞ Rate ‖eη‖∞ Rate

20 20 3.395E−4 0 3.281E−4 0 6.426E−4 0 4.727E−4 0

40 40 3.705E−5 3.195 8 3.671E−5 3.159 9 6.561E−5 3.292 0 6.795E−5 2.798 4

80 80 4.262E−6 3.120 0 4.510E−6 3.025 2 7.926E−6 3.049 2 8.431E−6 3.010 6

160 160 5.413E−7 2.976 9 5.422E−7 3.056 2 1.010E−6 2.972 1 1.015E−6 3.053 9

320 320 6.747E−8 3.004 2 6.734E−8 3.009 3 1.264E−7 2.999 1 1.259E−7 3.010 9

Table 5 Numerical errors and convergence rates of Case 3, with k = 1

Nx Nt ‖eu‖L2 Rate ‖eη‖L2 Rate ‖eu‖∞ Rate ‖eη‖∞ Rate

20 20 0.681 9 0 1.882 4 0 0.795 6 0 1.562 8 0

40 40 0.337 7 1.013 9 0.289 3 2.701 8 0.486 0 0.711 1 0.318 3 2.295 6

80 80 0.110 8 1.607 7 0.189 8 0.608 4 0.213 8 1.184 6 0.309 1 0.042 4

160 160 0.028 12 1.978 4 0.050 00 1.924 1 0.066 36 1.687 9 0.125 5 1.299 9

320 320 7.057E−3 1.994 4 0.012 61 1.987 2 0.017 45 1.926 8 0.034 74 1.853 4

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

η(x, t) = 15
4

(

−2 + cosh

(√
18
5

(
x − 20 − 5

2 t
)))

sech4
(√

9
10

(
x − 20 − 5

2 t
))

,

u(x, t) = 15
2 sech2

(√
9
10

(
x − L

2 − 5
2 t

))

.

The computational domain is set as I = [0, 40]. The initial conditions of u(x, 0) and η(x, 0)
are obtained by setting t = 0 in the exact solutions, and the numerical error are computed
at the final stopping time T = 0.01. The numerical error in L2 and L∞ norms and the
corresponding convergence rates are presented in Table 5 for k = 1 and in Table 6 for k = 2.
The optimal convergence orders in both u and η can be observed, which matches the optimal
error estimate analysis in Theorem 2.

Case 4 (Theorem 3). Here, we consider the parameters a = c = 1
9 , b = 1

9 , d = 0, which
match the assumptions in Theorem 3. As the exact solution is not available, we consider the
following manufactured “exact” solution of the form:

{
η(x, t) = cos(x + t),

u(x, t) = sin(x + t),
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Table 6 Numerical errors and convergence rates of Case 3, with k = 2

Nx Nt ‖eu‖L2 Rate ‖eη‖L2 Rate ‖eu‖∞ Rate ‖eη‖∞ Rate

20 20 0.459 4 0 0.459 1 0 0.706 6 0 0.559 8 0

40 40 0.102 5 2.163 7 0.252 5 0.862 6 0.183 0 1.949 1 0.455 4 0.297 9

80 80 0.010 54 3.283 2 0.030 05 3.070 7 0.021 08 3.117 5 0.075 03 2.601 5

160 160 1.335E−3 2.980 8 3.668E−3 3.034 1 3.300E−3 2.675 6 0.010 56 2.828 2

320 320 1.676E−4 2.993 3 4.629E−4 2.986 2 4.195E−4 2.975 8 1.350E−3 2.968 2

Table 7 Numerical errors and convergence rates of Case 4, with k = 1

Nx Nt ‖eu‖L2 Rate ‖eη‖L2 Rate ‖eu‖∞ Rate ‖eη‖∞ Rate

20 1 000 0.232 9 0 0.232 7 0 0.132 9 0 0.137 5 0

40 2 000 0.056 57 2.041 8 0.056 45 2.043 6 0.040 02 1.731 5 0.040 48 1.764 3

80 4 000 0.017 79 1.669 4 0.017 14 1.719 4 0.013 18 1.601 8 0.013 02 1.636 1

160 8 000 5.131E−3 1.793 5 5.044E−3 1.764 9 3.841E−3 1.779 4 3.818E−3 1.770 1

320 16 000 1.339E−3 1.938 2 1.331E−3 1.922 1 1.007E−3 1.931 9 1.005E−3 1.925 9

Table 8 Numerical errors and convergence rates of Case 4, with k = 2

Nx Nt ‖eu‖L2 Rate ‖eη‖L2 Rate ‖eu‖∞ Rate ‖eη‖∞ Rate

20 1 000 0.037 77 0 0.030 34 0 9.041E−3 0 9.676E−3 0

40 2 000 5.215E−3 2.856 3 3.617E−3 3.068 3 7.160E−4 3.658 4 1.651E−3 2.551 2

80 4 000 5.268E−4 3.307 4 4.844E−4 2.900 5 2.896E−4 1.306 2 3.663E−4 2.172 1

160 8 000 6.488E−5 3.021 4 6.430E−5 2.913 2 5.508E−5 2.394 3 5.629E−5 2.702 3

320 16 000 8.480E−6 2.935 6 8.372E−6 2.941 1 7.814E−6 2.817 3 7.663E−6 2.876 7

and modify the abcd Boussinesq system to be
{

ηt + ux + (ηu)x + 1
9uxxx − 1

9ηxxt = cos(2x + 2t) + 8
9 cos(x + t) − 10

9 sin(x + t),

ut + ηx +
(
u2
2

)

x
+ 1

9ηxxx = 1
2 cos(2x + 2t) + cos(x + t) − 8

9 sin(x + t)

by adding some source terms on the right-hand side. The computational domain is set as
I = [0, 8π]. The initial conditions of u(x, 0) and η(x, 0) are obtained by setting t = 0
in the “exact” solutions, and the numerical errors are computed at the final stopping time
T = 0.04. The numerical errors in L2 and L∞ norms and the corresponding convergence
rates are presented in Table 7 for k = 1 and in Table 8 for k = 2. The optimal convergence
orders, i.e., k + 1-th order, in both u and η can be observed.

Case 5 (Theorem 4). Here, we consider the parameters a = c = b = 0, d = 1
6 , which

match the assumptions in Theorem 4. An exact solution is presented in [11] as follows:
{

η(x, t) = −1

u(x, t) = 2
3 + sech2

(
1√
2
(x − 20 − t)

)
.

The computational domain is set as I = [0, 40]. The initial conditions of u(x, 0) and η(x, 0)
are obtained by setting t = 0 in the exact solutions, and the numerical error are computed
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Table 9 Numerical errors and convergence rates of Case 5, with k = 1

Nx Nt ‖eu‖L2 Rate ‖eη‖L2 ‖eu‖∞ Rate ‖eη‖∞

20 20 0.057 29 0 7.615E−16 0.074 59 0 2.220E−16

40 40 0.035 81 0.677 9 7.322E−16 0.055 36 0.430 1 2.220E−16

80 80 9.578E−3 1.902 7 7.167E−16 0.018 49 1.582 0 2.220E−16

160 160 2.413E−3 1.988 9 7.347E−16 5.020E−3 1.881 2 2.220E−16

320 320 6.045E−4 1.997 1 7.697E−16 1.290E−3 1.960 3 2.220E−16

Table 10 Numerical errors and convergence rates of Case 5, with k = 2

Nx Nt ‖eu‖L2 Rate ‖eη‖L2 ‖eu‖∞ Rate ‖eη‖∞

20 20 0.045 38 0 1.772E−15 0.065 66 0 1.221E−15

40 40 5.871E−3 2.950 4 2.296E−15 0.010 28 2.675 0 1.221E−15

80 80 6.758E−4 3.119 0 4.429E−15 1.342E−3 2.937 2 3.109E−15

160 160 8.530E−5 2.986 0 4.197E−14 1.819E−4 2.883 7 3.109E−14

320 320 1.069E−5 2.996 1 6.027E−14 2.313E−5 2.974 8 3.020E−14

at the final stopping time T = 0.01. The numerical errors in L2 and L∞ norms and the
corresponding convergence rates are presented in Table 9 for k = 1 and in Table 10 for
k = 2. For this case, we can observe that ‖eu‖L2 demonstrates a (k+1)-th order of accuracy,
and ‖eη‖L2 presents the machine error at the level of 10−14. This is due to the fact that the
exact solution η(t, x) = −1 is a constant, hence its approximation via polynomial is exact
and the update equation for η is also exact.

Case 6 (Theorem 5). The parameters a = 0, b = d = 1
3 , c = − 1

3 , which match the
assumptions in Theorem 5, are chosen in this test. A set of exact solutions, studied in [11],
takes the form of

{
η(x, t) = −1,

u(x, t) = 1 + 6 sech2
(

1√
2

(x − 20 − 3t)
)

.

The computational domain is set as I = [0, 40]. The initial conditions of u(x, 0) and η(x, 0)
are obtained by setting t = 0 in the exact solutions, and the numerical errors are computed
at the final stopping time T = 0.01. The numerical errors in L2 and L∞ norms and the
corresponding convergence rates are presented in Table 11 for k = 1 and in Table 12 for
k = 2. We can observe that ‖eu‖L2 demonstrates a (k + 1)-th order of accuracy, and, for the
same reason as in Case 5, ‖eη‖L2 presents the machine error.

Case 7 (KdV-KdV system). In this last example for accuracy test, we consider the case of
b = d = 0, under which case the abcd Boussinesq system reduces to the coupled KdV-KdV
equations. Note that wewere not able to provide an error estimate analytically for this system.
Let b = d = 0, a = c = 1

6 , there exits exact solutions of the form [13]
⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

η(x, t) = −1 + 3
2 sech

2
(√

3
2 (x − 20 − √

2t)

)

,

u(x, t) = 3√
2
sech2

(√
3
2 (x − 20 − √

2t)

)

.
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Table 11 Numerical errors and convergence rates of Case 6, with k = 1

Nx Nt ‖eu‖L2 Rate ‖eη‖L2 ‖eu‖∞ Rate ‖eη‖∞

20 20 0.346 1 0 7.608E−16 0.383 1 0 2.220E−16

40 40 0.214 9 0.687 3 7.322E−16 0.303 7 0.335 4 2.220E−16

80 80 0.057 55 1.901 1 7.175E−16 0.107 1 1.503 1 2.220E−16

160 160 0.0145 0 1.988 4 7.460E−10 0.030 42 1.816 4 2.220E−16

320 320 3.633E−3 1.996 9 8.008E−16 7.792E−3 1.964 7 2.220E−16

Table 12 Numerical errors and convergence rates of Case 6, with k = 2

Nx Nt ‖eu‖L2 Rate ‖eη‖L2 ‖eu‖∞ Rate ‖eη‖∞

20 20 0.272 2 0 1.800E−15 0.372 6 0 1.332E−15

40 40 0.035 17 2.951 9 2.313E−15 0.062 20 2.582 6 1.332E−15

80 80 4.064E−3 3.113 7 4.538E−15 8.324E−3 2.901 6 3.109E−15

160 160 5.132E−4 2.985 2 4.278E−14 1.113E−3 2.902 2 3.331E−14

320 320 6.432E−5 2.996 1 6.325E−14 1.406E−4 2.985 0 3.331E−14

Table 13 Numerical errors and convergence rates of Case 7, with k = 1

Nx Nt ‖eu‖L2 Rate ‖eη‖L2 Rate ‖eu‖∞ Rate ‖eη‖∞ Rate

20 200 0.352 6 0 0.251 4 0 0.364 5 0 0.250 3 0

40 400 0.097 91 1.848 6 0.089 20 1.495 0 0.166 3 1.132 5 0.124 4 1.008 8

80 800 0.067 58 0.534 9 0.053 26 0.744 0 0.149 3 0.155 8 0.113 3 0.135 1

160 1 600 0.018 77 1.847 8 0.013 52 1.978 3 0.057 32 1.380 7 0.040 96 1.467 5

320 3 200 4.820E−3 1.961 8 3.423E−3 1.981 5 0.015 98 1.834 0 0.011 31 1.856 3

Table 14 Numerical errors and convergence rates of Case 7, with k = 2

Nx Nt ‖eu‖L2 Rate ‖eη‖L2 Rate ‖eu‖∞ Rate ‖eη‖∞ Rate

20 200 0.144 9 0 0.134 6 0 0.287 0 0 0.233 5 0

40 400 0.072 51 0.998 9 0.053 73 1.324 3 0.159 9 0.843 9 0.117 8 0.987 4

80 800 8.667E−3 3.064 5 6.394E−3 3.071 0 0.021 88 2.869 3 0.016 75 2.813 8

160 1 600 1.087E−3 2.995 3 7.816E−4 3.032 2 3.703E−3 2.562 9 2.701E−3 2.632 6

320 3 200 1.402E−4 2.954 8 9.963E−5 2.971 9 5.021E−4 2.882 8 3.572E−4 2.918 5

The computational domain is set as I = [0, 40]. The initial conditions of u(x, 0) and η(x, 0)
are obtained by setting t = 0 in the exact solutions, and the numerical errors are computed
at the final stopping time T = 0.01. The numerical errors in L2 and L∞ norms and the
corresponding convergence rates are presented in Table 13 for k = 1 and in Table 14 for
k = 2. The optimal convergence orders in both u and η can be observed numerically. This is
consistent with the Galerkin approximation of the KdV-KdV equations in [8].
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5.2 Wave Collisions

Motivated by the experiments in [4, 11], we consider two examples of traveling-wave colli-
sions in this section. The head-on collision, namely, two waves travel in opposite direction,
is considered here.

5.2.1 Finite Time Blow Up

First, we consider the experiment performed in [4, 11] for the coupled BBM equations with
the choice of parameters a = c = 0, b = d = 1

6 . The system admits the traveling wave
exact solution of the form

⎧
⎪⎪⎨

⎪⎪⎩

η±(x, t) = 15
2 sech2

(
3√
10

(
x ± 5

2 t
))

− 45
4 sech4

(
3√
10

(
x ± 5

2 t
))

,

u±(x, t) = ∓ 15
2 sech2

(
3√
10

(
x ± 5

2 t
))

traveling at opposite direction. The initial conditions are set as

η(x, 0) = η+(x − x+, 0) + η−(x − x−, 0),

u(x, 0) = u+(x − x+, 0) + u−(x − x−, 0),

where x± = ±7 in the computational domain I = [−14, 14]. Initially, the waves are centered
at 7 and −7, and will propagate towards each other.

We use the LDG schemewith k = 2 and h = 0.175 to simulate this example. The time step
size is chosen to be�t = 0.001 07h up to t = 3.24, and�t = 0.000 52h for 3.24 � t � 4.4.
The numerical solutions uh and ηh at various times (before the blow-up) are shown in Fig. 1.
We can observe that the L∞-norm of the numerical solutions ηh at t = 4.4 reaches 120,
which indicates the possible blow-up of the ηh , as well as the spatial derivative of uh . This
is consistent with the observations in [4, 11].

5.2.2 Head-on Collision

We consider the system equations with the choice of parameters a = − 7
30 , b = 7

15 , c =
− 2

5 , d = 1
2 , and the initial conditions given in [11]:

η(x, 0) = η+(x) + η−(x), u(x, 0) = u+(x) + u−(x),

where
⎧
⎪⎪⎨

⎪⎪⎩

η±(x) = 1√
8
sech2

(√
5
28 (x − x±)

)

,

u±(x) = ± 3
8 sech

2
(√

5
28 (x + x±)

)

.

Here, the computational domain is set as I = [−14, 14], and x± = ±7. Two waves travel
towards each other, and collide around t = 6.

We use the LDG scheme with k = 2 and h = 0.175 to simulate this example. The time
step size is chosen to be�t ≈ 0.002 14h. The numerical solutions uh and ηh at various times
(before and after the collision) are shown in Fig. 2. Numerically, we can observe that these
two waves merge, and then split up and continue to travel independently.
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Fig. 1 The numerical solutions uh and ηh of the finite time blow-up test at different times
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Fig. 2 The numerical solutions uh and ηh of the head-on collision test at different times
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Fig. 2 Continued

6 Conclusion Remark

In this paper we developed and analyzed the LDG methods for the abcd Boussinesq system.
By utilizing the connection between the error of the auxiliary and primary variables, we
proved the optimal error estimate for our LDG scheme applied to the BBM-BBM system,
and sub-optimal error estimate for a wide range of parameters a, b, c, d > 0. Numerical
experiments are provided to test the accuracy of our methods, and optimal error estimates
are observed for all the cases, including the KdV-KdV system which is not covered in our
theoretical analysis.We also simulate wave collisions of travelingwave solutions and observe
finite time blow-up behavior of the numerical solutions.
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